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ABSTRACT
The p o s s i b l e  d i s t i n c t  c r y s t a l l o g r a p h i c  c o n f i g u r a t i o n s  o f  sm a l l  
vacancy  c l u s t e r s  and v a c a n c y - s o lu t e  c l u s t e r s  i n  body c e n t r e d  cub ic  
s t r u c t u r e s  have  been  enum erated  and c l a s s i f i e d .  C l u s t e r s  w i th  up to  
f o u r  p o i n t  d e f e c t s  have  been  c o n s id e r e d ,  w i th  th e  c o n d i t i o n  t h a t  each  
vacancy  o r  s o l u t e  h a s  a t  l e a s t  one p o i n t  d e f e c t  a s  a f i r s t -  or  
s e c o n d - n e a r e s t  n e ig h b o u r .  A l a r g e  number o f  c l u s t e r s  i s  p o s s i b l e  and 
each  ty p e  h a s  a  g ro u p  o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  v a r i a n t s .
Computer s i m u l a t i o n  t e c h n i q u e s  have  been  used  to  d e te rm in e  th e  
b in d in g  e n e r g i e s  o f  t h e s e  c l u s t e r s .  In  t h i s  work th e  w e l l  e s t a b l i s h e d  
p o t e n t i a l s  f o r  a l p h a - i r o n  due to  Johnson  and f o r  molybdenum due to  
M i l l e r  have  been  em ployed . A m o d if ie d  form o f  th e  a l p h a - i r o n  p o t e n t i a l  
h a s  been  used when d e a l i n g  w i th  h o s t - s o l u t e  i n t e r a c t i o n s .  The p o s s i b l e  
c o l l a p s e d  s t r u c t u r e s  have  a l s o  been  i n v e s t i g a t e d .  The c a l c u l a t i o n s  
were c a r r i e d  ou t on an  IBM 360/195 com puter,  u s in g  a model c o n ta i n in g  
up to  10^ a tom s.
The m i g r a t i o n  e n e r g i e s  o f  c l u s t e r s  have  a l s o  been  d e te rm in e d  
u s in g  com puter e x p e r im e n t s .  In  p a r t i c u l a r  f i r s t - ,  s e c o n d - ,  t h i r d -  and 
f o u r th - n e ig h b o u r  d i v a c a n c i e s  have  b een  c o n s id e r e d  i n  b o th  a l p h a - i r o n  
and molybdenum. S e l e c t e d  c l u s t e r s  o f  t h r e e  and f o u r  p o i n t  d e f e c t s  have  
a l s o  been  examined i n  d e t a i l s .  The g row th  and c o n t r a c t i o n  o f  c l u s t e r s  
have  been  i n v e s t i g a t e d  u s in g  com puter  s i m u l a t i o n .  For s e l e c t e d  c a s e s  
a l l  p o s s i b l e  ways i n  which a v a c an c y  can  be a t t a c h e d  to  o r  d e ta c h e d  
from a c l u s t e r  have  b een  s t u d i e d .  I t  i s  found t h a t  t h e  g row th  and 
c o n t r a c t i o n  m echanism s a r e  v e r y  a n i s o t r o p i c .
( i i )
In  a d d i t i o n  to  c l u s t e r s  o f  up to  f o u r  p o i n t  d e f e c t s  a few o f  th e  
most compact c l u s t e r s  o f  f i v e  and s ix  p o i n t  d e f e c t s  were a l s o  examined. 
Computer e x p e r im e n ts  have  been  perfo rm ed  to  i n v e s t i g a t e  some o f  t h e i r  
r e l e v a n t  p r o p e r t i e s  su c h  a s  s t a b i l i t y ,  m ig r a t i o n ,  grow th and 
c o n t r a c t i o n .
T im e - in d e p e n d e n t  and t im e -d e p e n d e n t  Markov c h a in  ' a n a ly s e s  
r e l a t i n g  to  th e  m ig r a t i o n  o f  t h e s e  c l u s t e r s  have  been  c a r r i e d  o u t .  
T h is  a l lo w e d  th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  c l u s t e r s  to  be  d e te rm in e d .  
The model h a s  b een  e x tended  to  i n c o r p o r a t e  t h e  d i f f e r e n t  m ig r a t i o n  
e n e r g i e s  t h a t  have  been  computed f o r  th e  v a can cy  ju m p s . E q u i l ib r iu m  
d i s t r i b u t i o n s  have  been  c a l c u l a t e d .  As t h e s e  c a l c u l a t i o n s  a r e  based  on 
m i g r a t i o n  m echanism s and th e  c o r r e s p o n d in g  m ig r a t i o n  e n e r g i e s ,  r a t h e r  
th a n  b in d in g  e n e r g i e s ,  t h e  r e s u l t s  o b ta in e d  a r e  d i f f e r e n t  from th o se  
deduced u s in g  c o n v e n t io n a l  m ethods  o f  s t a t i s t i c a l  p h y s i c s .
( i i i )
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CHAPTER 1
INTRODUCTION
1 .1 THE ROLE OP POINT DEFECTS IN CRYSTALLINE MATERIALS
When a m e ta l  i s  bombarded by e n e r g e t i c  p a r t i c l e s ,  atoms a r e  
d i s p l a c e d  from t h e i r  l a t t i c e  s i t e s .  The s p a t i a l  a r ra n g e m e n t  o f  t h e s e
v a c a n t  l a t t i c e  s i t e s  ( v a c a n c i e s )  and th e  a tom s i n  i n t e r s t i t i a l  
p o s i t i o n s  ( i n t e r s t i t i a l s )  i s  u s u a l l y  such  t h a t  a s i g n i f i c a n t  f r a c t i o n  
c a n n o t  im m e d ia te ly  recom bine  w i th o u t  su b s e q u e n t  l o n g - r a n g e  d i f f u s i v e  
m i g r a t i o n .  I t  i s  t h e  a d d i t i o n a l  p r o c e s s e s  t h a t  may o c c u r  d u r in g  
d i f f u s i o n  t h a t  l e a d  to  th e  p o s s i b i l i t y  o f  m ac ro sco p ic  d e fo rm a t io n  a t  
e l e v a t e d  t e m p e r a t u r e s .  T h e rm a lly  a c t i v a t e d  d i f f u s i o n  o f  t h e  
i n t e r s t i t i a l  i s  p o s s i b l e  a t  low t e m p e r a t u r e s ,  s i n c e  i t  n o rm a l ly  
r e q u i r e s  r e l a t i v e l y  l i t t l e  e n e rg y  to  m ig r a te  to  an a d j a c e n t
i n t e r s t i t i a l  l o c a t i o n .  On th e  o t h e r  hand , v a c an c y  d i f f u s i o n  t a k e s
p l a c e  by  t h e  m o tio n  o f  a tom s from one l a t t i c e  s i t e  to  a n o th e r  and t h i s
r e q u i r e s  g r e a t e r  e n e rg y .  I t  f o l lo w s  t h a t  a t  low t e m p e r a tu r e s ,  
v a c a n c i e s  a r e  im m obile  and may be a n n i h i l a t e d  by d i f f u s i n g  
i n t e r s t i t i a l s .  At h i g h e r  t e m p e r a tu r e s  ( u s u a l l y  > 0 . 3  t im e s  t h e  m e l t in g  
t e m p e r a t u r e ) , v a c a n c i e s  a r e  a l s o  m o b i le .  These v a c a n c i e s  may c l u s t e r  
to  form a v a c a n c y  lo o p  o r  v o i d ,  an a l t e r n a t i v e  w hich  i s  n o t  open to  
i n t e r s t i t i a l s .  The c h o ic e  be tw een  lo o p  o r  v o id  i s  governed  by th e  
e n e rg y  o f  e a c h  c l u s t e r  (M ansur 1 9 7 8 ) .  The c o l l e c t i o n  o f  i n t e r s t i t i a l  
atom s t e n d s  t o  form e x t r a  p l a n e s  i n  th e  l a t t i c e  and t h i s  c a u s e s  t h e  
m a t e r i a l  to  s w e l l .  I f  t h e  v a c a n c i e s  condense  i n t o  a n a lo g o u s  vacancy
l o o p s ,  t h e  l a t t i c e  c o n t r a c t i o n  a round th e s e  lo o p s  would c au se  s h r in k a g e  
o f  t h e  s u r r o u n d in g  m a t e r i a l  by an  amount t h a t  j u s t  c o u n te r b a l a n c e s  t h e  
s w e l l i n g  due to  th e  i n t e r s t i t i a l  l o o p s .  However, when th e  v a c a n c i e s  
a g g lo m e ra te  i n t o  v o i d s ,  no l a t t i c e  c o n t r a c t i o n  i s  a v a i l a b l e  to  c a n c e l  
th e  d i l a t a t i o n  due to  th e  i n t e r s t i t i a l  l o o p s ,  and a n e t  volume i n c r e a s e  
o f  t h e  m a t e r i a l  e n s u e s  (O la n d e r  1976, G i t t u s  1978) .
Most o f  t h e  e x p e r im e n ta l  i n f o r m a t io n  on th e  s t r u c t u r e  and 
b e h a v io u r  o f  p o i n t  d e f e c t s  h a s  been  i n d i r e c t .  Thus, f o r  exam ple, 
m easured  changes i n  t h e  e l e c t r i c a l  and th e rm a l  c o n d u c t i v i t y ,  d e n s i t y  
and i n t e r n a l  f r i c t i o n  due to  t h e  assumed v a r i a t i o n s  i n  d e f e c t  
c o n t r a c t i o n s ,  have  a l l  p ro v id e d  v a l u a b l e  i n f o r m a t io n .  T ra n sm is s io n  
e l e c t r o n  m ic ro sc o p y  h a s  p ro v id e d  u s e f u l  d e t a i l s  a b o u t  t h e  s t r u c t u r e  and 
p r o p e r t i e s  o f  e x te n d e d  d e f e c t s  i n  c r y s t a l s  ( s e e  W ilkens  1970, Eyre e t  
a l .  1976, Johnson  and H i r s c h  1981, e t c ) .  However e x p e r i m e n t a l l y  i t  i s  
v e ry  d i f f i c u l t  to  e s t a b l i s h  t h e  i n t e r a c t i o n s  be tw een  th e  i n d i v i d u a l  
d e f e c t s .  In  t h i s  way i t  i s  n o t  e a s y  to  g e t  i n f o r m a t io n  ab o u t  th e  
n u c l é a t i o n  o f  c l u s t e r s .  T h e r e f o r e  a t h e o r e t i c a l  i n v e s t i g a t i o n  h a s  been  
c a r r i e d  o u t .
In  n u c l e a r  power r e a c t o r s  even  i f  f u e l  m a t e r i a l s  a r e  c o n s id e r e d  
to  be  s a t i s f a c t o r y  from th e  p o i n t  v iew  o f  c o r r o s i o n  r e s i s t a n c e  (B e r ry  
1971) and s t r e n g t h ,  i t  i s  s t i l l  n e c e s s a r y  to  c la d  t h e  f u e l  to  p r e v e n t  
f i s s i o n  p r o d u c t s  from e n t e r i n g  th e  r e a c t o r  c o o l a n t .  C ladd ing  m a t e r i a l s  
a r e ,  o f  c o u r s e ,  s u b j e c t e d  to  a change  i n  t h e i r  p r o p e r t i e s  a s  a r e s u l t  
o f  i r r a d i a t i o n .  F i s s i o n  damage i s  t h e r e f o r e  n o t  e n t i r l y  r e s t r i c t e d  to  
f u e l  b u t  a l s o  o c c u r s  i n  a few m ic ro n s  o f  c l a d d in g  a d j a c e n t  to  th e  f u e l .  
M a t e r i a l s  f o r  f u e l  e le m en t  c l a d d in g  i n  r e a c t o r s  c o o le d  w ith  sodium a t
h ig h  t e m p e r a tu r e s  a r e  r e f r a c t o r y  m e t a l s  h a v in g  body c e n t r e d  cub ic  (BCC) 
s t r u c t u r e s  ( G la s s to n e  and S esonske  1962) .  In  a d d i t i o n  to  th e  c la d d in g  
m a t e r i a l s  numeous f u s i o n  r e a c t o r  d e s ig n  s t u d i e s  have  s u g g e s te d  th e  use  
o f  t h e s e  m e t a l s  f o r  f i r s t  w a l l  and b l a n k e t  s t r u c t u r a l  m a t e r i a l s  
a p p l i c a t i o n s  (Gold and H arrod  1979)*
The g r e a t  im p o r ta n c e  o f  m a t e r i a l s  w i th  BCC s t r u c t u r e  i n  n u c l e a r  
power te c h n o lo g y  p r o v id e s  s t r o n g  m o t i v a t i o n  f o r  us to  i n v e s t i g a t e  th e  
d i f f e r e n t  p r o p e r t i e s  o f  m a t e r i a l s  w i th  t h i s  s t r u c t u r e .  The te c h n iq u e  
o f  com puter  s i m u l a t i o n  i s  i d e a l l y  s u i t e d  to  s tu d y  su c h  p r o c e s s e s  where 
th e  a tom ic  n a t u r e  o f  t h e  sys tem  i s  i m p o r t a n t .  Thus i n  th e  p r e s e n t  
p r o j e c t  t h e  c l u s t e r i n g  o f  v a c a n c i e s ,  t h e i r  p o s s i b l e  m i g r a t i o n ,  g row th  
and c o n t r a c t i o n  m echanism s and t h e i r  a s s o c i a t e d  e n e r g i e s  i n  BCC 
c r y s t a l s  have  been  s t u d i e d .  Due to  th e  im p o r ta n c e  o f  i m p u r i t i e s  i n  
r e d u c in g  th e  s w e l l i n g  o f  m a t e r i a l s  ( A ja c c io  1979) th e  i n f l u e n c e  o f  
s o l u t e  i m p u r i t i e s  on c l u s t e r s  o f  v a c a n c i e s  h a s  a l s o  been  exam ined. 
I n i t i a l l y  a  s i n g l e  s u b s t i t u t i o n a l  i m p u r i t y  was i n t r o d u c e d  . and i t s  
i n t e r a c t i o n  w i th  s i g n i f i c a n t  s m a l l  c l u s t e r s  o f  v a c a n c i e s  h a s  been  
i n v e s t i g a t e d  and th e  r e s u l t s  have  b een  t a b u l a t e d .  The h o s t - i m p u r i t y  
i n t e r a t o m i c  p o t e n t i a l  i s  r e p r e s e n t e d  by a m o d if ie d  form o f  t h e  
h o s t - h o s t  p o t e n t i a l .  These p r e l i m i n a r y  r e s u l t s  a r e  q u i t e  i n t e r e s t i n g .  
The c o n c e n t r a t i o n  o f  c l u s t e r s  o f  v a c a n c i e s ,  and o f  v a c a n c i e s  and s o l u t e  
atom s h a s  b een  s t u d i e d  u s in g  a new ly  d e v e lo p e d  Markov c h a in s  m odel.
The d e f e c t s  i n  c r y s t a l l i n e  m a t e r i a l s  c an  be  s tu d i e d  by u s in g  
l i n e a r  e l a s t i c i t y  t h e o r y ,  w hich  h a s  been  d i s c u s s e d  by E she lby  (1956) 
and H i r th  and Lothe ( 1 9 6 8 ) .  In  t h i s  model th e  m a t e r i a l  c o n ta i n in g  
d e f e c t s  i s  assumed to  be  an  e l a s t i c  con tinu ra .  But t h e r e  a r e  some
l i m i t a t i o n s  a s s o c i a t e d  w i th  i t s  a p p l i c a t i o n  e . g ,  i t s  i n a b i l i t y  to  
h a n d le  a d i s c r e t e  m odel.  Thus, i n  th e  p r e s e n t  s t u d i e s  th e  com puter 
s im u l a t io n  m ethod, w hich  i s  d e s c r i b e d  b r i e f l y  i n  s e c t i o n  1 .3 ,  i s  u se d .
1 .2  THE INTERATOMIC POTENTIALS
With th e  a d v e n t  o f  l a r g e ,  h ig h  speed  c o m p u te rs ,  many com puter 
s im u l a t io n  s t u d i e s  on d e f e c t s  i n  m a t e r i a l s  have  b een  perfo rm ed  d u r in g  
th e  l a s t  two d e c a d e s .  The u n d e r ly in g  p r i n c i p l e  o f  a l l  computer 
s im u l a t io n  c a l c u l a t i o n s  i s  t h a t  c h a n g es  i n  th e  l a t t i c e  en e rg y  can be 
w r i t t e n  a s  a f u n c t i o n  o f  t h e  p o s i t i o n s  o f  a l l  th e  atom s c o m p r is in g  th e  
m odel. The l a t t i c e  e n e rg y  i s  u s u a l l y  e v a lu a te d  by assum ing  t h a t  th e  
atom s i n t e r a c t  w i th  one a n o th e r  th ro u g h  p a i r w i s e ,  c e n t r a l  f o r c e s .  In  
t h e  p r e s e n t  s t u d i e s  t h e  w e l l - e s t a b l i s h e d  Johnson  a l p h a - i r o n  ( Johnson  
1964a) and M i l l e r  molybdenum ( M i l l e r  1981) p o t e n t i a l s  were u s e d .  These 
p o t e n t i a l s  have  a l r e a d y  been  used  s u c c e s s f u l l y  i n  th e  p a s t  to  examine 
th e  p r o p e r t i e s  o f  a  wide r a n g e  o f  d e f e c t s  ( B e e le r  and Johnson  1967, 
M i l l e r  1980, M i l l e r  e t  a l .  1981) .  The a l p h a - i r o n  p o t e n t i a l  was 
d e v e lo p e d  by Johnson  (1964a) from th e  e l a s t i c  c o n s t a n t s  and th e  
t h r e s h o l d  e n e rg y  f o r  r a d i a t i o n  damage i n  c r y s t a l s .  The p o t e n t i a l  $ ( r )  
i s  made up o f  t h r e e  " s p l i n e s "  o r  s e c t i o n s  o f  c u b ic  e q u a t i o n s  j o in e d  i n  
v a lu e  and s lo p e  a t  two a r b i t r a r y  b o u n d a ry  p o i n t s .  The p o t e n t i a l  and 
th e  bou n d a ry  p o i n t s  a r e  t a b u l a t e d  i n  t a b l e  1 .1 .  For c o n v e n ie n c e  th e  
r a n g e s  1 .9  -  2.4Â , 2 .4  -  3»0A and 3*0 -  3»44Â a r e  r e f e r r e d  to  a s  zone 
1, zone 2 and zone 3 r e s p e c t i v e l y .  The f i r s t  and second n e a r e s t  
n e a r e s t  n e ig h b o u r  d i s t a n c e s  b o t h  f a l l  w i t h in  zone 2 and th e  p o t e n t i a l  
i n  t h i s  r e g i o n  was o b ta in e d  by i n t e g r a t i n g  a p a r a b o l i c  c u rv e  chosen  to  
m atch  t h e  e l a s t i c  m odu li  o f  t h e  p e r f e c t  l a t t i c e .  The p o t e n t i a l  f o r
zone 3 was o b ta in e d  from a n o th e r  p a r a b o l i c  c u rv e  which was matched in  
v a lu e  and s lo p e  to  th e  c u rv e  o f  zone 2 and which becomes zero  midway 
be tw een  th e  second and th e  t h i r d  n e a r e s t  n e ig h b o u r  p o s i t i o n s .
Once th e  p o t e n t i a l  # ( r )  was d e te rm in e d  f o r  zone 2 , t h e  p o t e n t i a l  
f o r  zone 1 was o b ta in e d  by c h o o s in g  a c u b ic  e q u a t io n  w hich matched th e  
p o t e n t i a l  o f  zone 2 i n  v a lu e  and s lo p e  a t  a d i s t a n c e  o f  2.4À. T h is  
a l s o  m atched i n  v a lu e  and s lo p e  a dynam ica l  p o t e n t i a l  d e r iv e d  by 
E rg in s o y  e t  a l .  (1964) from r a d i a t i o n  damage c o n s i d e r a t i o n s .  The 
p o t e n t i a l  i s  shown i n  f i g  1 .1 .
The molybdenum p o t e n t i a l  was d e v e lo p e d  by M i l l e r  i n  1981 ( M i l l e r  
1981) fo l lo w in g  th e  same t e c h n iq u e  ad o p ted  i n  p r e v io u s  s t u d i e s  o f  
c o p p e r  ( M i l l e r  1980 ) .  Over t h e  r a n g e  o f  i n t e r e s t  t h e  p o t e n t i a l  
c o m p r ise s  a  s e t  o f  e i g h t  c u b ic  s p l i n e s ,  w i th  a d j a c e n t  s p l i n e s  sm ooth ly  
j o in e d  a t  t h e  k n o t  p o s i t i o n  and h a v in g  c o n tin u o u s  f i r s t  and second 
d e r i v a t i v e s .  The shape o f  t h e  p o t e n t i a l  i s  to  l a r g e  e x t e n t  governed  by 
th e  v a r i o u s  e x p e r im e n ta l  p a r a m e te r s  w i th  w hich th e  p o t e n t i a l  was 
c o n s t r u c t e d  one o f  w hich was t h e  e x p e r im e n ta l  v a can cy  f o r m a t io n  e n e rg y .  
In  a d d i t i o n  to  t h i s  t h e  p o t e n t i a l  was a l s o  m atched to  th e  e l a s t i c  
c o n s t a n t s .  The e n t i r e  p o t e n t i a l  i s  g iv e n  by
® (r) = C%r +  ^  ^  ^  ^ ^
The c o e f f i c i e n t s  o f  t h e  c u b ic  s p l i n e s  and and th e
p o s i t i o n s  o f  t h e  k n o t s  r  a r e  g iv e n  i n  t a b l e  1 .2  and th e  p o t e n t i a l  i s  
shown i n  f i g  1 . 2 .
Both a l p h a - i r o n  and molybdenum p o t e n t i a l s  t e r m i n a t e  a f t e r  second 
n e a r e s t  n e ig h b o u r  d i s t a n c e .  T h is  i s  b e c a u se  i n  body c e n t r e d  cu b ic
l a t t i c e s  t h e  r a t i o  o f  d i s t a n c e s  to  th e  n e a r e s t ,  second  n e a r e s t ,  and 
t h i r d  n e a r e s t  n e ig h b o u r  i s  0 .8 6 6 :  1: 1 .414 , r e s p e c t i v e l y .  Thus, th e  
f i r s t  and second n e a r e s t  n e ig h b o u r  d i s t a n c e s  a r e  co m p a rab le ,  w h i le  th e  
t h i r d  n e a r e s t  n e ig h b o u r s  a r e  c o n s i d e r a b l y  more d i s t a n t .  The body 
c e n t r e d  c u b ic  s t r u c t u r e  i s  n o t  s t a b l e  w i th  j u s t  a n e a r e s t  n e ig h b o u r  
c e n t r a l  f o r c e  i n t e r a c t i n g  be tw een  th e  l a t t i c e  a to m s ,  so th e  p o t e n t i a l  
ca n n o t  be  c u t  o f f  be tw een  th e  n e a r e s t  and second n e a r e s t  n e ig h b o u r s .
1 .3  THE TECHNIQUE OF ATOMISTIC.SIMULATION
The a t o m i s t i c  t e c h n iq u e  i s  t h e  most im p o r ta n t  t o o l  f o r  g e t t i n g  
r e l i a b l e  v a l u e s  f o r  t h e  p o t e n t i a l  ene rgy  and d i s p la c e m e n t  f i e l d
a s s o c i a t e d  w i th  a d e f e c t  c r y s t a l .  T h is  method can be c l a s s i f i e d  i n t o
two e q u i v a l e n t  a p p ro a c h e s ;  r e a l  sp a ce  m ethods and r e c i p r o c a l  space
/
m ethods .  Only a b r i e f  d e s c r i p t i o n  o f  t h e s e  m ethods i s  g iv e n  i n  t h i s  
s e c t i o n .
The r e c i p r o c a l  s p a c e  a p p ro a c h  u s u a l l y  c a l l e d  th e  l a t t i c e  s t a t i c s  
method was d e v e lo p e d  by K anzak i (1957) f o r  d e t e r m i n a t i o n  o f  t h e  
d i s t o r t i o n  a round  p o i n t  d e f e c t s .  He used t h i s  method f o r  s tu d y in g  th e  
d i s p la c e m e n t  f i e l d  a round a  v a c a n c y  i n  a s i n g l e  c r y s t a l  o f  a rg o n .  T h is  
method i s  b a sed  on th e  F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  d i r e c t  sp a ce  
e q u i l ib r iu m  e q u a t io n s  w r i t t e n  a s  a d i r e c t  i n t e r a c t i o n  be tw een  th e
d e f e c t  and th e  h o s t  l a t t i c e  p l u s  t h e  e n e rg y  o f  t h e  h o s t  l a t t i c e  due i t s  
d i s t o r t i o n .  W ith t h i s  m ethod , i t  i s  n o t  n e c e s s a r y  f o r  t h e  p o t e n t i a l  
e ne rgy  f u n c t i o n  to  be  d e f i n e d  f o r  a l l  i n t e r a t o m i c  s e p a r a t i o n s .  Only 
t h e  f i r s t  and second d e r i v a t i v e s  o f  t h e  p o t e n t i a l  a t  th e  p e r f e c t
l a t t i c e  s e p r a t i o n s  a r e  r e q u i r e d .  The method th e n  assum es th e  f u n c t i o n
to be  harm onic  f o r  th e  o t h e r  a d d i t i o n a l  d i s p l a c e m e n ts .  I t  h a s  been  
used  by Hardy (1968) and F lo ck en  and Hardy (1970) f o r  d e f e c t  
c a l c u l a t i o n s .  T here  i s  a f la w  i n  t h i s  method i n  t h a t  i t  i s  l i m i t e d  to 
sm a l l  d i s p l a c e m e n ts  and c a n n o t  be  a p p l i e d  s a t i s f a c t o r i l y  to  ex tended  
d e f e c t s .
In  t h e  r e a l  s p a c e  a p p ro a c h  (T ewordt 1958, G ibson e t  a l .  I960) a 
r e g u l a r  a r r a y  o f  d i s c r e t e  a to m s ,  c o r r e s p o n d in g  to  th e  d e s i r e d  i c r y s t a l  
s t r u c t u r e  i s  s e t  u p .  The a tom s a r e  made to  i n t e r a c t  w i th  one a n o th e r  
a c c o rd in g  to  th e  c h o sen  s e t  o f  f o r c e s .  The a d j u s t a b l e  p a ra m e te r s  i n  
th e  i n t e r a t o m i c  p o t e n t i a l s  a r e  d e te rm in e d  by m a tc h in g  c e r t a i n  
p r o p e r t i e s  o f  t h e  p e r f e c t  c r y s t a l  to  th e  c o r r e s p o n d in g  b u lk  
e x p e r im e n ta l  v a l u e s .  The a tom ic  c o n f i g u r a t i o n  o f  t h e  d e f e c t  i s  
i n t r o d u c e d  i n t o  th e  a to m ic  a r r a y ,  s im p ly  f o r  example i n  th e  ' c a se  o f  
vacancy  c l u s t e r s  by rem oving  some o f  th e  a to m s .  The re m a in in g  atoms
a r e  now no l o n g e r  i n  e q u i l i b r i u m  so th e y  a r e  p e r m i t t e d  to  move u n t i l
e q u i l ib r i u m  i s  r e s t o r e d .  T h is  i s  a c h ie v e d  by a n  i t e r a t i v e  p r o c e s s .
The amount o f  c o m p u ta t io n  can  be  reduced  by th e  u se  o f  c e r t a i n  
a p p ro x im a t io n s .  Atoms w hich  a r e  c l o s e  to  t h e  d e f e c t  and which 
t h e r e f o r e  a r e  s u s c e p t i b l e  to  i r r e g u l a r  and r e l a t i v e l y  l a r g e  
d i s p l a c e m e n ts  m ust b e  t r e a t e d  a s  d i s c r e t e  p a r t i c l e s .  The d i s p l a c e m e n ts  
o f  a tom s w hich a r e  more d i s t a n t  from th e  d e f e c t ,  on t h e  o t h e r  hand , a r e  
milch s m a l l e r .  They a r e  t h e r e f o r e  a d e q u a te ly  d e s c r i b e d  by e l a s t i c  
t h e o r y .  Because o f  t h i s  t h e  c r y s t a l  model used  i n  th e  p r e s e n t
c a l c u l a t i o n s  i s  d iv id e d  i n t o  two r e g i o n s .  In  th e  i n n e r  r e g io n
( c o m p u ta t io n a l  c e l l )  b o th  d i s p l a c e m e n ts  and e n e r g i e s  a r e  a t o m i s t i c ,  
w h i l e  f o r  t h e  o u t e r  r e g i o n  (m a n t le )  the  e n e r g i e s  a r e  s t i l l  a t o m i s t i c
bu t  th e  d i s p l a c e m e n ts  a r e  e l a s t i c .  T h is  r e g io n  i s  used  to  e n fo r c e  th e  
a p p o p r i a t e  bou n d a ry  c o n d i t i o n s .  For th e  N atom s i n  t h e  c o m p u ta t io n a l  
c e l l ,  t h e r e  a r e  3N s im u l ta n e o u s  e q u a t io n s  o f  m o tion  to  be so lv e d  in  
o r d e r  to  o b t a i n  th e  r e l a x e d  c o n f i g u r a t i o n .  The r e a l  s p a c e  method does  
n o t  s u f f e r  s e v e r e  l i m i t a t i o n s  a s  do es  t h e  r e c i p r o c a l  sp a ce  a p p ro a c h .  
A ll  r e s u l t s  p r e s e n t e d  i n  t h i s  t h e s i s  have been  o b ta in e d  by u s in g  th e  
r e a l  s p a c e  d i s c r e t e  l a t t i c e  m odel.
1 .4  BRIEF REVIEW OF PREVIOUS WORK
The f i r s t  s t e p  to w a rd s  u n d e r s t a n d in g  th e  geom etry  o f  vacancy  
c l u s t e r s  was t a k e n  by Doyama (1 9 6 5 ) .  He p r e s e n te d  th e
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c o n f i g u r a t i o n  f o r  t r i -  and t e t r a v a c a n c y  
c l u s t e r s  i n  f a c e  c e n t r e d  c u b ic  (FCC) c r y s t a l s .  Brody and Meshi (1968) 
in c lu d e d  body c e n t r e d  (BCC) and s im p le  c u b ic  (SC) s t r u c t u r e s  a s  w e l l  a s  
f a c e  c e n t r e d  c u b ic  s t r u c t u r e  i n  t h e i r  a n a l y s i s .  F i n a l l y  C rocker  (1975 , 
1978) c o n s id e r e d  a l l  s i n g l e  and some d o u b le  l a t t i c e  s t r u c t u r e s  and 
p u b l i s h e d  th e  d ia g ra m s  f o r  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l u s t e r s  o f  up 
to  f i v e  v a c a n c i e s  o r  s u b s t i t u t i o n a l  i m p u r i t i e s .  He found a number o f  
e r r o r s  i n  th e  p r e v io u s  s t u d i e s .  H is  r e s u l t s  p r o v id e  ah e x c e l l e n t  means 
o f  u n d e r s t a n d in g  th e  c l u s t e r s  o f  d e f e c t s .  C rocker  a l s o  deve loped  a new 
method o f  c l a s s i f y i n g  a c l u s t e r  which depends  upon th e  bond l e n g t h  
betw een  two d e f e c t s  and t h i s  p ro c e d u re  h a s  been  d i s c u s s e d  i n  c h a p t e r s  2 
and 5 . In  a d d i t i o n  to  t h e  geom etry  and c l a s s i f i c a t i o n  o f  c l u s t e r s  
Crocker  a l s o  c a l c u l a t e d  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
v a r i a n t s  f o r  e a c h  c o n f i g u r a t i o n .  In  some s p e c i a l  c a s e s  i t  i s  found 
t h a t  a few c l u s t e r s  h av e  i d e n t i c a l  bond c l a s s i f i c a t i o n .  C rocke r  used  
th e  te rm in o lo g y  o f  b r a n c h e s  and c h a in s  i n  o r d e r  to  make a d i s t i n c t i o n
betw een them. However, t h i s  method may n o t  be s a t i s f a c t o r y  f o r  b i g g e r  
c l u s t e r s  i n  more c o m p l ic a te d  s t r u c t u r e s .  C u r r e n t ly  a mew method 
( F a r i d i  and Ahmed 1982) i s  u n d e r  c o n s i d e r a t i o n  and t h i s  may p rove  more 
s a t i s f a c t o r y .  In  t h i s  method a m a t r ix  r e p r e s e n t a t i o n  i s  adop ted  f o r  
th e  c l a s s i f i c a t i o n  o f  a c l u s t e r .
The number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  v a r i a n t s  o f  a 
c l u s t e r  i s  an  im p o r ta n t  p a ra m e te r  and i t  must be  d e te rm in e d  c o r r e c t l y .  
U n f o r tu n a t e l y  t h e r e  i s  no a n a l y t i c a l  method f o r  th e  d e t e r m i n a t i o n  o f  
t h i s  p a ra m e te r  and a number o f  e r r o r s  h a s  been  found in  th e  work o f  
A l l n a t t  and A l l n a t t  (1 9 7 4 ) .  However F a r i d i  and C rocker  (1978)
deve loped  a u s e f u l  fo rm u la e  r e l a t i n g  th e  number o f  v a r i a n t s  o f  two
c l u s t e r s  and t h e i r  p o s s i b l e  m i g r a t i o n ,  grow th  and c o n t r a c t i o n
m echan ism s. T h e r e f o r e  knowing th e  number o f  v a r i a n t s  o f  a s m a l l e r  
c l u s t e r  t h i s  fo rm u la  can  be used  to  d e te rm in e  th e  c o r r e s p o n d in g  number 
f o r  a b i g g e r  c l u s t e r .  T h is  method h a s  been  a p p l i e d  by M alik  (1 9 8 0 ) ,  
Din (1981) and A k h te r  (1982) to  s tu d y  t h e  d e f e c t  c l u s t e r s  i n  BCC, 
tw inned  FCC and s q u a re  l a t t i c e  s t r u c t u r e s  r e s p e c t i v e l y .
The h i s t o r y  o f  com puter  e x p e r im e n ts  s t a r t e d  i n  1955. S in c e  th e n  
s e v e r a l  e x t e n s i v e  re v ie w s  on th e  a p p l i c a t i o n  o f  a t o m i s t i c  s im u l a t io n  
p r o c e d u r e s  have  been  w r i t t e n  e . g  Gehlen , e t  a l .  (1972) and Johnson  
(1975 , 1 9 7 6 ) .  The aim o f  t h i s  s e c t i o n  i s  to  n o te  some im p o r ta n t  
d ev e lo p m en ts  i n  t h i s  f i e l d .  H un tingdon  (1955) f i r s t  in t r o d u c e d  a
d i s c r e t e  l a t t i c e  model f o r  s tu d y in g  d e f e c t s  i n  c r y s t a l s .  He used  t h i s  
model f o r  t h e  c a l c u l a t i o n  o f  t h e  e n e r g i e s  o f  i n t e r s t i t i a l  atom s i n  
c o p p e r  u s in g  a Born-Mayer p o t e n t i a l .  Tewordt (1958) used  t h i s  model 
f o r  s tu d y in g  th e  l a t t i c e  d i s t o r t i o n s  around  p o i n t  d e f e c t s  i n  c o p p e r .
The e q u i l ib r iu m  s t a t e  o f  t h e  l a t t i c e  was d e te rm in e d  by s u c c e s s iv e  
s o l u t i o n s  o f  a s e t  o f  l i n e a r  e q u a t i o n s .
L a t e r  Gibson e t  a l .  ( I9 6 0 )  perform ed com puter e x p e r im e n ts  i n  
o r d e r  to  examine th e  r a d i a t i o n  damage i n  c o p p e r .  T h e i r  a n a l y s i s  was 
l i m i t e d  to  low and i n t e r m e d i a t e  e n e r g i e s  (up to  400eV). These were i n  
f a c t  th e  m ost a m b i t io u s  m achine  c a l c u l a t i o n s  to  t h a t  t im e .  Most o f  th e  
c o m p u ta t io n s  were on a c r y s t a l  c o n ta i n in g  500 to  1000 a tom s. Up to  
t h a t  t im e  a l l  c a l c u l a t i o n s  were c a r r i e d  o u t  by em ploying  Born-Mayer 
p o t e n t i a l s .  G i r i f a l c o  and W eizer  (1959) i n v e s t i g a t e d  th e  a p p l i c a b i l i t y  
o f  th e  Morse f u n c t i o n  f o r  t h e  d e s c r i p t i o n  o f  t h e  p r o p e r t i e s  o f  c u b ic  
m e t a l s .  They d e m o n s t ra te d  t h a t  th e  Morse p o t e n t i a l  when a p p l i e d  to  
prob lem s i n v o lv i n g  any  ty p e  o f  d e fo r m a t io n  o f  t h e  c u b ic  m e ta l s  gave  
r e a s o n a b le  r e s u l t s .  In  I960 t h e y  computed th e  r e l a x a t i o n  o f  
n e ig h b o u r in g  atoms a round  a v a c a n c y  i n  s e v e r a l  BCC and FCC m e ta l s  u s in g  
th e s e  p o t e n t i a l s  ( G i r i f a l c o  and W eizer 1960) .  Then Bennemann (1951a , 
1961b) examined th e  d i f f e r e n t  s t a b l e  c o n f i g u r a t i o n s ,  f o rm a t io n  e n e r g i e s  
and change i n  volume o f  t h e  c r y s t a l  f o r  an i n t e r s t i t i a l  i n  coppe r  u s in g  
a g e n e r a l  method d ev e lo p ed  by Tew ordt (1 9 5 8 ) .  He found t h a t  two 
i n t e r s t i t i a l  c o n f i g u r a t i o n s  ( t h e  s p l i t  <100> and s p l i t  <110>) were 
s t a b l e .  F u r t h e r  h i s  model p r e d i c t e d  t h a t  th e  crowdion and th e  "body 
c e n t r e d "  i n t e r s t i t i a l s  were u n s t a b l e .
V ineyard  (1961) s u c e s s f u l l y  s im u la te d  c l u s t e r s  o f ,  two, t h r e e ,  
f o u r  and f i v e  v a c a n c i e s  i n  c o p p e r  by u s in g  G ib s o n 's  model and r e p o r t e d  
th e  e x i s t e n c e  o f  a few c o l l a p s e d  v a c an c y  c l u s t e r s .  S c h o t tk e y  ( I9 6 0 )  
used th e  same model and s t u d i e d  th e  n e a r e s t  n e ig h b o u r  d iv a c a n c y  and 
f o u r  d i f f e r e n t  n e a r e s t  n e ig h b o u r  t r i v a c a n c y  c l u s t e r s  and c la im ed  t h a t
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a l l  c o n f i g u r a t i o n s  were s t a b l e .
The f i r s t  m ach ine  c a l c u l a t i o n s  perform ed by Johnson  and h i s  
c o l l e a g u e s  were i n  I9 6 0 . There  th e y  examined th e  a to m ic  c o n f i g u r a t i o n  
and ene rgy  o f  an  i n t e r s t i t i a l  i n  FCC c r y s t a l s  u s in g  th e  Born-Mayer 
p o t e n t i a l  ( Jo h n so n  e t  a l .  I 9 6 0 ) .  The model th e y  u sed  was s i m i l a r  to  
t h a t  d e s c r i b e d  by Tew ordt (1958) bu t  th e y  used  a r e l a x a t i o n  p ro ce d u re  
based  on i t e r a t i o n  p r o c e d u r e s  which l a t e r  become a s t a n d a r d  r e l a x a t i o n  
method. A cco rd ing  to  t h i s  method each  atom i n  t h e  c o m p u ta t io n a l  c e l l  
was a l low ed  to  move u n t i l  t h e  r e s u l t a n t  f o r c e  becomes z e r o .  They 
r e p o r t e d  t h a t  t h e  s p l i t  <100> i n t e r s t i t i a l  i s  s t a b l e  and th e  o c t a h e d r a l  
i n t e r s t i t i a l  h a s  s l i g h t y  h i g h e r  e n e rg y .  L a t e r  Johnson  and Brown (1962) 
ex tended  th e  a n a l y s i s  by  i n c l u d in g  v a c a n c i e s ,  d i v a c a n c i e s ,  
i n t e r s t i t i a l s  and d i - i n t e r s t i t i a l s .  S im i la r  to  e a r l i e r  s t u d i e s  th e  
s p l i t  <100> was t h e  s t a b l e  i n t e r s t i t i a l  c o n f i g u r a t i o n  b u t  t h e  
o c t a h e d r a l  i n t e r s t i t i a l  was found to  be u n s t a b l e .  They a l s o  c a l c u l a t e d  
th e  a c t i v a t i o n  e n e r g i e s  f o r  th e  m o tio n  o f  v a c a n c i e s  and i n t e r s t i t i a l s .  
The a c t i v a t i o n  e n e rg y  r e p o r t e d  f o r  a vacancy  was a b o u t  h a l f  t h a t  g iv e n  
by e x p e r im e n ta l  v a l u e s ,  and f o r  an i n t e r s t i t i a l  t h e  c o r r e s p o n d in g  
energy  was v e r y  s m a l l .
The m a jo r  and th e  m ost p ro m in e n t  s t e p  f o r  th e  deve lopm en t o f  
com puter e x p e r im e n ts  was t a k e n  by Johnson  (1964a) when he d e v e lo p e d  an 
e m p i r i c a l  i n t e r a t o m i c  p o t e n t i a l  f o r  a l p h a - i r o n .  T h is  p o t e n t i a l  was 
a p p l i e d  f o r  th e  s tu d y  o f  m i g r a t i o n  e n e r g i e s  and a tom ic  c o n f i g u r a t i o n s  
f o r  mono- and d i - i n t e r s t i t i a l s  and mono- and d i v a c a n c i e s  by  Johnson  
(1 9 6 4 a ) .  L a t e r  t h i s  s tu d y  was e x ten d ed  f o r  exam in ing  th e  k i n e t i c  and 
s t a t i c  a s p e c t  o f  l a r g e  v a c a n c y  c l u s t e r s  and t h e i r  r e l a t e d  p r o p e r t i e s
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e . g ,  n u c l é a t i o n  o f  v a c an c y  c l u s t e r s  and t h e i r  g row th  and d i s s o c i a t i o n  
e n e r g i e s  ( B e e l e r  and Johnson  1 9 6 7 ) .  In  a p a r a l l e l  s tu d y  o f  a l p h a - i r o n ,  
Johnson  i n v e s t i g a t e d  th e  m i g r a t i o n  and b in d in g  e n e r g i e s  o f  d iv a c a n c ie s  
and d i - i n t e r s t i t i a l s  i n  c o p p e r  ( Jo h n so n  1965'b&c). The c a l c u l a t e d  
m o tio n  e n e r g i e s  f o r  b o th  d i v a c a n c i e s  and d i - i n t e r s t i t i a l s  were q u i t e  
s m a l l ,  0 .07eV and O.OSeV, r e s p e c t i v e l y .  In  1966 Jo h nson  d id  l a t t i c e  
c a l c u l a t i o n s  f o r  c l u s t e r s  o f  s m a l l  v a c a n c i e s  and i n t e r s t i t i a l s  i n  
n i c k e l  u s in g  th e  a l p h a - i r o n  p o t e n t i a l  ( Jo h n so n  1966a&b). A lthough t h i s  
was an e q u i l i b r i u m * p o t e n t i a l  f o r  a l p h a - i r o n ,  i t  becomes n o n - e q u i l ib r iu m  
when used  f o r  FCC s t r u c t u r e s  b e c a u s e  o f  t h e  change  i n  th e  l a t t i c e  
p a ra m e te r .  A volume d e p e n d e n t  term  was i n c lu d e d  i n  th e  en e rg y
c a l c u l a t i o n s .  He c la im ed  t h a t  th e  i n t e r a c t i o n  used  i s  r e a s o n a b ly  
a p p r o p r i a t e  f o r  b o th  gam m a-iron , t h e  h ig h  t e m p e ra tu re  FCC phase  o f  
i r o n ,  and n i c k e l .  The r e s u l t s  have  been  compared w i th  e x p e r im e n ta l  
v a lu e s  f o r  b o th  m e t a l s ,  and e v id e n c e  i s  g iv e n  t h a t  r e s u l t s  a r e  i n  
ag reem en t  w i th  t h e  e x p e r im e n ta l  v a l u e s .  Again t h e  <100> s p l i t
i n t e r s t i t i a l  was found to  be  th e  m ost s t a b l e  and i t s  e n e rg y  was low .
T h is  s tu d y  was t h e n  fo l lo w e d  by a s e r i e s  o f  p a p e r s  e . g  Johnson
(I967a& b, 1 9 6 9 ) and Jo h nson  and W ilson  (1 9 7 2 ) .
In  a d d i t i o n  to  th e  i n v e s t i g a t i o n s  o f  th e  s t a b i l i t y  o f  vacancy  
and i n t e r s t i t i a l  c l u s t e r s  i n  a l p h a - i r o n ,  n i c k e l  and c o p p e r ,  Johnson , 
D ienes  and Damask a l s o  examined th e  i n t e r s t i t i a l  ty p e  i m p u r i t i e s  i n  
a l p h a - i r o n .  T h is  was p u b l i s h e d  i n  1964 when th e  e n e rg y  and th e  
m i g r a t i o n  c h a r a c t e r i s t i c s  o f  c a rb o n  and n i t r o g e n  i n  a l p h a - i r o n  and 
vanadium were s tu d i e d  ( Jo h n s o n  e t  a l .  1964, Johnson  1964b, Johnson  
1972a&b). In  1965 Jo h nson  s t u d i e d  th e  i n t e r a c t i o n  o f  c a rb o n  i n  
m a r t e n s i t e  ( Jo h nson  1965a).
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P a rk  and Doyama (1969) examined th e  f o rm a t io n  e n e r g i e s  and 
l a t t i c e  d i s t o r t i o n  o f  a v a c a n c y  and o f  d i v a c a n c i e s  i n  a l p h a - i r o n  by 
u s in g  an e f f e c t i v e  p a i r w i s e  i n t e r a t o m i c  p o t e n t i a l  d e r iv e d  by them. 
C o t t e r i l l  and Doyama (1966) rev iew ed  th e  m ethods o f  c a l c u l a t i n g  th e  
e n e r g i e s  f o r  c l u s t e r s  o f  p o i n t  d e f e c t s  i n  m e t a l s .
S in c e  th e n  th e  r a n g e  o f  a p p l i c a t i o n s  o f  com puter  e x p e r im e n ts  h a s  
grown r a p i d l y  w i th  t h e  d e ve lopm en t o f  h ig h ,  speed  d i g i t a l  co m p u te rs .  
Kenny (1975) s tu d i e d  th e  d i s p l a c e m e n t  f i e l d  around an i s o l a t e d  vacancy  
i n  molybdenum, vanadium and a l p h a - i r o n .  He a l s o  c o n s t r u c t e d  a p a i r  
p o t e n t i a l  f o r  molybdenum and examined th e  b in d in g  e n e r g i e s  o f  v a r i o u s  
d iv a c a n c y  c o n f i g u r a t i o n s  i n  t h i s  m e t a l .  M i l l e r  and Heald (1975, 1976)
i n v e s t i g a t e d  th e  l a t t i c e  d i s t o r t i o n  produced by a v acan cy  and an 
i n t e r s t i t i a l  atom in  FCC m e t a l s .  I n  1976 th e  c a l c u l a t i o n  o f  p o i n t  
d e f e c t  p r o p e r t i e s  u s in g  th e  d i s c r e t e  model was rev iew ed  by Heald i n  
which a t t e n t i o n  was g iv e n  to  th e  d i s t o r t i o n  f i e l d  around  a p o i n t  d e f e c t  
and th e  i n t e r a c t i o n  be tw een  p o i n t  d e f e c t  p a i r s  (H eald  197 6 ) .
Doneghan (1976) c o nduc ted  a d e t a i l e d  s tu d y  o f  v a c an c y  c l u s t e r s  
and t h e i r  p r o p e r t i e s  i n  c o p p e r .  F o r  t h i s  a n a l y s i s  a  n o n - e q u i l ib r iu m  
p o t e n t i a l  was c o n s t r u c t e d .  The r e s u l t s  f o r  up to  f o u r  v a c an c y  c l u s t e r s  
were com ple ted  by C ro ck e r  e t  a l .  ( 1 9 8 0 ) .  I t  was d e m o n s t ra te d  t h a t  a 
few v a c an c y  c l u s t e r s  were c a p a b le  o f  c o l l a p s i n g .  D i f f e r e n t  
i n t e r s t i t i a l  c o n f i g u r a t i o n s  i n  FCC c r y s t a l s  were a l s o  examined by 
Doneghan (1976) and he found t h a t  t h e  t e t r a h e d r a l  i n t e r s t i t i a l  i s  t h e  
m ost s t a b l e  one .
The Johnson a l p h a - i r o n  p o t e n t i a l  was used  by I n g l e  (1977) f o r
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exam ining  th e  p r o p e r t i e s  o f  v a c a n c i e s  and d i v a c a n c i e s  u n d e r  c o n t r o l l e d  
c o n d i t i o n s  o f  u n i a x i a l  and h y d r o s t a t i c  s t r e s s .  He c la im ed  t h a t  s i n g l e  
v a c a n c i e s  a r e  i n s e n s i t i v e  to  t h e  e x t e r n a l l y  a p p l i e d  s t r e s s  b u t  th e  
b in d in g  e n e r g i e s  o f  d i v a c a n c i e s  were changed s i g n i f i c a n t l y .  F a r i d i  
(1978) s tu d i e d  th e  s t r u c t u r e  o f  vacan cy  c l u s t e r s ,  t h e  p o s s i b l e  
c o l l a p s e d  vacan cy  c l u s t e r s ,  and th e  m ig r a t io n  o f  v a c a n c i e s  a t  tw in  
b o u n d a r ie s  u s in g  th e  c o p p e r  p o t e n t i a l  deve loped  by Doneghan (1 9 7 6 ) .
R e c e n t ly  A kh te r  (1982)  s tu d i e d  th e  s t a b i l i t y  o f  c l u s t e r s  o f  
v a c a n c i e s  and o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a tom s i n  copper  and 
n i c k e l .  He d ev e lo p ed  a new p o t e n t i a l  f o r  n i c k e l  w h i le  f o r  th e  
c a l c u l a t i o n s  on c o p p e r  D oneghan 's  p o t e n t i a l  was u s e d .  ' In  th e  p r e s e n t  
s t u d i e s  t h e  s t a b i l i t y  o f  c l u s t e r s  o f  v a c a n c i e s  a nd , o f  c l u s t e r s  o f  
v a c a n c i e s  and a s u b s t i t u t i o n a l  i m p u r i t y  ( s o l u t e )  atom were examined by 
u s in g  com puter  s i m u l a t i o n  m ethods  i n  body c e n t r e d  c u b ic  m e t a l s .  
Johnson a l p h a - i r o n  and M i l l e r  molybdenum p o t e n t i a l s  were employed f o r  
t h e s e  c a l c u l a t i o n s .  The m i g r a t i o n ,  g row th  and c o n t r a c t i o n  e n e r g i e s  
were a l s o  com puted.
1 .5  THE COMPUTER PROGRAMS
The com puter  p rogram s u sed  i n  th e  p r e s e n t  s t u d i e s  have  a l r e a d y  
been  d i s c u s s e d  i n  d e t a i l  by  B r is to w e  (1 9 7 5 ) ,  Doneghan (1 9 7 6 ) ,  
I n g le ( 1 9 7 7 ) i  F a r i d i ( l 9 7 8 )  and A k h te r  (1 9 8 2 ) .  The f o u n d a t io n s  o f  t h e s e  
program s depend upon th e  f o l l o w in g  f o u r  p r i n c i p l e s  ( I n g l e  1977):
1) G e n e r a t io n  o f  t h e  m odel r e p r e s e n t i n g  a d e s i r a b l e  c r y s t a l
s t r u c t u r e .
2) S p e c i f i c a t i o n  o f  t h e  p o t e n t i a l  ene rgy  f u n c t i o n  i n  o r d e r  to
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a c c o u n t  f o r  th e  i n t e r a c t i o n s  "between th e  a to m s .
5) I n t r o d u c t i o n  o f  th e  d e f e c t  u n d e r  i n v e s t i g a t i o n .
4) M in im iz a t io n  o f  t h e  e n e rg y  o f  t h e  d e f e c t i v e  model in  o r d e r  to
o b t a i n  an e q u i l i b r i u m  c o n f i g u r a t i o n .
T h is  program  was w r i t t e n  by J . ¥ .  N o r g e t t  a t  A .E .R .B , H arw ell  and i s
known a s  DEVIL (D e fe c t  E v a l u a t io n  In  L a t t i c e s ) .  I t  i s  composed o f  a
s e t  o f  FORTRAN SUBROUTINES. L a t e r  M.J. M a r t in  o f  t h e  U n i v e r s i t y  o f  
L iv e rp o o l  r e w ro te  t h i s  program  and gave i t  t h e  name XLITE. He in c lu d e d  
some more s u b r o u t i n e s  f o r  s tu d y in g  th e  v a r i o u s  d e f e c t s ,  f o r  example 
tw in  b o u n d a r i e s .  A d e s i r a b l e  c r y s t a l  s t r u c t u r e  i s  a c h ie v e d  by 
p r o v id in g  th e  f o l lo w in g  i n p u t  d a t a  to  th e  program :
i )  Type o f  t h e  c r y s t a l .
i i )  T hree  p r i m i t i v e  t r a n s l a t i o n a l  v e c t o r s  and a b a s i s .
i i i )  S i z e ,  shape  and o r i e n t i a t i o n  o f  t h e  c r y s t a l .
A p e r f e c t  model i s  t h e n  s e t  u p ,  and th e  model i s  d iv id e d  i n t o  
two r e g i o n s ;  th e  i n n e r  r e g i o n  and o u t e r  r e g i o n  u s u a l l y  c a l l e d  th e  
c o m p u ta t io n a l  c e l l  and th e  m a n t le  r e s p e c t i v e l y .  The c o m p u ta t io n a l  c e l l  
c o n t a i n s  t h e  atom s whose b e h a v io u r  i s  t o  be s tu d i e d  and w hich a r e  f r e e  
to  move to  t h e i r  e q u i l i b r i u m  p o s i t i o n s .  In  some s p e c i a l  c a s e s  any  atom 
can be k e p t  f ix e d  i f  t h i s  i s  n e c e s s a r y .  The atom s i n  t h e  m a n t le  may o r  
may n o t  be  f r e e  to  move d e p e n d in g  upon th e  ty p e  o f  t h e  boundary  
c o n d i t i o n  imposed on th e  model and w i l l  be  d i s c u s s e d  shorWLy. The 
f u n c t i o n  o f  t h e  m a n t le  i s  t o  s im u l a t e  an  i n f i n i t e  c r y s t a l  o r  a t  l e a s t  
to  e n s u re  t h a t  e v e ry  atom in  t h e  c o m p u ta t io n a l  c e l l  h a s  a com p le te  s e t  
o f  n e ig h b o u r in g  atom s l y i n g  w i t h i n  th e  r a n g e  o f  t h e  i n t e r a t o m i c  
p o t e n t i a l .
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A f t e r  e s t a b l i s h i n g  th e  p e r f e c t  c r y s t a l ,  t h e  d e f e c t  i s  in t ro d u c e d  
i n  th e  c o m p u ta t io n a l  c e l l .  The e n e rg y  o f  th e  d e f e c t i v e  model i s  th e n  
c a l c u l a t e d .  The model i s  t h e n  a llow ed  to  r e l a x  to  a t t a i n  a minimum 
ene rgy  c o n f i g u r a t i o n .  T h is  i s  done by u s in g  th e  method o f  c o n ju g a te  
g r a d i e n t s .
There  a r e  two d i f f e r e n t  ways by  means o f  w hich th e  f u t u r e  o f  
a tom s i n  , th e  m a n t le  can  be  c o n s id e r e d .  These atom s c an  e i t h e r  be k e p t  
f i x e d  i . e  th e y  a r e  n o t  a l low ed  to  move d u r in g  th e  s i m u l a t i o n  p ro c e d u re ,  
o r  a l lo w ed  to  move i n  a co u p led  way w i th  t h e  atom s o f  t h e  c o m p u ta t io n a l  
c e l l  by  em ploy ing  f i x e d  o r  p e r i o d i c  boundary  c o n d i t i o n s .  In  th e  
p r e s e n t  S t u d ie s  f i x e d  boundary  c o n d i t i o n s  have been  u s e d .  The p e r i o d i c  
boundary  c o n d i t i o n s  a r e  u s u a l l y  a p p l i e d  when i t  i s  r e q u i r e d  to  s im u la te
i n t e r f a c e s .  T h is  i s  b e c a u s e  when th e s e  c o n d i t i o n s  a r e  imposed i n  a
/
g iv e n  d i r e c t i o n  ( o r  d i r e c t i o n s )  th e  c o m p u ta t io n a l  c e l l  i s  e x tended  i n  
t h a t  d i r e c t i o n  i n  a c y c l i c  f a s h i o n  so a s  to  form an a r r a y  o f  
s u p e r c e l l s .  Thus t h e  p o s i t i o n  o f  a b ounda ry  atom i s  d e te rm in e d  by th e  
c o o r d i n a t e s  o f  i t s  " p a r e n t "  atom in  t h e  c o m p u ta t io n a l  c e l l .  D uring  th e  
s i m u l a t i o n  p r o c e d u re  th e  a tom s o f  th e  m a n t le  move a s  i f  t h e y  a r e  
r i g i d l y  a t t a c h e d  to  a tom s o f  t h e  i n n e r  r e g i o n .
The c o n ju g a t e  g r a d i e n t s  method i s  used  i n  th e  p r e s e n t  s im u l a t io n  
p r o c e s s  i n  o r d e r  to  m in im ize  th e  e n e rg y  o f  t h e  c r y s t a l .  T h is  method 
was d e v e lo p e d  by F l e t c h e r  and Reeves (1964) from th e  te c h n iq u e s '  
o r i g i n a l l y  p r e s e n t e d  by H e s te n e s  and S t i e f e l  (1 9 5 2 ) .  T h is  method i s  
c o n ta in e d  i n  t h e  s u b r o u t i n e  RELAX o f  DEVIL and was fo rm u la te d  by 
F l e t c h e r  (1972) and h a s  b een  used  by N o r g e t t  e t  a l .  1972, Weins (1972) 
and P e r r i n  ( 1 9 7 4 ) .  I t  p r o v id e s  f a s t  c onve rgence  and re d u c e s  th e
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p r o c e s s in g  t im e .
1 .6  MARKOV CHAINS
The Markov c h a in s  process,, i s  named, a f t e r  A.A. Markov, who l a i d  
th e  f o u n d a t io n s  o f  t h e  t h e o r y  i n  a s e r i e s  o f  p a p e r s  s t a r t i n g  i n  1907. 
He c o n s id e r e d  th e  f i n i t e  sp a ce  c a s e  and showed t h a t  l i m i t s  o f  th e  
t r a n s i t i o n  p r o b a b i l i t i e s  I^ij e x i s t  i n  th e  c a se  o f  an a p e r i o d i c  c h a in .  
In  th e  e a r l y  d a y s ,  work on Markov c h a in s  was r e s t r i c t e d  to  th e  f i n i t e  
s t a t e  s p a c e  c a s e ,  and th e  m a t r ix  t h e o r y  p lay ed  an im p o r ta n t  r o l e .
The i n f i n i t e  s t a t e  s p a c e  was in t r o d u c e d  by Kolmogorov in  1936, 
fo l lo w e d  c l o s e l y  by D o e b l in  whose c o n t r i b u t i o n s  p e rv a d e  a l l  p a r t s  o f  
t h e  Markov th e o r y .  Fundam enta l  work on c o n t in u o u s  ( t im e  d e p e n d en t)  
c h a in s  was done by Doob (1942 , 1945) and Levy (1951)*  Then F e l l e r
( 1 9 5 7 ) and Chung ( I9 6 0 )  s tu d i e d  th e  t h e o r y  o f  Markov c h a in s  i n  d e t a i l .  
So f a r  a  number o f  a u t h o r s  f o r  example B a i le y  (1 9 6 4 ) ,  Cox and M i l l e r  
(1 9 6 5 ) ,  Bhat (1972) and C i n l a r  (1975) have w r i t t e n  s e v e r a l  t e x t  books 
on th e  t h e o r i e s .  The t h e o r y  o f  Markov c h a in s  h a s  been  a p p l i e d  to
n e a r l y  e v e ry  b ra n c h  o f  s c i e n c e .  In  t h e  p r e s e n t  a n a l y s i s  t h i s  t h e o r y  i s  
f o r  t h e  f i r s t  t im e  a p p l i e d  to  i n v e s t i g a t e  th e  c o n c e n t r a t i o n  o f  c l u s t e r s  
o f  p o i n t  d e f e c t s  i n  m e t a l s .  The o r i g i n  o f  t h i s  a n a l y s i s  i s  th e  
m i g r a t i o n  m a t r i x .  T h is  m a t r ix  was in t r o d u c e d  i n t o  t h e  l i t e r a t u r e  by 
C rocker  and F a r i d i  (1978) f o r  FCC s t r u c t u r e s .  L a t e r  M alik  (1980) 
s tu d i e d  th e  p o s s i b l e  m i g r a t i o n  m echanism s i n  BCC s t r u c t u r e s  and 
c o n s t r u c t e d  m i g r a t i o n  m a t r i c e s  f o r  t r i -  and t e t r a v a c a n c y  c l u s t e r s .  He 
a l s o  in t r o d u c e d  m a t r ix  a l g e b r a  i n  o r d e r  to  u se  a jump m a t r ix  (M a lik  
1980 ) .
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1 .7  SUMMARY OF THESIS
The r e s u l t s  p r e s e n t e d  in  t h i s  t h e s i s  a r e  m a in ly  concerned  w i th  
th e  c l u s t e r i n g  o f  p o i n t  d e f e c t s  and t h e i r  r e l e v a n t  p r o p e r t i e s  such  a s  
s t a b i l i t y ,  m i g r a t i o n ,  g ro w th ,  c o n t r a c t i o n  and t h e i r  c o n c e n t r a t i o n s .  . In  
t h i s  s e c t i o n  a b r i e f  summary o f  t h e  t h e s i s  i s  p r o v id e d .  The geom etry  
o f  th e  c lo s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  a lo n e  a nd , o f  v a c a n c i e s  and 
s o l u t e  a to m s ,  t h e i r  bond c l a s s i f i c a t i o n  and number o f  v a r i a n t s  have  
been  s t u d i e d .  The s t a b i l i t y  o f  t h e s e  c l u s t e r s  h a s  been  i n v e s t i g a t e d  
u s in g  com puter  s i m u l a t i o n  t e c h n i q u e s .  The r e s u l t s  a r e  t a b u l a t e d  i n  
c h a p t e r s  2 and 5 .
C h a p te r  3 c o n t a i n s  t h e  p o s s i b l e  m ig r a t i o n  mechanism s o f  v a can cy  
c l u s t e r s  and t h e i r  c o r r e s p o n d in g  m ig r a t i o n  e n e r g i e s .  Computer 
e x p e r im e n ts  have  been  pe rfo rm ed  to  e v a lu a t e  th e s e  e n e r g i e s .  ,A p a r a l l e l  
a n a l y s i s  h a s  b een  c a r r i e d  o u t  f o r  mixed c l u s t e r s  and th e  r e s u l t s  a r e  
r e p o r t e d  i n  c h a p t e r  6 .  The p o s s i b l e  grow th  and c o n t r a c t i o n  m echanism s 
f o r  v a c a n c i e s  a s  w e l l  a s  mixed c l u s t e r s  have  been  e n u m e ra te d .  The 
e n e r g i e s  f o r  t h e s e  m echanism s h a v e  been  c a l c u l a t e d  u s in g  com puter 
s im u l a t io n  m ethods and th e  r e s u l t s  a r e  c o n ta in e d  i n  c h a p t e r s  4 and 7 •  
In  c h a p t e r  8 th e  e q u i l i b r i u m  d i s t r i b u t i o n  ( c o n c e n t r a t i o n )  o f  c l u s t e r s  
o f  v a c a n c i e s  and , o f  v a c a n c i e s  and s o l u t e  atoms i n  BCC a s  w e l l  a s  i n  
FCC m e t a l s  h a s  b e e n  e s t i m a t e d  u s in g  M arkov 's  m odel.  A c om par ison  w i th  
th e  Boltzmann s t a t i s t i c a l  m odel i s  a l s o  g iv e n  i n  t h i s  c h a p t e r .  F i n a l l y  
th e  r e s u l t s  o b t a in e d  i n  t h e  e a r l i e r  c h a p t e r s  a r e  d i s c u s s e d  i n  c h a p t e r  
9 , c o n c lu s i o n s  have  b een  drawn and s u g g e s t io n s  f o r  f u t u r e  work a r e  a l s o  
g iv e n .
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ZONE RANGE r(Â ) FORM OF THE POTENTIAL 
# ( r )  (eV)
1 1 .9  — 2 .4 - 2 .1 9 5 9 7 6 ( r  -  3 .097910 )3  + 2 .7 0 4 0 6 0 r  - 7 .456448
2 2 .4  — 3 .0 - 0 .6 3 9 2 3 0 ( r  -  3 .115829 )3  + 0 .4 4 7 8 7 1 r  - 1 .581570
3 3 .0  —  3 .4 4 - 1 .1 1 5 0 3 5 ( r  -  3 .066403 )5  + 0 .4 6 6 8 9 2 r  - 1 .547967
TABLE 1 . 1 .  Range r  and form $ ( r )  o f  t h e  Johnson  a l p h a - i r o n  p o t e n t i a l
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&k Bk Ck
1 .57 -164 .545411 834 .204102 -1455 .743492 889.882814
1.727 105 .241308 - 5 6 3 .560890 958.196649 -499 .742060
2.041 -84 .699215 599 .444934 -1415.498239 1 115.161695
2.355 0 .163385 - 0 .1 0 9 3 3 6 -3.547931 6.780704
3.2185 - 4 .2 2 2 7 6 0 42 .241089 -139 .852783 153.013092
3.454 - 0 .682693 5.55891 5 -13.152536 7.138892
3.661 3.899581 -44 .080856 166.096680 -208 .617432
3 .768 0 . 0 0 . 0 0 . 0 0 . 0
TABLE 1 . 2 .  The c o e f f i c i e n t s  o f  t h e  e i g h t - s p l i n e  molybdenum p o t e n t i a l  
The p o t e n t i a l  f o r  t h e  i n t e r a t o m i c  s e p a r a t i o n  r  i s  c a l c u l a t e d  from 
$ ( r )  = A ^ r^ +  Bj^r^+ Cj^r + D%
where r^  ^ < r  ^ w i t h  0  i n  eV and r  i n  Â.
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CHAPTER 2
CLUSTERS OF VACANCIES
2.1 INTRODUCTION
P o i n t  d e f e c t s  a r e  c r y s t a l l i n e  i r r e g u l a r i t i e s  o f  a tomic  
d i m e n s io n s .  These i m p e r f e c t i o n s  p l a y  a c e n t r a l  r o l e  i n  a tom ic  
i n t e r p r e t a t i o n s  o f  many p h y s i c a l  p r o p e r t i e s  and p r o c e s s e s  i n  s o l i d s .  
I t  i s  c o n v e n i e n t  to  a n a l y s e  t h e  b e h a v i o u r  o f  c r y s t a l s  which depend on 
p o i n t  d e f e c t s  i n  t e rm s  o f  t h e  p r o p e r t i e s  o f  n e a r e s t - n e i g h b o u r  c l u s t e r s  
o f  v a r i o u s  s i z e s  and g e o m e t r i e s .
F i r s t  Doyama (1965)  t h e n  Brody and Meshi i  (1968)  computed t h e  
number o f  d i s t i n c t  c l u s t e r s  o f  up t o  5 p o i n t s  i n  FCC and BCC c r y s t a l s
and up t o  6 p o i n t s  i n  SC c r y s t a l s .  Brody and Meshi i  c la imed  t h a t  t h e
r e s u l t s  o f  Doyama were i n c o r r e c t .  L a t e r  A l l n a t t  and A l l n a t t  (1974)  
d e te rm in e d  t h e  number o f  c o n f i g u r a t i o n s  o f  c l u s t e r s  o f  up t o  5 p o i n t s  
i n  BCC and FCC and found t h a t  Brody and Mesh i i  had u n d e r e s t i m a t e d  t h e  
number o f  c a s e s .  A l l n a t t  and A l l n a t t  have  a l s o  d e te r m in e d  t h e
c o n f i g u r a t i o n a l  w e igh t  o f  e a c h  c l u s t e r .  T h i s  i s  t h e  number o f  d i s t i n c t  
ways i n  which  n p o i n t  d e f e c t s  (which  a r e  c o n s i d e r e d  to  be
d i s t i n g u i s h a b l e )  can be  p l a c e d  on t h e  l a t t i c e  i n  t h e  p a r t i c u l a r  
geom et ry  o f  t h e  c l u s t e r .  F i n a l l y  Crocker  ( 1 9 75 ,78 )  has  s t u d i e d  th e  
c o n f i g u r a t i o n s  o f  c l o s e - p a c k e d  c l u s t e r s  o f  up to  4 p o i n t  d e f e c t s  i n  a l l  
s i n g l e  and some i m p o r t a n t  d o u b l e  l a t t i c e  s t r u c t u r e s .  He h a s  a l s o  
de ve lope d  a s y s t e m a t i c  method o f  c l a s s i f y i n g  c l u s t e r s  and h a s  p u b l i s h e d
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diag ram s  i l l u s t r a t i n g  t h e  v a r i o u s  c o n f i g u r a t i o n s .  He g i v e s  t h e  number 
o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  v a r i a n t s  i n  e a ch  c a s e ,  bu t  v e r y  few 
o f  them a r e  c o n s i s t a n t  w i t h  t h e  w e i g h t s  g i v e n  by A l l n a t t  and A l l n a t t .  
R e c e n t l y  Din (1981)  s t u d i e d  t h e  p o s s i b l e  c lo s e - p a c k e d  c l u s t e r s  o f  up to  
4 p o i n t  d e f e c t s  a t  t h e  tw in  bounda ry  i n  t h e  FCC c r y s t a l s .
Doyama and C o t t e r i l l  (1965)  examined some c o l l a p s e d  c l u s t e r s  i n  
FCC m e t a l s .  C rocke r  e t  a l .  (1980)  and F a r i d i  (1978)  p o i n t e d  ou t  t h a t  
i n  FCC c r y s t a l s  a l l  c l u s t e r s  w i t h  n e a r e s t  n e ig h b o u r  e q u i l a t e r a l
t r i a n g l e s  o f  v a c a n c i e s  can c o l l a p s e .  S i m i l a r l y  a c l u s t e r  w i th  a s q u a re  
o f  v a c a n c i e s  i s  c a p a b l e  o f  c o l l a p s i n g  to  g i v e  a cage  forming an 
o c t a h e d r o n  o f  s i x  v a c a n c i e s  w i t h  two i n t e r s t i t i a l s  p o s i t i o n e d  
s y m m e t r i c a l l y  a b o u t  i t s  c e n t r e .
/In  t h i s  c h a p t e r  a l l  t h e  d i s t i n c t  c o n f i g u r a t i o n s  o f  up to  s i x  
v a c a n c i e s  i n  BCC c r y s t a l s ,  t h e  f o u r  p o s s i b l e  t y p e s  o f  c o l l a p s e d  vacancy  
c l u s t e r s  and c a l c u l a t i o n s  o f  v a c a n c y  e n e r g i e s  and b i n d i n g  e n e r g i e s  o f  
such  c l u s t e r s ,  a r e  r e p o r t e d .  The r e s u l t s  were o b t a i n e d  from a d i s c r e t e  
l a t t i c e  model ,  b a s ed  on m i n i m i z a t i o n  w i t h  r e s p e c t  to  l a t t i c e
d i s p l a c e m e n t s  o f  t h e  t o t a l  e n e rg y  o f  a toms v i a  a  p a i r w i s e  p o t e n t i a l .
The atoms n e a r  t h e  d e f e c t s  were t r e a t e d  a s  c l a s s i c a l  p a r t i c l e s  
i n t e r a c t i n g  by means o f  t h e  Johnson  a l p h a - i r o n  ( J o h n s o n  1964a, Johnson  
and W i l l s o n  1972 and Jo h n s o n  1972) and M i l l e r  molybdenum ( M i l l e r  1981 
and M i l l e r  e t  a l .  1981) p o t e n t i a l s .  These p o t e n t i a l s  t e r m i n a t e  
be tw een  t h e  second and t h i r d  n e ig h b o u r i n g  atoms i n  t h e  l a t t i c e .
P r e v io u s  compute r  s i m u l a t i o n  s t u d i e s  o f  va c an c y  c l u s t e r s  i n  BCC 
c r y s t a l s  by  I n g l e  and C rocke r  (1976)  and B e e l e r  and Johnson  (1967)  have
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d e m o n s t r a t e d  t h a t  o n l y  t h e  f i r s t  n e a r e s t  n e ig h b o u r  A and second n e a r e s t  
n e i g h b o u r  B t y p e  d i v a c a n c i e s  have  a p p r e c i a b l e  b i n d i n g  e n e r g i e s .  The 
d iv a c a n c y  o f  type  B h a s  l o w e s t  e n e rg y  and i s  t h u s  t h e  most  s t a b l e  
c o n f i g u r a t i o n .  The d iv a c a n c y  a t  t h i r d  n e a r e s t  n e ig h b o u r  C shown i n  f i g
2.1 h a s  a n e g a t i v e  b i n d i n g  e n e rg y  and t h e  d iv a c a n c y  a t  f o u r t h  n e a r e s t
n e ig h b o u r  D shown i n  f i g  2 .1 h a s  a s m a l l  p o s i t i v e  b i n d i n g  ene rgy .
However, t hough  t h e  D ty p e  d iv a c a n c y  i s  n o t  a v e r y  s t a b l e
c o n f i g u r a t i o n ,  t h e  computer  s i m u l a t i o n  s t u d i e s  s u g g e s t  t h a t  i t  p l a y s  an 
i m p o r t a n t  r o l e  i n  d i v a c a n c y  m i g r a t i o n .
B e e l e r  and Johnson  (1967)  and B e e l e r  (1966)  examined some t r i -  
and t e t r a v a c a n c y  c l u s t e r s  and c a l c u l a t e d  t h e  b i n d i n g  e n e r g i e s  f o r  t h e s e  
c l u s t e r s .  They conc luded  t h a t  t h e  most  compact  t r i -  and t e t r a v a c a n c y  
c l u s t e r s  a r e  t h e  mos t  s t a b l e  c o n f i g u r a t i o n s  i n  a l p h a - i r o n .  The p r e s e n t  
r e s u l t s  f o r  a l p h a - i r o n  a g r e e  q u a l i t a t i v e l y  w i t h  t h o s e  g i v e n  by t h e s e
a u t h o r s  b u t  t h e r e  a r e  some n u m e r i c a l  d i f f e r e n c e s  i n  t h e  b i n d i n g
e n e r g i e s  o f  c l u s t e r s  o f  v a c a n c i e s .  A few s e l e c t e d  p e n t a -  and
h e x a v a c a n c i e s  a r e  a l s o  examined i n  t h e  p r e s e n t  s t u d i e s .
2 . 2  GEOMETRIC STRUCTURES
I t  i s  i m p o r t a n t  to  c o n s i d e r  t h e  geomet ry  o f  t h e  s t r u c t u r e s  i n  
o r d e r  t o  u n d e r s t a n d  t h e  v a r i o u s  p r o p e r t i e s  r e l a t e d  t o  them. In  t h e
f i r s t  s t e p  t h e  geom et ry  o f  t h e  d i s t i n c t  and c l o s e - p a c k e d  c l u s t e r s  o f
v a c a n c i e s  and t h e  p o s s i b l e  c o l l a p s e d  s t r u c t u r e s  o f  v a c a n c i e s  have  been  
e xam ined .
The geom et ry  o f  t h e  c l o s e - p a c k e d  c l u s t e r s  o f  up to  4 v a c a n c i e s ,
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t h e i r  bond c l a s s i f i c a t i o n  and t h e  number o f  v a r i a n t s  i n  BCC c r y s t a l s  
have  a l r e a d y  been  s t u d i e d  by C ro c k e r  (1975)  and Malik  (1 9 8 0 ) .  The
number o f  v a r i a n t s  i s  t h e  p o s s i b l e  number o f  o r i e n t a t i o n s  i n  which a 
c l u s t e r  can  e x i s t .  Accord in g  to  t h e i r  d e f i n i t i o n ,  a c l o s e - p a c k e d  
c l u s t e r  o f  v a c a n c i e s  i s  one i n  which e v e r y  va c an c y  h a s  a t  l e a s t  one 
o t h e r  v a c a n c y  i n  t h e  f i r s t  n e a r e s t  n e ig h b o u r  p o s i t i o n .  The computer
s i m u l a t i o n  s t u d i e s  on t h e  s t r u c t u r e  o f  d i v a c a n c i e s  s u g g e s t  t h a t  a 
d i v a c a n c y  a t  second n e a r e s t  n e i g h b o u r  <1 0 0> type  i s  t h e  most s t a b l e  
c o n f i g u r a t i o n  i n  t h e  BCC c r y s t a l s .  I t  was t h e r e f o r e  i m p o r t a n t  to  
i n c l u d e  t h i s  d i v a c a n c y  i n  t h e  a n a l y s i s .  I n  t h e  p r e s e n t  s t u d i e s  we
modify  t h e  d e f i n i t i o n  o f  c l o s e -  packed c l u s t e r s .  I n  ou r  new d e f i n i t i o n  
a c l o s e - p a c k e d  c l u s t e r  i n  BCC c r y s t a l s  i s  t h a t  i n  which e v e r y  vacancy  
h a s  a t  l e a s t  one o t h e r  v a c a n c y  i n  f i r s t  o r  second n e a r e s t  n e ig h b o u r  
p o s i t i o n s .  The c a s e  o f  a monovacancy i s  t r i v i a l .  Four
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  d i v a c a n c i e s  were i n c l u d e d  i n  t h i s  
a n a l y s i s ,  two o f  them were t a k e n  a s  c l o s e - p a c k e d , w h i l e  t h e  o t h e r  two 
were n o n - c l o s e - p a c k e d  (C and D ) . A n o n - c l o s e - p a c k e d  c l u s t e r  i s  t h a t  i n  
which a t  l e a s t  one v a c a n c y  h a s  a g r e a t e r  t h a n  second n e a r e s t  n e ig h b o u r  
<1 0 0> bond w i t h  t h e  r e m a in i n g  c l u s t e r .  The n o n - c l o s e - p a c k e d
v a c a n c i e s  were i n c l u d e d  i n  o r d e r  to  v e r i f y  t h e  e a r l i e r  r e s u l t s  o b t a i n e d  
by B e e l e r  and Johnson  (1967)  and I n g l e  and Crocker  (1 9 7 6 ) .  Six 
d i s t i n c t  t r i v a c a n c y  c l u s t e r s  were found to  be c l o s e - p a c k e d .  There were 
35 c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  t e t r a v a c a n c y  c l u s t e r s ;  8 o f  them were 
b r a n c h e d .  C rocke r  (,1978) examined t h e  c lo s e - p a c k e d  c l u s t e r s  o f  f i v e  
s u b t i t u t i o n a l  p o i n t  d e f e c t s  i n  c u b ic  c r y s t a l s  by u s i n g  th e  o ld  
d e f i n i t i o n  o f  c l o s e - p a c k e d  c l u s t e r s .  Out o f  t h e s e  f i v e  have been  
chosen  f o r  s t u d y .  In  a d d i t i o n  s t u d i e s  o f  t h r e e  hexavacancy  c l u s t e r s  
have be e n  u n d e r t a k e n .
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C r o c k e r ' s  c l a s s i f i c a t i o n  ( C r o c k e r  1975, 78, 80)  i s  used i n  o r d e r  
to  l a b e l  t h e  c l u s t e r s .  T h i s  c l a s s i f i c a t i o n  scheme i s  based  on t h e  
l e n g t h  o f  t h e  bonds  be tw een  t h e  v a c a n c i e s ,  p r e f e r e n c e  b e i n g  g i v e n  to  
the  c l u s t e r  w i t h  t h e  l a r g e s t  number o f  n e a r e s t  n e i g h b o u r s .  Next  
n e a r e s t  n e i g h b o u r s  a r e  t h e n  c o n s i d e r e d  and so on u n t i l  a l l  t h e  c l u s t e r s
a r e  l i s t e d .  C a p i t a l  Roman l e t t e r s  a r e  used to  i n d i c a t e  t h e  o r d e r  o f
bond l e n g t h s  i n  t h e  v a c a n c y  c l u s t e r s  g iv e n  i n  t a b l e  2 . 1 .  The 
c o n f i g u r a t i o n  num bers ,  bond c l a s s i f i c a t i o n  and t h e  number o f  v a r i a n t s  
f o r  each  o f  t h e s e  c l u s t e r s  a r e  t a b u l a t e d  i n  t a b l e s  2 .2 -5*  Here P 
r e p r e s e n t s  t h e  number o f  p o i n t  d e f e c t s  w i th  ze ro  number o f  s o l u t e  a toms 
i . e  j u s t  v a c a n c i e s .  The i n t e g e r  n i s  used f o r  num bering  t h e  va c anc y
c l u s t e r s .  Thus t h e  f i r s t  column i n  t a b l e s  2 .2 - 5  g i v e s  t h e  c l u s t e r s  o f  
P v a c a n c i e s  and t h e i r  p o s s i b l e  number o f  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c o n f i g u r a t i o n s .  In  t h e  c a s e  o f  hexavacancy  c l u s t e r s  a s u p e r c r i p t  " #  " 
i s  used w i t h  t h e  c o n f i g u r a t i o n  number.  Th is  i n d i c a t e s  t h a t ,  a s  we have 
n o t  i n v e s t i g a t e d  a l l  t h e  p o s s i b l e  hexavacancy  c l u s t e r s ,  t h e  number ing 
i s  n o t  i n  a  s y s t e m a t i c  o r d e r  a s  i n  t h e  ca se  o f  c l u s t e r s  o f  2 , 5 , 4  and 5 
v a c a n c i e s .  The ge o m e t ry  o f  t h e s e  c l u s t e r s  o f  v a c a n c i e s  i s  i l l u s t r a t e d  
i n  f i g  2 . 1 .
Four  p o s s i b l e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c o l l a p s e d  v a c an c y  
c l u s t e r s  i n  BCC c r y s t a l s  were i n v e s t i g a t e d .  The f i r s t  o f  t h e s e  i s  a
c o l l a p s e d  s t r u c t u r e  b a s e d  on t r i v a c a n c y  3*1* I t  c o n s i s t s  o f  an
i n t e r s t i t i a l  s u r r o u n d e d  by f o u r  v a c a n c i e s  and was d e n o te d  by 3*1* and
shown i n  f i g  2 . 2 .  The o t h e r  t h r e e  c o l l a p s e d  s t r u c t u r e s  a r e  d i f f e r e n t
forms o f  4 . 1 .  They a l l  have  a d i - i n t e r s t i t i a l  s u r ro u n d e d  by s i x
v a c a n c i e s  fo rm ing  an o c t a h e d r o n .  These t h r e e  c a s e s  i n  which t h e  
d i - i n t e r s t i t i a l  i s  p a r a l l e l  to  [ lO O j ,  [ 0 0 1 J and [ I I O j  a r e  4 . 1 * ,  4 . 2 * ,
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and 4 . 3* a r e  shown i n  f i g  2 . 2 .
2 . 3  BINDING ENERGIES
C om puta t ions  were c a r r i e d ,  ou t  f o r  t h e  d e t e r m i n a t i o n  o f  b i n d i n g
e n e r g i e s  f o r  v a c a n c y  c l u s t e r s  i n  a l p h a - i r o n  and molybdenum. The
v a c a n c i e s  a r e  c r e a t e d  by removing t h e  atoms from t h e  model  which i s
d i s c u s s e d  i n  c h a p t e r  1. The, s t a b i l i t y  o f  t h e  v a c a n c i e s  i s
c h a r a c t e r i z e d  by t h e i r  b i n d i n g  e n e r g i e s .  The same t y p e s  o f
c a l c u l a t i o n s  were performed by Dasmask e t  a l .  (1959)  f o r  t h e  most
compact t r i v a c a n c y  c l u s t e r  i n  c o p p e r  w i th  t h e  use o f  a Morse p o t e n t i a l .
L a t e r ,  Johnson  and Brown (1962)  and Johnson  (1965b&c,66a&b) s t u d i e d  th e
b i n d in g  e n e r g i e s  and a tomic  c o n f i g u r a t i o n s  i n  c o p p e r .  Most r e c e n t l y
Doneghan ( 1 9 7 6 ) ,  C rocker  and F a r i d i  (1978)  and Akhter  (1982)  examined/
t h e  c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  and t h e i r  b i n d i n g  e n e r g i e s  i n  
coppe r .  Copper was chosen  f o r  i n v e s t i g a t i o n  p r i m a r i l y  b e c a u s e  t h e r e  
was s u f f i c i e n t  e x p e r i m e n t a l  d a t a  a v a i l a b l e  and i t  was f e l t  t h a t  an 
a p p r o p r i a t e  and more r e l i a b l e  p o t e n t i a l  was a v a i l a b l e  f o r  coppe r  t h a n  
o t h e r  m e t a l s  h a v in g  FCC c r y s t a l  s t r u c t u r e .  The b i n d i n g  e ne rgy  f o r  a 
group o f  N - v a c a n c i e s  i s  d e f i n e d  a s
e NV = jjgV  _ g U V  :--------------------------------------------------------------2 .1
Here E^ i s  t h e  mono-vacancy  e n e rg y  and E ^  i s  t h e  e n e rg y  o f  t h e  group  
o f  N - v a c a n c i e s  t o g e t h e r .  The e n e r g y  E^ can  be d e t e r m i n e d  from th e  
r e l a t i o n
eV = gP+V- e B ----------------------------------------------------------------- 2 . 2
Where E^ and E^^^ a r e  t h e  e n e r g i e s  o f  t h e  p e r f e c t  c r y s t a l  and t h e  
c r y s t a l ,  a f t e r  r e l a x a t i o n ,  w i t h  an atom m i s s i n g .
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A p o s i t i v e  b i n d i n g  e n e r g y ,  Eg > 0 ,  w i l l  r e p r e s e n t  an a t t r a c t i v e  
i n t e r a c t i o n  between t h e  v a c a n c i e s .  Eg < 0 w i l l  g i v e  a r e p u l s i v e
i n t e r a c t i o n  be tween  them. The b i n d i n g  e n e r g i e s  f o r  a l l  t h e  c l u s t e r s  o f  
2, 3,  4 ,  5 and 6 v a c a n c i e s  d i s c u s s e d  i n  s e c t i o n  2 . 2  have been
c a l c u l a t e d  u s i n g  t h e  Johnson  a l p h a - i r o n  p o t e n t i a l .  A l l  f o u r  t y p e s  o f  
d i v a c a n c y  and a few s e l e c t e d  t r i  and t e t r a v a c a n c y  c l u s t e r s  were a l s o  
s t u d i e d .  The r e s u l t s  a r e  summarised i n  t a b l e s  2 . 2 - 5 -
S i m i l a r i t i e s  a r e  n o t e d  be tw een  th e  b e h a v i o u r  o f  t h e  Johnson
a l p h a - i r o n  and M i l l e r  molybdenum p o t e n t i a l s .  I n  b o t h  c a s e s  a r e p u l s i v e  
i n t e r a c t i o n  i s  obse rved  f o r  a d i v a c a n c y  o f  t y p e  C. For  o t h e r  t y p e s  o f  
d i v a c a n c i e s  A, B, and D an  a t t r a c t i v e  i n t e r a c t i o n  i s  n o t e d .  In  
a l p h a - i r o n  t h e  b i n d i n g  e n e r g i e s  o f  t r i  and t e t r a v a c a n c y  c l u s t e r s  l i e  
be tween  0.241 eV t o  0 .4 8 0  eV and 0 .3 4 5  to  1 .009  eV r e s p e c t i v e l y .  In  a 
s i m i l a r  way f o r  p e n t a -  and h e xa vac a nc y  c l u s t e r s  t h e  b i n d i n g  e n e r g i e s  
l i e  i n  t h e  r a n g e s  be tw een  1.004  eV t o  1.536  eV and 1 .5 77  eV and 2 .3 09  
eV r e s p e c t i v e l y .  These c a l c u l a t i o n s  d e m o n s t r a t e  t h a t  t h e  b i n d i n g
e n e r g i e s  i n c r e a s e  w i t h  t h e  i n c r e a s e  i n  t h e  s i z e  o f  t h e  va c a n c y
c l u s t e r s .  I t  i s  a l s o  c o n c lu d e d  t h a t  t h e  most  compact  c l u s t e r s  have  
h i g h e r  b i n d i n g  e n e r g i e s .
2 . 4  RELAXED STRUCTURES
The p r e s e n c e  o f  v a c a n c i e s  p r o d u c e s  a l o c a l  d i s t u r b a n c e  i n  t h e  
c r y s t a l  l a t t i c e  b e c a u s e  o f  which  t h e  atoms a round  t h e  v a c a n t  s i t e s  
r e l a x  r e s u l t i n g  i n  t h e  f o r m a t i o n  o f  a minimum e ne rgy  c o n f i g u r a t i o n .  I t  
was t h u s  though t  t o  be  o f  i n t e r e s t  to  s t u d y  t h e  r e l a x e d  s t r u c t u r e s  o f  
v a c a n c i e s  and vacancy  c l u s t e r s  c a p a b l e  o f  c o l l a p s i n g .  Th is  can  be
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a ch ie ve d  by i n v e s t i g a t i n g  t h e  a tom ic  d i s p l a c e m e n t s  a round the  v a c a n t  
s i t e s .  F locken  (1970)  and Kenny e t  a l .  (1973)  examined the  
d i s p l a c e m e n t  o f  t h e  n e i g h b o u r i n g  atoms to  a vacancy  i n  a l p h a - i r o n .  
Crocker  e t  a l .  (1980)  s t u d i e d  t h e  r e l a x a t i o n  o f  t h e  n e ig h b o u r  a toms i n  
t r i v a c a n c y  3 - 1 ,  and t e t r a v a c a n c y  c l u s t e r s  4 . 2  and 4 . 4  i n  c o p p e r .  They 
d e m o n s t r a t e d  t h a t  t h e  most  c l o s e l y  packed t r i v a c a n c y  3.1 r e l a x e s  to  a 
c o n f i g u r a t i o n  c o n s i s t i n g  o f  a  r e g u l a r  t e t r a h e d r o n  o f  f o u r  v a c a n c i e s  
w i t h  an  i n t e r s t i t i a l  a t  i t s  c e n t r e .  More e x t e n s i v e  d i s p l a c e m e n t s  o c c u r  
f o r  t e t r a v a c a n c i e s  4 . 2  and 4 . 4 .  The r e l a x e d  s t r u c t u r e  o f  t e t r a v a c a n c y
4 . 2  c o n s i s t s  o f  a c age  o f  s i x  v a c a n c i e s  s u r r o u n d i n g  a d i - i n t e r s t i t i a l .  
The v a c a n c i e s  a r e  a t  t h e  c o r n e r s  o f  two t e t r a h e d r a  w i th  a common edge 
which i s  p e r p e n d i c u l a r  to  t h e  <0 0 1> a x i s  o f  t h e  d i - i n t e r s t i t i a l .
T e t r a v a c a n c y  4 . 4  r e l a x e s  t o  a c o n f i g u r a t i o n  which c o n s i s t s  o f  s i x  
v a c a n c i e s  a t  t h e  c o r n e r s  o f  a  r e g u l a r  o c t a h e d r o n  s u r r o u n d i n g  a 
d i - i n t e r s t i t i a l  and i s  a g a i n  o r i e n t e d  a lo n g  <0 0 1>.
In  t h e  p r e s e n t  s t u d y  t h e  a tom ic  r e l a x a t i o n s  were found to  be 
v e r y  s m a l l  f o r  a lm o s t  a l l  t h e  c l u s t e r s  o f  v a c a n c i e s  when compared w i th  
t h e  e a r l i e r  v a l u e s  g i v e n  by Doneghan (1976)  and Crocker  e t  a l .  (1980)  
f o r  c o p p e r .  T h e r e f o r e  o n l y  t h e  most  p rom inen t  u n c o l l a p s e d  3*1,  3 . 3 ,  
4 . 1 ,  6 .1  and f o u r  p o s s i b l e  c o l l a p s e d  c l u s t e r s  o f  v a c a n c i e s  i n  
a l p h a - i r o n  and t h e  3.1 and 4.1  c l u s t e r s  i n  molybdenum a r e  p r e s e n t e d  
h e r e .  The d i s p l a c e m e n t  f i e l d s  o f  t h e s e  c l u s t e r s  a r e  summarized i n  
t a b l e s  2 . 6 - 1 4 .  ' The t a b l e s  g i v e  t h e  d i s p l a c e m e n t  components  f o r
r e p r e s e n t a t i v e  atoms i n  t h e  n e i g h b o u r i n g  s h e l l s ,  wh ich have  th e  
m agn i tude  o f  d i s p l a c e m e n t s  < 0 . 0 0 7 a  , where a i s  t h e  l a t t i c e  p a r a m e t e r .  
The atoms a r e  g i v e n  i n  a s c e n d i n g  o r d e r  from th e  g e o m e t r i c  c e n t r e  o f  t h e  
r e l a x e d  d e f e c t .  The number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s  i n
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t h e s e  s h e l l s  i s  a l s o  i n d i c a t e d ,  t h e  t o t a l  number o f  n e i g h b o u r i n g  atoms 
i n v o lv e d  depend ing  c r i t i c a l l y  on t h e  symmetry o f  t h e  d e f e c t .  For  t h e  
sake  o f  c l a r i t y  t h e  d i s p l a c e m e n t  f i e l d s  f o r  a l l  t h e s e  c o n f i g u r a t i o n s  
a r e  a l s o  p r e s e n t e d  d i a g r a m e t i c a l l y .  These d i a g r a m s  a r e  p r o j e c t e d  on 
{110{ p l a n e s  and a r e  g i v e n  i n  f i g s  2 . 3 - 5 .
I n  g e n e r a l  t h e  d i s p l a c e m e c t s  around vacancy  c l u s t e r s  a r e  to wards  
t h e  c e n t r e s  o f  t h e  d e f e c t s  and t h o s e  f o r  a l p h a - i r o n  a r e  s m a l l e r  t h a n  
t h o s e  f o r  molybdenum. For  example t h e  f i r s t  n e a r e s t  n e i g h b o u r s  o f  a 
vacancy  r e l a x  inw a rds  by 0 .0 1 5 a  and 0 .0 1 1 a  r e s p e c t i v e l y  f o r  t h e s e  two 
m e t a l s  where a i s  t h e  l a t t i c e  p a r a m e t e r .  The s m a l l e r  d i s p l a c e m e n t  f o r  
molybdenum a r i s e s  b e c a u s e  i t s  p o t e n t i a l  i s  d e e p e r  t h a n  t h a t  f o r  
a l p h a - i r o n  i n d i c a t i n g  t h a t  i t  h a s  l a r g e r  e l a s t i c  c o n s t a n t s  and i s  t h u s  
s t i f f e n .  However t h e  second  n e a r e s t  n e i g h b o u r s  o f  a  v a c a n c y  p r o v i d e  an 
e x c e p t i o n  to  t h i s  b e h a v i o u r  t h e i r  d i s p l a c e m e n t s  b e i n g  ou tw ards  and 
hav ing  m a g n i tu d e s  0 .0 2 6 a  and 0 . 0 2 8 a  f o r  a l p h a - i r o n  and molybdenum 
r e s p e c t i v e l y .  The change  i n  s e n s e  o f  t h e  d i s p l a c e m e n t s  c o r r e s p o n d  to  a 
change  i n  s i g n  o f  t h e  s l o p e  o f  t h e  p o t e n t i a l  be tween  f i r s t  and second 
n e a r e s t  n e i g h b o u r  p o s i t i o n s .  The s m a l l e r  r e l a x a t i o n s  f o r  a l p h a - i r o n  
a p p e a r  t o  be  t h e  r e s u l t  o f  a  com p e n s a t io n  f a c t o r  a r i s i n g  from th e  
l a r g e r  f i r s t  n e a r e s t  n e i g h b o u r  d i s p l a c e m e n t s .
2 .5  DISCUSSION
I n  t h i s  c h a p t e r  t h e  p o s s i b l e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c l o s e - p a c k e d  c l u s t e r s  o f  up t o  s i x  v a c a n c i e s  have  b e e n  enumerated  and 
c l a s s i f i e d  f o r  t h e  body c e n t r e d  c u b ic  c r y s t a l  s t r u c t u r e .  The pu rp o se  
o f  u n d e r t a k i n g  t h e  p r e s e n t  i n v e s t i g a t i o n  was t o  p r o v i d e  t h e  b a s i c
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i n f o r m a t i o n  which i s  needed  i n  s t u d i e s  o f  t h e  n u c l é a t i o n  o f  ex tended  
c r y s t a l  d e f e c t s  i n c l u d i n g  d i s l o c a t i o n  l o o p s ,  v o i d s  and p r e c i p i t a t e s .  
For  a l l  o f  t h e s e  c l u s t e r s  t h e  number o f  v a r i a n t s  which  l i e s  i n  the  
r a n g e  from 1 t o  48 i s  a l s o  c a l c u l a t e d  g i v i n g  i n f o r m a t i o n  a bou t  t h e i r  
p o s s i b l e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  o r i e n t a t i o n s .  These numbers 
p l a y  an i m p o r t a n t  r o l e  i n  t h e  m i g r a t i o n  mechanisms and w i l l  be 
d i s c u s s e d  i n  c h a p t e r  3» C l u s t e r s  4*5 and 4 .1 8  have t h e  maximum number
e x i s t s .
o f  v a r i a n t s  48 i n d i c a t i n g  t h e r e b y  t h a t  no symmetry I t  i s  n o ted  
t h r o u g h o u t  t h e  a n a l y s i s  t h a t  t h e  c o n f i g u r a t i o n  l y i n g  i n  a  s t r a i g h t  l i n e  
ha s  t h e  minimum number o f  v a r i a n t s  i . e  t h e  mos t  sym m e tr ic a l  
c o n f i g u r a t i o n  e . g ,  3 . 3 ,  3 . 6 ,  4 .1 2  and 4 . 3 5 .  The 4 .2 3  and 4 . 2 4  c l u s t e r s  
have  t h e  same bond c l a s s i f i c a t i o n  b u t  o f  c o u r s e  d i f f e r e n t  geomet ry  and 
have  c h a i n  and b ranc he d  type  c o n f i g u r a t i o n s  r e s p e c t i v e l y  (C rocke r  
1975) .  In  t h e  p r e s e n t  c a s e  t h e  b r a n c h e d  type  c o n f i g u r a t i o n  i s  found to  
be more s y m m e t r i c a l  t h a n  t h e  c h a i n  t y p e .  The r e s u l t s  on t h e  geomet ry  
o f  v a c a n c y  c l u s t e r s  p r e s e n t e d  i n  t h i s  c h a p t e r  have b e e n  o b t a i n e d  by 
means o f  e l e m e n t a r y  b u t  t e d i o u s  p r o c e d u r e s  which i n v o l v e  t h e  s y s t e m a t i c  
s k e t c h i n g  and c l a s s i f y i n g  o f  a l l  t h e  p o s s i b l e  c o n f i g u r a t i o n s  f o r  t h e  
d i f f e r e n t  numbers  o f  v a c a n c i e s  u n d e r  c o n s i d e r a t i o n .
E a r l i e r  s t u d i e s  by Damask ( 1 9 6 3 ) ,  Doyama and C o t t e r i l  ( 1 9 6 5 ) ,  
Doneghan (1976)  and F a r i d i  (1978)  s u g g e s t  t h a t  some o f  t h e  vacancy  
c l u s t e r s  i n  FCC c r y s t a l s  r e l a x  to  c o l l a p s e d  f o rm s .  T h e r e f o r e  i t  was 
d e c id e d  to  c o n s i d e r  t h e  f o u r  p o s s i b l e  c o l l a p s e d  v a c an c y  c l u s t e r s  i n  BCC 
c r y s t a l s  wh ich  a r e  shown i n  f i g  2 . 2 .  The computer  s i m u l a t i o n s  o f  t h e s e  
p o s s i b l e  c o l l a p s e d  c l u s t e r s  i n d i c a t e  t h a t  t h e y  a r e  n o t  s t a b l e .  During 
t h e  r e l a x a t i o n  p r o c e s s  t h e y  a t t a i n  u n c o l l a p s e d  c o n f i g u r a t i o n s ,  e . g ,  t h e  
c o l l a p s e d  3 . 1 *  t r i v a c a n c y  p r e f e r s  t o  have  t h e  3*1 t r i v a c a n c y  form.
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S i m i l a r l y  4*1*,  4 . 2 *  and 4 . 5 *  r e l a x  to  4*1 and t h e  4 . 5 *  c l u s t e r  to
4 . 2 8 .  T h i s  i m p l i e s  t h a t  t h e  c l u s t e r s  i n  BCC c r y s t a l s  w i t h  c lo s e - p a c k e d  
t r i a n g l e s  and s q u a r e s  o f  v a c a n c i e s  behave  q u i t e  d i f f e r e n t l y  to  t h o s e  i n  
FCC c r y s t a l s .
The r e s u l t s  on t h e  r e l a x e d  s t r u c t u r e s  o f  v a c a n c i e s  d e m o n s t r a t e  
t h a t  t h e  r e l a x a t i o n  o f  n e ig h b o u r i n g  atoms around a d e f e c t  i n  molybdenum 
i s  s m a l l e r  t h a n  a l p h a - i r o n .  Th i s  h a s  a l r e a d y  been  d i s c u s s e d  i n  s e c t i o n  
2 . 4 . The r e l a x a t i o n  o f  t h e  n e ig h b o u r i n g  atoms i n  t h e  va c a n c y  c l u s t e r s  
( s e e  f i g s  2 . 3 - 5  and t a b l e  2 . 5 - 1 4 )  i s  v e r y  s m a l l  a s  compared w i th  t h e  
e a r l i e r  s t u d i e s  by  C rocke r  e t  a l .  (1980)  and Crocker  (1980)  on coppe r  
which h a s  FCC s t r u c t u r e .  The l a r g e  d i s p l a c e m e n t s  o b s e rv e d  by t h e s e  
a u t h o r s  a r e  due t o  t h e  i n s t a b i l i t y ,  o f  va c an c y  c l u s t e r s  hav in g  
c l o s e - p a c k e d  t r i a n g l e  and s q u a r e  t y p e  c o n f i g u r a t i o n s .  When t h e  
computer  s i m u l a t i o n s  o f  t h e s e  va c an c y  c l u s t e r s  were c a r r i e d  o u t ,  i n  
o r d e r  t o  a t t a i n  t h e  minimum e n e rg y  c o n f i g u r a t i o n s  i t  was found t h a t  
t h e y  p r e f e r  a  c o l l a p s e d  form and t h i s  was t h e  o r i g i n  f o r  t h e  l a r g e  
d i s p l a c e m e n t s  a ro und  t h e  d e f e c t .  I n  t h e  p r e s e n t  c a l c u l a t i o n s  t h e r e  
were s m a l l  d i s p l a c e m e n t s  a round t h e  d e f e c t s  i n d i c a t i n g  t h e  h i g h  
s t a b i l i t y  o f  v a c a n c y  c l u s t e r s  i n  BCC c r y s t a l s .
The b i n d i n g  e n e r g i e s  f o r  a l l  t h e  t r i -  t e t r a -  p e n t a -  and 
hexavacancy  c l u s t e r s  which a r e  g i v e n  i n  t a b l e  2.1 were c a l c u l a t e d  and 
t a b u l a t e d  i n  2 . 2 - 5 .  I t  i s  n o t e d  t h a t  t h e  d iv a c a n c y  a t  second  n e a r e s t  
n e ig h b o u r  B i s  t h e  most  s t a b l e  c o n f i g u r a t i o n  n o t  o n l y  i n  a l p h a - i r o n  b u t  
a l s o  i n  molybdenum. T h i s  shows t h a t  t h e r e  i s  som e th ing  s p e c i a l  i n  t h e  
B bond which d i s t i n g u i s h e s  i t  from t h e  f i r s t  n e a r e s t  bond A. When a 
d i v a c a n c y  o f  t y p e  B i s  i n t r o d u c e d  i n  t h e  c o m p u t a t i o n a l  model  t h e n  16
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f i r s t  and 11 second  n e a r e s t  n e i g h b o u r s  were b r o k e n .  We a r e  o n l y  
i n t e r e s t e d  i n  t h e  f i r s t  and second n e ig h b o u r  bonds'  b e c a u s e  b o t h  
p o t e n t i a l s  f o r  a l p h a - i r o n  and molybdenum t e r m i n a t e  a f t e r  second 
n e ig h b o u r .  I t  i s  n o t e d  t h a t  t h i s  d i s t i n c t  c h a r a c t e r i s t i c  o f  d i v a c a n c y  
B i s  due to  t h e  f a c t  t h a t  t h e  f o u r  a toms s u r r o u n d i n g  t h e  a x i s  o f  t h e  
r e s u l t i n g  d i v a c a n c y  can  e a s i l y  r e l a x .  For  a d iv a c a n c y  o f  type  A t h e  
r e l a x a t i o n  i s  found to  be  s m a l l e r .  I t  i s ,  however ,  s t a b l e .  The 
d i v a c a n c y  o f  t y p e  <1 1 0> h a s  n e g a t i v e  b i n d i n g  ene rgy  b u t  t h e  d iv a c a n c y  
a t  1/2<3 1 1 > i s  once  a g a i n  s t a b l e .  Our r e s u l t s  do n o t  a g r e e  w i th  Pak
and Doyama ( 1 9 6 9 ) .  They d e m o n s t r a t e d  t h a t  t h e  f i r s t  n e a r e s t  n e ig h b o u r  
d iv a c a n c y  i s  more s t a b l e  t h a n  t h e  second n e a r e s t  n e ig h b o u r  i n  
a l p h a - i r o n .  T h i s  d i f f e r e n c e  i n  t h e  b i n d i n g  e n e r g i e s  o f  d i v a c a n c y  
c l u s t e r s  a r i s e s  b e c a u s e  t h e y  used  a d i f f e r e n t  type  o f  p o t e n t i a l .  T h e i r  
p o t e n t i a l  was s i m i l a r  to  t h e  Johnson  a l p h a - i r o n  b u t  was n o t  t h e  same.  
Th is  means t h a t  a s l i g h t  d i f f e r e n c e  i n  t h e  i n t e r a c t i o n  p o t e n t i a l  g i v e s  
a s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  b i n d i n g  e n e r g i e s .
The b i n d i n g  e n e rg y  o f  s i x  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
t r i v a c a n c y  c l u s t e r s  ( s e e  f i g  2 . 1 )  was examined and t h e  r e s u l t s  a r e  
g i v e n  i n  t a b l e  2 . 2 .  I f  t h e  c r i t e r i o n  o f  b ro k en  bonds i s  employed, t h e n  
t h e s e  s i x  t y p e s  can  be  d i v i d e d  i n t o  f o u r  p o s s i b l e  g r oups  which a r e  3 . 1 ,  
3 .2 ;  3*3,  3 . 4 ;  3 . 5 ;  and 3 . 6 .  The c o n f i g u r a t i o n  w i t h  i s o s c e l e s
t r i a n g l e  AAB i s  t h e  most  s t a b l e  t r i v a c a n c y  c o n f i g u r a t i o n  i n  a l p h a - i r o n  
a s  w e l l  a s  i n  molybdenum. T h i s  i s  b e c a u s e  i t  i s  t h e  most  compact  
t r i v a c a n c y  c l u s t e r .  A l th o u g h  i t  d o e s  n o t  l i k e  t h e  c o l l a p s e d  form bu t  
t h e  d i s p l a c e m e n t  a round t h i s  d e f e c t  i s  l a r g e .  The second  most  s t a b l e  
c o n f i g u r a t i o n  i s  i n  t h e  f o u r t h  g r o u p .  T h i s  group h a s  two c l u s t e r s  BBC 
and BBF. The c o n t r i b u t i o n  from 0 and F a r e  n o t  i m p o r t a n t  a s  f a r  a s  t h e
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p o t e n t i a l  i s  c o n c e r n e d .  BBF h a s  t h e  h i g h e r  b i n d i n g  e n e rg y  t h a n  BBC 
which  i s  due to  t h e  f a c t  t h a t  i t  i s  l i n e a r .  The s u r r o u n d i n g  atoms can  
more r e l a x  e a s i l y  i n  a s t r a i g h t  l i n e  th a n  i n  any o t h e r  form ( s e e  f i g  
2 . 3 ( a ) ) . S i m i l a r l y  i n  t h e  second group  AAE i s  i n  a s t r a i g h t  l i n e  and 
th e  d i s p l a c e m e n t  f i e l d  a round  t h i s  t r i v a c a n c y  c l u s t e r  i s  g i v e n  i n  t a b l e  
2 . 6 .  Fo r  t h e  sake  o f  c l a r i t y  t h e s e  d i s p l a c e m e n t s  a r e  i l l u s t r a t e d  i n  
f i g  2 . 3 ( a ) .  The d i s p l a c e m e n t s  i n d i c a t e  t h a t  t h e  n e i g h b o u r i n g  atoms 
have  a l a r g e  r e l a x a t i o n  a round  t h i s  d e f e c t  which d i s t i n g u i s h e s  i t  from 
th e  o t h e r  s h a p e s  o f  v a c a n c y  c l u s t e r s .  Tha t  i s  why a h i g h i e r  b i n d i n g  
ene rgy  i s  r e c o r d e d  f o r  t h i s  c l u s t e r  t h a n  AAC. In  t h e  t h i r d  group we 
have  o n l y  one t r i v a c a n c y  c o n f i g u r a t i o n  ABD. I t  h a s  lower  b i n d i n g  
e ne rgy  t h a n  g roup  f o u r  and h i g h e r  t h a n  g roup  two.  C l e a r l y  t h e  
d i f f e r e n c e  i s  due j u s t  t o  t h e  AB b o n d s .
The 35 c r y s t a l l o g r a p h i g i c a l l y  d i s t i n c t  c l o s e - p a c k e d  t e t r a v a c a n c y  
c l u s t e r s  i n  BCC c r y s t a l s  and a r e  shown i n  f i g  2 . 1 ,  and t h e i r  bond 
c l a s s i f i c a t i o n  and number o f  v a r i a n t s  a r e  g i v e n  i n  t a b l e  2 .3» The 
b i n d i n g  e n e rg y  f o r  a l l  o f  t h e s e  c l u s t e r s  was computed and t h e  r e s u l t s  
a r e  t a b u l a t e d  2.3»  These c l u s t e r s  can  be d i v i d e d  i n t o  t e n  d i s t i n c t  
g ro u p s  b y  c o n s i d e r i n g  t h e  number o f  t h e  f i r s t  and second n e a r e s t  
n e ig h b o u r  bonds  be tw een  them. These a r e  t h e  o n l y  bonds which a r e  
i m p o r t a n t  f o r  p o t e n t i a l  c o n s i d e r a t i o n s .  For  example t h e  t e t r a v a c a n c y  
AAAABB h a s  f o u r  f i r s t  and two second n e a r e s t  n e ig h b o u r  b o nds .  T h i s  
c l u s t e r  i s  i n  g roup  one and any o t h e r  c l u s t e r  h a v in g  4 and 2 f i r s t  and 
second n e ig h b o u r  bonds  r e s p e c t i v e l y  can  be i n c l u d e d  i n  t h i s  g r o u p .  The 
second g roup  i n c l u d e s  t h e  c l u s t e r s  which have  4 f i r s t  and 1 second 
n e a r e s t  n e i g h b o u r  bonds  be tw een  t h e  v a c a n c i e s  t o g e t h e r  w i t h  a  s i x t h  
bond which  i s  g r e a t e r  t h a n  B. In  a s i m i l a r  way t h e  r e m a in in g  e i g h t
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groups  can  be  c o n s t r u c t e d  from t a b l e  2 . 3 .  The most  s t a b l e  t e t r a v a c a n c y  
among t h e s e  g ro u p s  i s  AAAABB which  h a s  b i n d i n g  en e rg y  1.009 eV. I t  i s  
t h e  c l o s e s t - p a c k e d  c o n f i g u r a t i o n  and has  t e t r a h e d r o n  type  shape .  The 
second and t h i r d  most  s t a b l e  c o n f i g u r a t i o n s  a r e  t h e  AAABBD a 
p a r a l l e l o g r a m  ty p e  and AAABBC an i r r e g u l a r  t e t r a h e d r o n  type  hav ing  
b i n d i n g  e n e r g i e s  0 .830  eV and 0 .8 2 0  eV r e p e c t i v e l y .  These two 
c o n f i g u r a t i o n  a r e  from t h e  t h i r d  g r oup .  A s q u a r e  t y p e  t e t r a v a c a n c y  
BBBBCC from t h e  n i n t h  group  i s  a t  t h e  f o u r t h  p o s i t i o n  and has  a b i n d in g  
e ne rgy  0.737eV. The minimum e n e rg y  o f  0 .345 eV was obse rved  f o r  a 
t e t r a v a c a n c y  AAACCC which  b e l o n g s  t o  group f i v e .
The b i n d i n g  e n e r g i e s  o f  f i v e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
p e n ta v a c a n c y  c l u s t e r s  were computed .  These c o n f i g u r a t i o n s  a r e  g iv en  i n  
f i g  2 .1  and t h e i r  bond c l a s s i f i c a t i o n ,  number o f  v a r i a n t s  and t h e  
b i n d i n g  e n e r g i e s  a r e  c o n t a i n e d  i n  t a b l e  2 . 3 .  The most  compact 
p e n ta v a c a n c y  c l u s t e r  5 .1 i s  t h e  most  s t a b l e  c o n f i g u r a t i o n .  The 5 .25  
c o n f i g u r a t i o n  h a s  b i n d i n g  e n e rg y  n e a r l y  e q u a l  to  t h e  c l o s e s t - p a c k e d  
t e t r a v a c a n c y  c l u s t e r  4 . 1 .  T h i s  s i m i l a r i t y  i n  t h e  b i n d i n g  e n e r g i e s  o f  
two d i f f e r e n t  v a c a n c y  c l u s t e r s  i s  due to  t h e  f o u r  f i r s t  and two second 
n e a r e s t  n e i g h b o u r  bonds  which  a r e  common i n  b o t h  o f  t h e s e .  Only t h e s e  
bonds  a r e  i m p o r t a n t  f o r  t h e  c a l c u l a t i o n  o f  b i n d i n g  e n e r g i e s .
Only f o u r  hexavacancy  c l u s t e r s  were examined .  These c l u s t e r s  
a r e  n o t  i n  t h e  e x a c t  o r d e r  a s  a r e  t h e  o t h e r  c l u s t e r s  o f  v a c a n c i e s .  
T h e r e f o r e  a  s u p e r s c r i p t  i s  employed to  d i s t i n g u i s h  them from th e  
o t h e r  c l u s t e r s .  The c l u s t e r  6 .1  i s  t h e  most  s t a b l e  hexavacancy  c l u s t e r  
h av in g  b i n d i n g  e ne rgy  o f  2 .3 0 9  eV; i t  i s  t h e  c l o s e s t - p a c k e d  
h exavacancy  c l u s t e r .
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The r e s u l t s  r e p o r t e d  h e r e  on t h e  b i n d in g  e n e r g i e s  o f  2,  3 and 4 
c l u s t e r s  o f  v a c a n c i e s  a r e  s l i g h t l y  d i f f e r e n t  from B e e l e r  and Johnson  
( 1 9 6 7 ) and B e e l e r  ( 1 9 6 6 ) .  T h i s  d i f f e r e n c e  a r i s e s  f i r s t l y  due to  t h e i r  
model  h a v ing  o n ly  530 atoms i n  t h e  c o m p u t a t i o n a l  c e l l  and s e c o n d l y  t h e  
model  was p r o b a b l y  n o t  f u l l y  r e l a x e d .  The r e s u l t s  p r e s e n t e d  i n  t h i s  
t h e s i s  a r e  more r e l i a b l e .  We used a b i g g e r  model w i th  855 atoms i n  t h e  
c o m p u t a t i o n a l  c e l l  and t h e  model  was a l low ed  to  f u l l y  r e l a x  to  a t t a i n  a 
minimum e ne rgy  c o n f i g u r a t i o n .
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SYMBOL VECTOR LENGTH
41^
A 1/2<11 1 > 3
B <100> 4
C <110> 8
D 1/2<31 1 > 11
E <111 > 12
F <200> 16
G 1/2<331> 19
H <01 2 > 20
I <11 2> 24
J 3 /2<111> 27
K 1/2<511> 27
L 1/2<531> 35
M <221 > 36
N <3 0 0 > 36
TABLE, 2 . 1 .  Symbols used  to  d e f i n e  the  bonds  and 
to  c l a s s i f y  t h e  c l u s t e r s  i n  BCC 
c r y s t a l s .
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P .n BOND NUMBER OF 
CLASSIFICATION VARIANTS (V)
BINDING
ENERGY
DIVACANCIES
2.1 A 4 0 .127
2 .2 B 3 0.191
2 . 3 C 6 - 0 .032
2 .4 D 12 0 .047
T r i v a c a n c i e s
3.1 AAB 12 0 .480
3 .2 AAC 12 0.241
3 . 3 AAE 4 0 .257
3 . 4 ABD 24 0.331
3 .5 BBC 6 0 .556
3 .6 BBF 3 0 .3 7 8
TABLE 2 . 2 .  C o n f i g u r a t i o n number P . n ,  bond
c l a s s i f i c a t i o n  and number o f  v a r i a n t s "V" f o r  c l u s t e r s
o f  2 and 3 v a c a n c i e s  t o g e t h e r  w i th t h e  c o r r e s p o n d i n g
b i n d i n g  e n e r g i e s  i n  e l e c t r o n  v o l t s c a l c u l a t e d  u s in g
t h e  a l p h a - i r o n  p o t e n t i a l  i n BCC c r y s t a l s .  The
t r i v a c a n c i e s  a r e  s u b d i v i d e d  i n t o  3 g roups  a c c o r d i n g  to
t h e  d i s t r i b u t i o n  o f  A and B b o n d s .
P . n BOND NUMBER OF BINDUNG
CLASSIFICATION VARIANTS (V) ENERGY
P e n t a v a c a n c i e s
5.1 AAAAAABBBC 12 1 .536
5 .2 AAAAABBBCD 48 1 .348
5 .1 0 AAAABBBCDD 24 1.199
5 .2 5 AAAABBCDEG 48 1 .004
H e x a v a c a n c i e s
6.1 AAAAAAAABBBBBCC^ 6 2 .309
6 . 2 AAAAAAABBBBCCDD^ 24 1 .887
6 . 3 AAAAAABBBCCDDEG^ 24 1 .577
TABLE 2 . 4 '  C o n f i g u r a t i o n  numbers P . n ,  bond 
f o r  c l u s t e r sc l a s s i f i c a t i o n  and number o f  v a r i a n t s  V 
o f  5 and 6 v a c a n c i e s  t o g e t h e r  w i t h  t h e  c o r r e s p o n d i n g  
b i n d i n g  e n e r g i e s  i n  e l e c t r o n  v o l t s  c a l c u l a t e d  u s i n g  
t h e  a l p h a - i r o n  p o t e n t i a l  i n  BCC c r y s t a l s .  #  i n d i c a t e s  
t h a t  t h e s e  c l u s t e r s  have  n o t  b e e n  c l a s s i f i e d .
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P .n BOND
CLASSIFICATION
NUMBER OF 
VARIANTS (V)
BINDING
ENERGY
4 . 1 AAAABB 6 1 . 0 0 9
4 . 2 AAAABC 6 0 .766
4 . 3 AAABBC, 24 0 .8 2 0
4 . 4 AAABBD 12 0 .830
4 . 5 AAABCD 48 0 .6 0 8
4 . 6 AAABCE 24 0 .5 9 8
4 . 7 AAABDE 24 0 .623
4 . 8 AAACCC 8 0 . 3 4 5
4 . 9 AAACCD 24 0 . 3 9 5
4 . 1 0 AAACCC 12 0 . 3 5 2
4 .11 ' AAACEG 24 0.365
4 . 1 2 AAAEEJ 4 0 . 3 9 0
4 . 1 3 AABBCD 24 0 .656
4 . 1 4 AABBDD 24 0 . 7 0 0
4 . 1 5 AABBDF 24 0.681
4 . 1 6 AABCDD 12 0 .458
4 . 1 7 AABCDE 24 0 . 4 3 24 .1 8 AABCDH 48 0 . 4 4 7
/ 4 . 1 9 AABDDF 12 0 . 4 4 2
4 . 2 0 AABDDH 12 0 . 4 7 2
4 . 21 AABDDI 12 0.465
4 . 2 2 AABDEI 24 0.465
4 . 2 3 ABBCDD 24 0 . 5 3 5
4 . 2 4 ABBCDD 12 0 . 5 1 0
4 . 2 5 ABBCDG 24 0 . 4 9 2
4 .2 6 ABBDDG 12 0 . 5 2 3
4 . 2 7 ABBDDK 12 0 . 5 3 2
4 . 2 8 ABBDFK 24 0 . 5 2 0
4 . 2 9 BBBBCC 3 0.737
4 .8 0 BBBCCC 3 0 . 4 9 7
4 . 3 1 BBBCCE 24 O .5 I 8
4 . 3 2 BBBCCF 12 0 . 5 1 5
4 . 3 3 BBBCCH 6 0 . 5 1 5
4 . 3 4 BBBCPH 24 0 . 5 4 3
4 . 3 5 BBBFFN 3 0.561
TABLE 2 . 3 » C o n f i g u r a t i o n  numbers  P . n ,  bond 
c l a s s i f i c a t i o n  and number o f  v a r i a n t s  "V" f o r
t e t r a v a c a n c y  c l u s t e r s  t o g e t h e r  w i t h  t h e  c o r r e s p o n d i n g
b i n d i n g  e n e r g i e s  i n  e l e t r o n  v o l t s  c a l c u l a t e d  u s i n g  t h e  
a l p h a - i r o n  p o t e n t i a l  i n  BCC c r y s t a l s .  These c l u s t e r s
a r e  s u b d i v i d e d  i n t o  10 g roups  a c c o r d i n g  to  t h e
d i s t r i b u t i o n  o f  A and B b o n d s .
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P .n BOND CLASSI- 
-FICATION
BINDING
ENERGIES
P .n BOND CLASSI- 
-FICATION
BINDING
ENERGIES
2.1 A 0 .2 1 4 4 . 1 AAAABB 1 . 7 7 2
2 . 2 B 0 . 3 5 0 4 . 2 AAAABC 1. 331
2 . 3 C - 0 . 0 3 4 . 3 AAABBC 1 . 4 5 9
2 . 4 D 0 .0 8 0  , 4 . 5 AAABCD 1 .069
3 . 1 AAB 0.843 4 . 7 AAABDE 1 .077
TABLE 2 . 5 . C o n f i g u r a t i o n  number P . n  and bond c l a s s i f i c a t i o n  f o r  
c l u s t e r s  o f  2,  3 and 4 v a c a n c i e s  t o g e t h e r  w i t h  b i n d i n g  e n e r g i e s  i n
e l e c t r o n  v o l t s  u s i n g  t h e  molybdenum p o t e n t i a l  i n  BCC c r y s t a l s .
40
s SITE V DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 1 /3 [2 1 Oj 2 -6 - 2 4 0 -24
2 1 /3 2 2 Oj 1 - 2 3 23 0 - 3 2
5 1/3 T 1 3 j 2 13 - 1 3 7 - 1 9
4 1/3 2 1 3j 4 -17 -16 - 1 9 - 3 0
5 1/5 3  5 3 j 2 15 -15 - 1 5 -26
6 1/6 .1 7 3 j 4 2 -26 -3 +26
7 1/6 L1 5 3 j 4 -14 9 -16 - 2 38 1 /3 T 4 Oj 2 -5 33 0 +34
9 1 /3 2 2 3 j 2 -15 15 -19 - 2 810 1/6 1 T 9j 2 2 -2 27 +2711 1/6 7 7 9 j 4 -6 6 -4 -9
TABLE 2 . 6 The d i s p l a c e m e n t  f i e l d around a type  1 t r i v a c a n c y
c l u s t e r  i n  a l p h a - i r o n . V a c a n c ie s a r e  l o c a t e d  a t  |_0 0 Oj ,  1/2[1 1
1 J and 1/2[1 Î 1j S i n d i c a t e s  t h e n e a r e s t n e ig h b o u r  sequence  andt h e  v e c t o r s  d e f i n i n g  t h e r e p r e s e n t a t i v e  s i t e s  a r e g i v e n  r e l a t i v e
to  t h e  c e n t r e  o f  t h e d e f e c t  which i s  a t  l /3 [1 T o j .  V i s  t h e
number o f c r y s t a l l o g r a p h i c a l l y e q u i v a l e n t s i t e s .  The
d i s p l a c e m e n t s components d . and t h e  m agn i tu de  d > 7 a r e  g i v e n  i n
u n i t s o f 10"^ a , where a i s  t h e l a t t i c e p a r a m e t e r ,  p o s i t i v e
m a g n i tu d e s  i n d i c a t i n g  outward  d i s p l a c e m e n t s .
S SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 I / 2 LI 1 1 j 6 8 -1 4 -14 -212 [ 0  1 Oj 6 -16 11 16 +25
3 [ 0  1 1j 6 - 1 5 - 1 5 - 1 5 -26
4 1 / 2 L1 3 1 J 6 3 -29 -3 +29
5 Li 1 1j 2 -1 4 -14 -14 -2 4
6 1 / 2 L1 3 3J 6 -5 -5 -5 -8
TABLE 2 . 7 » The d i s p l a c e m e n t  f i e l d  around a t y p e  3 t r i v a c a n c y  
c l u s t e r  i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  [ 0  0 Oj ,  1/2[1 1 
1J and l / 2 [ 1  1 1 j .  S i n d i c a t e s  t h e  n e a r e s t  n e ig h b o u r  s e quenc e  and 
t h e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e  
t o  t h e  c e n t r e  o f  t h e  d e f e c t  which  i s  a t  [0  0 Oj .  V i s  t h e  number 
o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The d i s p l a c e m e n t s  
components  d^  ^ and t h e  m a g n i tu d e  d > 7 a r e  g iv e n  i n  u n i t s  o f  
where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  
outward d i s p l a c e m e n t s .
4-1
s SITE V DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 lALO 3 2j 4 0 -3 -2 4 -24
2 1/4L2 1 4j 8 16 -13 7 -22
3 1 /4 Ï2  5 OJ 4 0 30 0 +30
4 1/4LÏ  5 2J 8 19 -1 7 -1 6 -30
5 1/416 1 OJ 4 -31 4 0 +30
6 1/4L2 5 4J 8 3 -5 -6 -8
7 1 / 4 [ 0  7 2J 4 0 8 -4 +8
8 1/416 5 Oj 8 0 8 -4 - 8
TABLE 2 . 8 .  The d i s p l a c e m e n t f i e l d  a round a type  1 t e t r a v a c a n c y
c l u s t e r  i n  a l p h a - i r o n . V a c a n c ie s  a r e  l o c a t e d a t  [0  1 I j ,  Li 1 1 j ,
1/2 LT 1 1 J and 1/2[1 1 3 j . S i n d i c a t e s t h e  n e a r e s t  n e ig h b o u rs equence  and th e v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  s i t e s  a r e
g iv e n r e l a t i v e  to t h e c e n t r e ! o f t h e  d e f e c t  which i s a t  I / 4 L2 3 4 j .
V i s t h e  number o f c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The
d i s p l a c e m e n ts ^ c o m p o n e n t s  d . and t h e  m agn i tude  d > 7 a r e  g i v e n  i n
u n i t s i o f  10“^ a , where a i s t h e  l a t t i c e p a r a m e t e r ,  p o s i t i v e
m a g n i tu d e s  i n d i c a t i n g outward  d i s p l a c e m e n t s .
S SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 1/ 2 L2 0 i j 8 6 0 -23 -242 1/ 2 LT 1 2 ] 8 16 -16 9 -2 4
3 1/ 2 L2 2 1 J 8 21 21 -16 -34
4 I / 2 L0  0  3j 2 0 0 41 +41
5 1/213 1 o j 8 - 2 8 -1 0 +286 1 /213  1 2j 16 6 -3 -5 -9
7 1/213 1 4j 8 -3 3 8 +98 1 /213  3 Oj 4 6 -6 0 - 8
TABLE 2.9* The d i s p l a c e m e n t  f i e l d  a round  a  t y p e  1 h exavacancy  
c l u s t e r  i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  [0  0 Oj ,  [1 0 Oj ,  
[O 1 Oj, [1 1 Oj, 1/2[T 1 l j  and 1/2[T 1 Tj.  S i n d i c a t e s  t h e
n e a r e s t  n e i g h b o u r  s equence  and t h e  v e c t o r s  d e f i n i n g  th e  
r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e  to  t h e  c e n t r e  o f  t h e  
d e f e c t  which i s  a t  1/2[1  1 ' O j .  V i s  t h e  number o f
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The d i s p l a c e m e n t s  
components  d^ and t h e  m agn i tude  d > 7 a r e  g i v e n  i n  u n i t s  o f  10”^ a ,  
where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  
ou tward  d i s p l a c e m e n t s .
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s SITE V DISPLACEMENT 
d1 d2
MAGNITUDE 
d3 d
1 1/3 2 1 Oj 2 -2 -1 9 0 -192 1/3 2 Oj 2 -1 7 17 0 -24
3 1/6 1 5 5J 4 -11 12 -1 1 -19. 4 1 /6 .5 1 3 j 8 30 -1 1 +30
5 1/3 T 1 3j 2 10 -1 0 11 -17
6 1/3 J 2 3j 2 13 12 -15 -23
7 1/3 2 1 3 j 4 -12 -13 -14 -22
8 1/6 .5 5 5j 4 10 - 1 0 12 -18
9 1/3 A 1 o j 2 -35 3 0 +3510 1/3 .2 5 3j 2 -11 11 -14 -21
TABLE 2. 10. The d i s p l a c e m e n t  f i e l d around a type t r i v a c a n c y
c l u s t e r  i n  molybdenum. V a c a n c ie s  a r e  l o c a t e d  a t  [0  0 Oj ,  [0  0 i j ,  
and 1/2[T 1 I j .  S i n d i c a t e s  t h e  n e a r e s t  n e ig h b o u r  sequence  and
th e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e  
t o  the  c e n t r e  o f  t h e  d e f e c t  which  i s  a t  1/6[T 1 V i s  t h e
number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The
dj  ^ and t h e  m agn i tu de  d > 7 a r e  g i v e n  i np a r a m e t e r ,  p o s i t i v e
displacements^^ components
u n i t s  o f  10“-^a, where  a  i s  t h e  l a t t i c e  
m a g n i tu d e s  i n d i c a t i n g  ou tward  d i s p l a c e m e n t s .
S SITE V DISPLACEMENT MAGNITUDE
' •d1 d2 d3 d
1 1 / 4 LO 3 2j 4 ■ 0 0 -19 -19
2 1/4L2 1 4j 8 11 -10 12 -1 9
3 1/4L2 5 Oj 4 0 32 0 +32
4 1/41.4 3 2j 8 14 -11 -12 -20
5 1 / 4 [ 6  1 Oj 4 -33 3 0 +33
TABLE 2 . 1 1 .  The d i s p l a c e m e n t  f i e l d  a round a type  1 t e t r a v a c a n c y  
c l u s t e r  i n  molybdenum. V a c a n c ie s  a r e  l o c a t e d  a t  [0  1 1 j ,  [1 1 1 j ,  
1/2[T 1 I j  and 1/2[_T 1 3j* S i n d i c a t e s  t h e  n e a r e s t  n e ig h b o u r
sequence  and t h e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  s i t e s  a r e  
g i v e n  r e l a t i v e  to  t h e  c e n t r e  o f  t h e  d e f e c t  which i s  a t  1/4L2 3 4 j -  
V i s  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The 
d i s p l a c e m e n t s  components  d^ . and t h e  m ag n i tu d e  d > 7 a r e  g i v e n  i n  
u n i t s  o f  10”^ a ,  where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  
m a g n i tu d e s  i n d i c a t i n g  outward  d i s p l a c e m e n t s .
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SITE DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 1 /4  [2 3 Oj 1 24 -6 0 -25
2 1 / 4 [ 2 3 Oj 1 • -23 -23 0 -32
3 1/2  [0 3 2 j 2 -14 -9 1 6 +23
4 1/4  [T 1 2 j 2 -8 -14 -16 -23
5 1 / 4 [ 2 T 4 j 2 13 13 7 -196 1 / 4 [ 2 3 4 j 4 16 -17 -19 -30
7 1 / 4 [ 2 3 4 j 2 -15 -15 -1 9 -288 1/4  [4 3 2 j 2 15 15 15 -26
9 1/4  [2 5 Oj 1 . -5 -33 0 +33
10 1/2  [0 1 6 j 8 2 2 27 +27
1 1 1/4  [4 5 2 j 8 6 -6 -4 -912 1/4  [4 5 2j 4 6 -6 7 -11
13 1 / 4 [ 2 7 Oj 1 5 6 0 +8 '
14 1 /4  [6 3 4 j 2 5 5 -6 -9
TABLE 2 . 1 2 .  The d i s p l a c e m e n t  f i e l d  around a 3*1* c o l l a p s e d  
t r i v a c a n c y  c l u s t e r  i n  a l p h a - i r o n .  V acanc ie s  a r e  l o c a t e d  a t  [0  0 
Oj ,  [T 0 Oj ,  1/2[T 1 1 j ,  1/2[T 1 Tj and th e  i n t e r s t i t i a l  i s  a t
[ 0 . 3 5  0 . 2 0  O.OOj. S i n d i c a t e s  t h e  n e a r e s t  n e ig h b o u r  sequence  and 
t h e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e
to  t h e  c e n t r e  o f  t h e  d e f e c t  wh ich  i s  a t  1 /4 [2  1 OJ. V i s  t h e
number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The
d i s p l a c e m e n ts ^ c o m p o n e n t s  d^ and t h e  m agn i tu de  d > 7 a r e  g i v e n  i n  
u n i t s  o f  10"- 'a ,  where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  
m a g n i tu d e s  i n d i c a t i n g  outward  d i s p l a c e m e n t s .
S SITE V DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 1/2 ,2 0 1] 8 12 +15 -1 4 -24
2 1/2 LI 1 2j 4 17 -17 -19 -31
3 1/2 11 Ï  2 j 4 1 2 1 2 7 -18
4 1/2 .2 2 1] 4 5 -5 -2 -7
5 1/2 12 ^ I j 4 14 14 -14 -246 1/2 .0 0 3j 2 0 0 30 +30
7 1/2 .3 T Oj 4 -33 -5 0 +34
8 1/2 [3 1 OJ 4 - 3 0 0 +3.
TABLE 2.13» The d i s p l a c e m e n t  f i e l d  around a 4 . 1 *  c o l l a p s e d  
t e t r a v a c a n c y  c l u s t e r  i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  [O 0 
Oj ,  [T 0 Oj ,  [ 0  1 Oj , [7 1 Oj ,  1 /2 [1  1 1 j ,  1 /2[T 1 Tj and the
i n t e r s t i t i a l s  a r e  a t  [ 0 . 4 8  0 . 0 7  O.OOj and [ 0 . 5 2  0 .9 3  O.OOj. S
i n d i c a t e s  t h e  n e a r e s t  n e i g h b o u r  s equence  and t h e  v e c t o r s  d e f i n i n g  
t h e  r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e  to  t h e  c e n t r e  o f  t h e  
d e f e c t  which i s  a t  1/2[1 1 Oj .  V i s  t h e  ' number  o f
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The d i s p l a c e m e n t s  
components  d^ and t h e  m ag n i tu d e  d 1^3 a r e  g i v e n  i n  u n i t s  o f  10”^ a ,  
where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  
ou tward  d i s p l a c e m e n t s .
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S SITE V DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 l / 2 [ 2  0 1 j 8 32 0 - 2 5 -41
2 1 / 2 [T 1 2 ] 8 7 -7 21 +23
3 l / 2 [ 2  2 1 J 8 21 -21 -17 -34
4 1 / 2 [ 0  0 3] 2 0 0 15 +15
5 l / 2 [ 3  1 Oj 8 -20 -6 0 +21
6 1 / 2 [ 3  1 2J 16 10 -5 -7 - 1 3
7 1 / 2 [ 3  3 Oj 4 7 -7 0 -9
TABLE 2 . 1 4 . The d i s p l a c e m e n t f i e l d  around a 4 . 2 * c o l l q p s e d
t e t r a v a c a n c y  c l u s t e r  i n  a l p h a - i r o n . V a c a n c ie s a r e  l o c a t e d  a t  [o  0
oJ,  LT 0 o j ,  LO 1 OJ, [T 1 Oj, 1/2[T 1 1 j , 1/2LÎ 1 1 J and th ei n t e r s t i t i a l s  a r e  a t  [ 0 . 5 0  0 . 5 0  +0 .4 3 j*  S i n d i c a t e s t h e  n e a r e s t
n e ig h b o u r  s equence and t h e  v e c t o r s  d e f i n i n g th e  r e p r e s e n t a t i v e
s i t e s  a r e  g iv e n  r e l a t i v e to  t h e c e n t r e  o f  t h e  d e f e c t which i s  a t
1/2[T 1 Oj .  V i s  t h e number o f c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t
s i t e s .  The d i s p l a c e m e n t s components  d .  and t h e m agn i tude  d ^  7
a r e  g i v e n  i n  u n i t s  o f 10“^a , where a i s t h e  l a t t i c e  p a r a m e t e r .
p o s i t i v e  m a g n i tu d e s i n d i c a t i n g  <Dutward d i s p l a c e m e n t s .
S SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 1 / 2 [ 0  2 1j 8 - 1 5 12 -14 +23
2 1 /2 [T  1 2 j 4 1 2 -12 7 -1 8
3 1 /2 [T  T 2 j 4 17 17 -1 9 -31
4 l / 2 [ 2  2 1 j 4 14 -14 -14 -24
5 l / 2 [ 0  0 3 j 2 0 0 31 +31
6 1 /2 [T  3 Oj 4 -5 33 0 +34
7 1 / 2 [ 5  3 2 ] 4 5 -5 4 -8
TABLE 2 . 1 5 . The d i s p l a c e m e n t  f i e l d  around a 4*3* c o l l a p s e d  
t e t r a v a c a n c y  c l u s t e r  i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  [0  0 
Oj ,  [1 0 Oj ,  [ 0  1 Oj, LÏ 1 Oj,  I / 2 LT 1 I j ,  I / 2 LÏ 1 Tj. and th e
i n t e r s t i t i a l s  a r e  a t  [ 0 . 8  0 . 2  O.Oj and [ 0 . 2  0 . 8  O.Oj.  S i n d i c a t e s  
t h e  n e a r e s t  n e ig h b o u r  s e quenc e  and t h e  v e c t o r s  d e f i n i n g  th e  
r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e  to  t h e  c e n t r e  o f  t h e  
d e f e c t  which i s  a t  1/2[1 1 0 j . V i s  t h e  number o f
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The d i s p l a c e m e n t s  
components  d .  and t h e  m a g n i tu d e  d > 7 a r e  g i v e n  i n  u n i t s  o f  10 &,
where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  
outward d i s p l a c e m e n t s .
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CHAPTER 3
MIGRATION OP CLUSTERS OF VACANCIES
3.1 INTRODUCTION
V a c a n c ie s  move t h r o u g h  t h e  l a t t i c e  hy jumping between  p o s i t i o n s  
o f  minimum e n e rg y  t h r o u g h  i n t e r m e d i a t e  p o s i t i o n s  o f  h i g h e r  e n e r g i e s .  
The m i g r a t i o n  o f  v a c a n c i e s  may change  t h e  o r i e n t a t i o n  o f  a c l u s t e r ,  
t r a n s f o r m  i t  i n t o  d i f f e r e n t  c o n f i g u r a t i o n  o f  t h e  same s i z e  o r  cause  i t  
t o  grow o r  s h r i n k .  The growth  and th e  c o n t r a c t i o n  p r o c e s s e s  w i l l  be 
d i s c u s s e d  i n  c h a p t e r  4 and i n  t h i s  c h a p t e r  o n l y  t h e  m i g r a t i o n  o f  
v a c an c y  c l u s t e r s  i s  d i s c u s s e d .
The m i g r a t i o n  o f  c l o s e - p a c k e d  va c anc y  c l u s t e r s  i s  c o n s i d e r e d  to  
o c c u r  o n l y  by  means o f  a s i n g l e  f i r s t  n e a r e s t  n e ig h b o u r  v a c an c y  jump so 
t h a t  t h e  r e s u l t i n g  c o n f i g u r a t i o n  i s  s t i l l  c l o s e - p a c k e d .  Only s e l e c t e d  
c l u s t e r s  o f  up t o  s i x  v a c a n c i e s  i n  BCG m e t a l s  a r e  s t u d i e d  h e r e .  
C rocker  and F a r i d i  ( l 9 7 8 )  and P a r i d i  (1978)  s t u d i e d  t h e  m i g r a t i o n  o f  
v a c a n c y  c l u s t e r s  i n  FOG m e t a l s .  They examined a l l  t h e  p o s s i b l e  
mechanisms  f o r  mono- d i -  t r i -  and t e t r a v a c a n c y  c l u s t e r s  and r e p r e s e n t e d  
th e  r e s u l t s  i n  t h e  form o f  m i g r a t i o n  m a t r i c e s .
In  a d d i t i o n  to  m i g r a t i o n  mechanisms,  t h e  m i g r a t i o n  e n e r g i e s  
a s s o c i a t e d  w i t h  some o f  t h e s e  p r o c e s s e s  a r e  a l s o  c a l c u l a t e d  by u s i n g  
compute r  s i m u l a t i o n  m ethods .  These e n e r g i e s  c o n t a i n  much i n f o r m a t i o n  
a b o u t  t h e  mechan isms .  I n  t h e  s i m u l a t i o n  method t h e  m i g r a t i o n  o f  mono­
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v a c a n c i e s  i n  BCG m e t a l s  o c c u r s  by means o f  n e a r e s t  n e ig h b o u r  l /2<1 1 1> 
atomic  jumps a s  shown i n  f i g  3 . 1 .  I n g l e  and Grocker  ( 1 9 7 8 ) ,  Johnson  
( 1964a) and J ohnson  and Wil son  (1972)  have s t u d i e d  t h e s e  e n e r g i e s  u s i n g  
e m p i r i c a l  p o t e n t i a l s  and W ynb la t t  (1968)  and Neumann e t  a l .  (1972)  
examined them u s i n g  a s e r i e s  o f  Morse p o t e n t i a l s .  The r e s u l t s  which 
a r e  p r e s e n t e d  i n  t h i s  c h a p t e r  have been  c a l c u l a t e d  u s in g  Johnson  
a l p h a - i r o n  ( J ohnson  1964a) and M i l l e r  molybdenum ( M i l l e r  1980) 
p o t e n t i a l s .  The Johnson  p o t e n t i a l  was used f o r  a l l  o f  t h e  d e f e c t s  
c o n s i d e r e d  , w h i l e  t h e  M i l l e r  p o t e n t i a l  was employed o n l y  f o r  o b t a i n i n g  
th e  m i g r a t i o n  e n e r g i e s  o f  m o n o -v a c an c i e s  and d i v a c a n c i e s  a s  d i s c u s s e d  
i n  t h e  f o l l o w i n g  s e c t i o n .
3 . 2  MIGRATION MECHANISMS
NVThere a r e  a c e r t a i n  number o f  ways M^^^  in  which a c l u s t e r  o f  N 
v a c a n c i e s  can m i g r a t e  f rom c o n f i g u r a t i o n  i  to  c o n f i g u r a t i o n  j .  T h i s  
number i s  r e l a t e d  to  t h e  number o f  f i r s t  n e a r e s t  n e i g h b o u r s  a v a i l a b l e  
i n  t h e  p a r t i c u l a r  c l u s t e r  u n d e r  c o n s i d e r a t i o n .
3 .2 .1  MONO -  VACANCIES
For t h e  s i m p l e s t  c a s e  o f  a mono-vacancy ,  t h e r e  a r e  e i g h t  
p o s s i b l e  m i g r a t i o n  mechanisms m!^  =8 a s s o c i a t e d  w i t h  t h e  8 f i r s t
n e a r e s t  n e i g h b o u r s ,  shown i n  f i g  3 . 1 .
3 . 2 . 2  DIVACANCIES
The f i r s t ,  s e c o n d ,  t h i r d  and f o u r t h  n e a r e s t  n e ig h b o u r
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d i v a c a n c i e s ,  l a b e l l e d  1 , 2 ,  3 and 4 r e s p e c t i v e l y  were examined.  The 1
and 2 c l u s t e r s  a r e  h e r e  termed c lo s e - p a c k e d  and t h e  3 and 4 c l u s t e r s
a r e  n o n - c l o s e - p a c k e d .  The p o s s i b l e  m i g r a t i o n  mechanisms f o r  t h e s e
c o n f i g u r a t i o n s  were s t u d i e d  and a r e  shown i n  f i g  3-3* The r e s u l t s  a r e
g iv e n  i n  t h e  (4x4)  m i g r a t i o n  m a t r i x  M?  ^ , o f  t a b l e  3 . 1 .  The rows and
columns o f  ^ ^  r e p r e s e n t  p a r e n t  and p r o d u c t  c l u s t e r s  r e s p e c t i v e l y .  The
e l e m e n t s  o f  t h i s  m a t r i x  a r e  t h e  number o f  p o s s i b l e  mechanisms i n  which
a p a r e n t  c l u s t e r  can  m i g r a t e  i n t o  a p r o d u c t  c l u s t e r .  An e n t r y  o f  ze ro
i n d i c a t e s  t h a t  m i g r a t i o n  i s  n o t  p o s s i b l e .  For  example f o r  t h e
d i v a c a n c y  o f  t y p e  1 s i x t e e n  v a c a n c y  jumps must  be  c o n s i d e r e d ,  b e c a u s e
each  va c anc y  can  m i g r a t e  to  i t s  e i g h t  f i r s t  n e a r e s t  n e i g h b o u r s .
However i n  t h i s  c a s e  one f i r s t  n e a r e s t  n e ig h b o u r  s i t e  o f  a va c anc y  i s
occup ie d  by t h e  o t h e r  v a c a n c y .  T h e r e f o r e  o n l y  seven  n e i g h b o u r s  a r e
a v a i l a b l e  f o r  e a c h  v a c a n c y  g i v i n g  f o u r t e e n  jumps i n  a l l .  Two o f  t h e s e
t r a n s f o r m  t h e  d i v a c a n c y  i n t o  a n o n - c l o s e - p a c k e d  d iv a c a n c y  o f  t y p e  5,
which i s  beyond t h e  r a n g e  o f  t h e  p r e s e n t  a n a l y s i s .  In  t h i s  way o n l y
tw e lv e  f i r s t  n e a r e s t  n e i g h b o u r s  jump r e m a in .  S ix  o f  t h e s e  t r a n s f o r m
d iv a c a n c y  1 i n t o  d i v a c a n c y  2 and t h e  r e m a in ing  s i x  t r a n s f o r m  i t  i n t o
2d i v a c a n c y  3- Hence t h e  f i r s t  row o f  i s  (O 6 6 O ) . In  g e n e r a l  t h e  
sum o f  t h e  e l e m e n t s  o f  a  row i n  t h e  m i g r a t i o n  m a t r i x  t h e n  r e p r e s e n t s  
t h e  t o t a l  number o f  p o s s i b l e  mechanisms i n  which a p a r e n t  c l u s t e r  can  
m i g r a t e  i n t o  a p r o d u c t  c l u s t e r .
3 . 2 . 3  TRIVACANCIES
The s i x  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  
t h r e e  v a c a n c i e s  were r e p o r t e d  i n  c h a p t e r  2.  I n  t h i s  a n a l y s i s  t h e s e  
c l u s t e r s  a r e  d i v i d e d  i n t o  two g r o u p s .  The f i r s t  g roup  c o n t a i n s  a l l
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t h o s e  t y p e  o f  c l u s t e r s  i n  which e v e r y  v a c anc y  h a s  a t  l e a s t  a n o t h e r
va c an c y  i n  t h e  f i r s t  n e a r e s t  n e ig h b o u r  p o s i t i o n  e . g  1 , 2 and 3- The
3m i g r a t i o n  m a t r i x  was c o n s t r u c t e d  and i s  g i v e n  i n  t a b l e  3 . 2 .  I t
i n d i c a t e s  t h a t  a t r i v a c a n c y  c l u s t e r  o f  type  1 can m i g r a t e  to  d i f f e r e n t  
v a r i a n t s  o f  t h e  same ty p e  i n  f o u r  ways and v a r i a n t s  o f  t y p e  2 by two 
ways,  b u t  i t  c a n n o t  become ty p e  3 .  The c l u s t e r  o f  t y p e  2 can on ly  
become type  1 by two ways,  t h e  c l u s t e r  3 i s  t h e  most  r i g i d
c o n f i g u r a t i o n  ,as i t  c a n n o t  c h a n g e .  The second group  h a s  c l u s t e r s  1, 2, 
3, 4 ,  5 and 6 i n  which e v e r y  v a c an c y  h a s  a t  l e a s t  a n o t h e r  vacancy
e i t h e r  a t  f i r s t  o r  second  n e a r e s t  n e ig h b o u r  p o s i t i o n .  The m i g r a t i o n  
m a t r i x  f o r  t h i s  g roup  i s  g i v e n  i n  t a b l e  3 . 3 .  T h i s  m a t r i x  i n d i c a t e s  
t h a t  t r i v a c a n c y  4 i s  t h e  most  f l e x i b l e  c o n f i g u r a t i o n  be c ause  i t  can 
m i g r a t e  i n t o  a l l  o t h e r  t y p e s  o f  t r i v a c a n c y  c l u s t e r s .  In  t h i s  group 
even 3 which was t h e  r i g i d  c l u s t e r  i n  t h e  f i r s t  g roup  can  a l s o  m i g r a t e  
i n t o  4 .  The t r i v a c a n c y  4 h a s  a  d i s t i n c t  c h a r a c t e r  s i m i l a r  to  t h e  1 
type  t r i v a c a n c y ,  i n  t h a t  i t  c a n  m i g r a t e  i n t o  a d i f f e r e n t  o r i e n t a t i o n  o f  
t h e  same c o n f i g u r a t i o n .
3 . 2 . 4  TETRAVACANGIES
There  a r e  35 c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d
t e t r a v a c a n c y  c l u s t e r s .  However i t  i s  i n c o n v i e n i e n t  t o  p r e s e n t  (35x35)
m i g r a t i o n  m a t r i x  so t h a t  o n l y  t h e  f i r s t  tw e lv e  c l u s t e r s ,  i n  which eve ry
vacancy  h a s  a t  l e a s t  one o t h e r  v a c a n c y  i n  f i r s t  n e a r e s t  n e ig h b o u r
p o s i t i o n ,  w i l l  be  d i s c u s s e d .  The r e s u l t s  a r e  p r e s e n t e d  i n  t h e  (12x12)  
4m i g r a t i o n  m a t r i x  g i v e n  i n  t a b l e  3 «4. Of i t s  144 e l e m e n t s  22 a r e
n o n - z e r o  and many o f  t h e  m i g r a t i o n  p a t h s  which t h e s e  r e p r e s e n t  can
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o c c u r  by  means o f  s e v e r a l  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  jum ps .
The most  compact  c o n f i g u r a t i o n  1, can o n l y  become 3 when i t  
m i g r a t e s .  The o t h e r  c o n f i g u r a t i o n s  which a r e  e q u a l l y  r e s t r i c t e d  a r e  2, 
7, 8 ,  9» 10 and 11; t h e s e  can  o n ly  become 3,  6 ,  5, 3, 6 and 6
r e s p e c t i v e l y .  The most  f l e x i b l e  c o n f i g u r a t i o n s  a r e  3 and 6, which a r e  
b ranched  and have an e q u a l  number o f  v a r i a n t s  ( 2 4 ) .  However, 
c o n f i g u r a t i o n  8 has  a b r a n c h ,  b u t  i t  i s  n o t  f l e x i b l e  p e rh a p s  due to  t h e  
f a c t  t h a t  i t  h a s  a h i g h  d e g r e e  o f  symmetry and h a s  o n l y  8 v a r i a n t s .  
C l u s t e r  3 may become 1, 2,  4 ,  5,  9 and c l u s t e r  6 may become 4,  5,  7, 10 
and 11 when t h e y  m i g r a t e .  C l u s t e r s  4 and 5 may m i g r a t e  to  become 3,  6 
and 3,  6 , 8 r e s p e c t i v e l y .  F i n a l l y  c l u s t e r  12 i s  t h e  most  r i g i d  
c o n f i g u r a t i o n  o f  t h e s e  t e t r a v a c a n c y  c l u s t e r s  a s  i t  c a n n o t  t r a n s f o r m  
i n t o  any o f  t h e  t w e lv e  c l u s t e r s .
3 . 3  THE SIMULATION PROCEDURE
The computer  method used  f o r  c o n s i d e r i n g  t h e  m i g r a t i o n  o f  
v a c a n c i e s  was t h e  same a s  t h a t  used  f o r  s t u d y i n g  t h e  s t r u c t u r e s  o f  
va c anc y  c l u s t e r s .  T h i s  model  i s  e x p l a i n e d  i n  c h a p t e r  1.  In  t h i s  
s e c t i o n  c o n s i d e r a t i o n  i s  g i v e n  to  t h e  p r o c e d u r e  f o r  d e t e r m i n i n g  t h e  
m i g r a t i o n  e n e rg y  o f  d i f f e r e n t  t y p e s  o f  vacancy  c l u s t e r s .
The methods  used to  s i m u l a t e  m i g r a t i o n  o f  mono- and p o ly -v a c a n c y  
c l u s t e r s  were v e r y  s i m i l a r ,  s i n c e  i n  b o t h  c a s e s  i t  i s  t h e  movement o f  
j u s t  one atom which i s  i m p o r t a n t .  For  a monovacancy t h i s  atom was 
moved p r o g r e s s i v e l y  from i t s  p e r f e c t  l a t t i c e  p o s i t i o n  a lo n g  a c hosen
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p a t h  tow ards  t h e  v a c a n t  p o s i t i o n .  I t  was h e l d  f i x e d  a t  s e v e r a l  
i n t e r m e d i a t e  p o s i t i o n s ,  a t  w h ich ,  t h e  model was a l lowed  to  r e l a x  to  i t s  
minimum e ne rgy  c o n f i g u r a t i o n ,  so t h a t  t h e  e ne rgy  could he  r e c o r d e d .  By 
p l o t t i n g  ou t  t h e  p r o f i l e  o f  t h e s e  e n e r g i e s  a s  t h e  atom was moved 
between l a t t i c e  p o s i t i o n s ,  a p o t e n t i a l  b a r r i e r  was o b t a i n e d .  The 
maximum h e i g h t  o f  t h i s  b a r r i e r  was c a l c u l a t e d ,  and t a k e n  to  be t h e  
m i g r a t i o n  e n e r g y .  In  a l l  t h e  c a s e s ,  t h e  m i g r a t i o n  p a t h s  which were 
fo l lowed  were s t r a i g h t  l i n e s  j o i n i n g  t h e  a d j a c e n t  l a t t i c e  s i t e s .
Fo r  c a l c u l a t i o n  o f  t h e  h e i g h t  o f  t h e  p o t e n t i a l  e ne rg y  b a r r i e r ,  
f o r  v a c anc y  m i g r a t i o n  , t h e  r e f e r e n c e  ze ro  o f  e n e rg y  i s  t a k e n  to  be  t h e  
ene rgy  o f  t h e  model  when a v a c a n c y  i s  l o c a t e d  e x a c t l y  a t  i t s  i n i t i a l  
r e l a x e d  s i t e  i . e  E^.
3 . 4  MIGRATION ENERGIES
The m i g r a t i o n  p r o c e s s  c o n s i s t e d  o f  a f i r s t  n e a r e s t  n e ig h b o u r  
atom o f  t h e  v a c an c y  jumping  from i t s  normal  l a t t i c e  s i t e  to  t h e  va c a n c y  
s i t e ,  t h u s  f i l l i n g  a v a c a n c y  and l e a v i n g  a new va c anc y  b e h i n d .  T h i s  
p r o c e s s  may a l s o  be t h o u g h t  o f  a s  t h e  va c anc y  m i g r a t i n g  by jumping to  
f i r s t  n e a r e s t  n e i g h b o u r  l a t t i c e  s i t e .  The m i g r a t i o n  e n e rg y  E^ was 
c a l c u l a t e d  u s i n g  J ohnson  a l p h a - i r o n  and M i l l e r  molybdenum p o t e n t i a l s .  
For  i r o n  i t  was found to  be  0 . 6 8  eV, which c o n f i r m s  t h e  r e s u l t s  o f  
I n g l e  and Crocker  (1978)  and J o h n s o n  ( 1964a) ,  who used  th e  same 
p o t e n t i a l  and a s i m i l a r  method f o r  c a l c u l a t i n g  E^. The m i g r a t i o n  
e ne rgy  f o r  molybdenum was 1 .3 9  eV, once a g a i n  i n  good agreem en t  w i t h  
e a r l i e r  s t u d i e s  ( M i l l e r  1981 ) .
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The p o t e n t i a l  h a r r i e r s  f o r  monovacancy m i g r a t i o n  had s l i g h t  
d e p r e s s i o n s  a t  t h e i r  m i d p o i n t s ,  i . e ,  t h e  symmetr ic  c o n f i g u r a t i o n  a t  t h e  
m id p o in t  o f  t h e  p r o c e s s  was n o t  a s a d d l e  p o i n t  b u t  a l o c a l  minimum. A 
s i n g l e  m i g r a t i o n  jump, t h e r e f o r e ,  had two maxima a s  shown i n  f i g  3*1» 
where t h e  e n e rg y  o f  t h e  c o n f i g u r a t i o n  i s  p l o t t e d  a s  a f u n c t i o n  o f  t h e  
p o s i t i o n  o f  t h e  m i g r a t i n g  atom. The c h a r a c t e r i s t i c  form o f  t h i s  
p o t e n t i a l  b a r r i e r  does  i n  f a c t  f o l l o w  d i r e c t l y  f rom s t r u c t u r a l  
c o n s i d e r a t i o n s .  Thus i f  an atom a t  [O, 0,  Oj m i g r a t e s  a lo n g  t h e  [ l l l j  
t h r e e - f o l d  a x i s  t o  a v a c a n t  s i t e  a t  [ l / 2 ,  1 /2 ,  l / 2 j ,  i t s  c l o s e s t
a pp roach  to  n e i g h b o u r i n g  atoms o c c u r s  when i t  i s  l o c a t e d  a t  [ l / 6 ,  1 /6 ,
l / 6 j  and [ 1 / 3 ,  1 / 3 ,  l / 3 j  and i s  p a s s i n g  t h ro u g h  e q u i l a t e r a l  t r i a n g l e s
o f  a toms l y i n g  i n  (111 ) p l a n e s .  These c o r r e s p o n d  to  t h e  two maximum 
p o s i t i o n s  on t h e  p o t e n t i a l  b a r r i e r .  More s p e c i f i c a l l y ,  assuming no 
outward r e l a x a t i o n  o f  t h e  atoms c o n s t i t u t i n g  t h e s e  t r i a n g l e s ,  t h e
d i s t a n c e  o f  c l o s e s t  a p p r o a c h  i s  0 . 8 1 7 a ,  where a i s  t h e  l a t t i c e  
p a r a m e t e r ;  t h e  normal  n e a r e s t  n e i g h b o u r  d i s t a n c e  i s  0 . 8 6 6 a .
Divacancy  m i g r a t i o n  i s  s i m i l a r  to  monovacancy m i g r a t i o n  t h a t
t a k e s  p l a c e  v i a  t h e  movement o f  one atom. Because o f  t h i s ,  t h e  method
o f  c a l c u l a t i n g  t h e  m i g r a t i o n  e n e r g y  i s  t h e  same, and j u s t  a s  w i t h  mono
v a c a n c i e s ,  where  t h e  r e f e r e n c e  z e ro  o f  ene rgy  was E^, t h e  r e f e r e n c e
?Vene rgy  was t a k e n  to  b e  E ' f o r  d i v a c a n c i e s .  However i t  i s  v e r y
pvi m p o r t a n t  t o  r e a l i z e  t h a t  s i n c e  E c o n t a i n s  i n f o r m a t i o n  a bou t  t h e  
b i n d i n g  e ne rgy  o f  t h e  p a r t i c u l a r  d i v a c a n c y ,  i n  g e n e r a l  i t  h a s  a 
d i f f e r e n t  v a l u e  b e f o r e  and a f t e r  t h e  m i g r a t i o n  jump. The m i g r a t i o n  
e n e r g i e s  o f  f o u r  d i f f e r e n t  t y p e s  o f  d i v a c a n c y  1, 2,  3 and 4 ,  f o r  b o t h  
forward and backward jumps were c a l c u l a t e d  u s in g  Johnson  a l p h a - i r o n  and 
M i l l e r  molybdenum p o t e n t i a l s .  A fo rw ard  jump t r a n s f o r m s  a c l u s t e r  i
' 1
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i n t o  a c l u s t e r  j  and th e  backward jump j  i n t o  i .  The m i g r a t i o n  
e n e r g i e s  f o r  forward  and backward jumps a r e  g i v e n  i n  t a b l e  3•5* The 
d i f f e r e n t  m i g r a t i o n  mechanisms and t h e i r  p o t e n t i a l  b a r r i e r s  a r e  shown 
i n  f i g s  3 ' 3 ( a - d )  and 3*4-5 r e s p e c t i v e l y .
Divacancy  m i g r a t i o n  by means o f  t h e  <1 0 0> jump h a s  been
c o n s i d e r e d  f o r  molybdenum. The p o t e n t i a l  e ne rgy  b a r r i e r  g i v e s  
i n f o r m a t i o n  a bou t  t h e  s a d d l e  p o i n t .  The s a d d l e  p o i n t  i s  due to  t h e  
f a c t  t h a t  t h e  m i g r a t i n g  atom has  t o  p a s s  t h r o u g h  t h e  f o u r  a toms a t  t h e  
c o r n e r s  o f  a s q u a r e  when i t  i s  moving tow ards  t h e  v a c a n t  s i t e .  The 
d i s t a n c e  o f  c l o s e s t  a p p ro a c h  i s  0 . 7 0 7 a ,  where a i s  t h e  l a t t i c e  
p a r a m e t e r ;  wh ich i s  much l e s s  t h a n  t h e  normal  f i r s t  n e a r e s t  ne ighbou r  
d i s t a n c e .  T h i s  mechanism i s  shown i n  f i g  3*2 .  In  t h i s  c a se  t h e  
m i g r a t i o n  o f  a d i v a c a n c y  2 to  4 was examined and an e n e rg y  o f  4*37eV 
w a s ,r e c o r d e d .
The t e c h n i q u e  a dop te d  f o r  c a l c u l a t i n g  t h e  m i g r a t i o n  energy  o f  
c l u s t e r s  o f  N - v a c a n c i e s  was s i m i l a r  to  d i v a c a n c y  m i g r a t i o n  e x c ep t  t h a t  
i n  t h i s  c a s e  t h e  r e f e r e n c e  en e rg y  was t a k e n  to  be  f o r  c l u s t e r s  o f  
N - y a c a n c i e s .  C l u s t e r s  o f  up t o  N=6 v a c a n c i e s  were i n c l u d e d  i n  t h i s  
a n a l y s i s .  There  were 9 ,  11, 2,  and 1 c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c l u s t e r s  o f  t r i v a c a n c i e s ,  t e t r a v a c a n c i e s ,  p e n t a v a c a n c i e s  and 
h e x a v a c a n c i e s  r e s p e c t i v e l y .  The m i g r a t i o n  mechanisms f o r  t h e s e  
c o n f i g u r a t i o n s  and t h e i r  p o t e n t i a l  b a r r i e r s  a r e  shown i n  f i g s  3*3 a n d .  
3*5* The m i g r a t i o n  e n e r g i e s  f o r  fo rw ard  and backward jumps a s s o c i a t e d  
w i t h  t h e s e  mechanisms were c a l c u l a t e d  and a r e  g i v e n  i n  t a b l e  3*6.
53
3 .5  DISCUSSION
The e n u m e r a t io n  o f  m i g r a t i o n  mechanisms i s  h e l p f u l  f o r  the  
d e t e r m i n a t i o n  o f  c l u s t e r  c o n c e n t r a t i o n s  i n  c r y s t a l s .  The r e s u l t s  
c o n t a i n e d  i n  t h i s  c h a p t e r  a r e  used f o r  t h e  d e t e r m i n a t i o n  o f  such  
c o n c e n t r a t i o n s  i n  BCC c r y s t a l s  u s i n g  t h e  t h e o r y  o f  Markov c h a i n s  i n  
c h a p t e r  8> The m i g r a t i o n  m a t r i c e s  f o r  d i -  and t e t r a - v a c a n c y  c l u s t e r s  
i n d i c a t e  t h a t  a l l  t h e  e n t r i e s  o f  t h e  main d i a g o n a l  i n  each  m a t r i x  a r e  
z e r o s .  These e n t r i e s  i n d i c a t e  t h a t  m i g r a t i o n  o f  a c l u s t e r  i n t o  i t s e l f ,  
i s  n o t  p o s s i b l e .  T h i s  s p e c i a l  b e h a v io u r  o f  vacancy  c l u s t e r s  i s  n o t  
o bse rved  i n  FCC ( Crocker  and F a r i d i  1978) and HCP c r y s t a l s  ( F a r i d i  and 
Ahmed 1 9 82 ) .  For  example i n  t h e  c a s e  o f  t h e  FCC s t r u c t u r e ,  o u t  o f  20 
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  t e t r a v a c a n c y  c l u s t e r s  5 d i f f e r e n t  t y p e s  
o f  c l u s t e r  can  m i g r a t e  i n t o  t h e m s e l v e s .  In  HCP 57 c r y s t a l l o g r a p h i c a l l y  
d i s t i n c t  t e t r a v a c a n c y  c l u s t e r s  a r e  p o s s i b l e .  Of t h e s e  21 can m i g r a t e  
i n t o  d i f f e r e n t  v a r i a n t s  o f  t h e  same t y p e .  C rocke r  and F a r i d i  
c o n s i d e r e d  o n ly  one d i v a c a n c y  c l u s t e r  a t  f i r s t  n e a r e s t  n e ig h b o u r  
b e c a u s e  i t  i s  t h e  mos t  s t a b l e  c o n f i g u r a t i o n  i n  t h e  FCC s t r u c t u r e .  
Crocker  (1975)  p o i n t e d  ou t  t h a t  i n  t h e  HCP s t r u c t u r e  o f  i d e a l  a x i a l  
r a t i o  n e i g h b o u r i n g  s i t e s  b o t h  i n  t h e  b a s a l  p l a n e  and a d j a c e n t  b a s a l  
p l a n e s  may be c o n s i d e r e d  to  be  n e a r e s t  n e i g h b o u r s .  Fo l low ing  t h i s  
a rgument  F a r i d i  and Ahmed c o n s i d e r d  two t y p e s  o f  d i v a c a n c i e s  i n  HCP and 
c o n s t r u c t e d  t h e  m i g r a t i o n  m a t r i x .  T h i s  m a t r i x  i n d i c a t e s  t h a t  b o t h  o f  
t h e s e  c a n  m i g r a t e  i n t o  d i f f e r e n t  o r i e n t a t i o n s  o f  t h e  same type  o f  
c o n f i g u r a t i o n .
I n  t h e  p r e s e n t  s t u d y  m i g r a t i o n  m a t r i c e s  and M^j fo:
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c lo s e - p a c k e d  t r i -  and t e t r a - v a c a n c y  c l u s t e r s  ( s e e  t a b l e  3 - 2  and 3*4)  i n  
which e v e r y  va c anc y  h a s  a t  l e a s t  a n o t h e r  vacancy  i n  i t s  f i r s t  n e a r e s t  
n e ig h b o u r  p o s i t i o n  a r e  s i n g u l a r  and n o n - sy m m et r i c . But i n  t h e  c a s e  o f  
FCC, HCP and s q u a r e  l a t t i c e  s t r u c t u r e s  t h e  m i g r a t i o n  m a t r i c e s  a r e  
n o n - s i n g u l a r  and n o n - s y m m e t r i c . T h i s  i s  b e c au s e  i n  t h e s e  s t r u c t u r e s  
none o f  t h e  c l u s t e r s  a r e  a s  r i g i d  a s  t h e  3*3 and 4 .1 2  c l u s t e r s ,  n e i t h e r  
o f  which can  m i g r a t e .
I t  i s  found t h a t  f o r  t r i v a c a n c y  c l u s t e r s  i f  bond B i s  a l s o  
i n t r o d u c e d  i n  t h e  c l a s s i f i c a t i o n  o f  a c lo s e - p a c k e d  c l u s t e r  t h e n  th e  
m i g r a t i o n  m a t r i x  ( t a b l e  3*3)  becomes n o n - s i n g u l a r  and n o n - s y m m e t r i c . 
Th is  i s  b e c a u s e  t h e  mechanisms which i n v o l v e  a change  o f  bond A i n t o  
bond B a r e  now no l o n g e r  f o r b i d d e n .  On th e  o t h e r  hand ,  f o r  d i v a c a n c y  
c l u s t e r s  t h e  s i t u a t i o n  i s  d i f f e r e n t  b e c au s e  we a l s o  i n c l u d e d  
n o n - c l o s e - p a c k e d  c l u s t e r s  i n  t h i s  a n a l y s i s .  But t h e  m i g r a t i o n  m a r t i x  
i s  a l s o  n o n - s i n g u l a r  a s  w e l l  a s  n o n - s y m m e r t i c . T h i s  i s  due to  t h e  f a c t  
t h a t  t h e  i n t r o d u c t i o n  o f  n o n - c l o s e - p a c k e d  c l u s t e r s  i n c r e a s e s  t h e  
p o s s i b i l i t y  o f  p r o d u c t  c l u s t e r s  a s  a r e s u l t  o f  t h e  m i g r a t i o n  p r o c e s s .  
The m i g r a t i o n  m a t r i c e s  f o r  BCC s t r u c t u r e s  do n o t  e x h i b i t  any symmetry, 
however t h e  r e s u l t s  obey t h e  r e l a t i o n s h i p  (C ro ck e r  and F a r i d i  1978) :
<  ...............................................
Nh e r e  "N" i n d i c a t e s  t h e  number o f  v a c a n c i e s ,  V shows t h e  number o f  
v a r i a n t s  o f  a p a r t i c u l a r  c o n f i g u r a t i o n  i  hav in g  N v a c a n c i e s .  Th is  
s im p le  fo rm u la  p r o v i d e s  a u s e f u l  check  on th e  e n u m e r a t io n  p r o c e d u r e .
3The m i g r a t i o n  m a t r i x  g i v e n  i n  t a b l e  3*3 d e m o n s t r a t e s  t h a t  t h e  two
c l u s t e r s  AAB and ABD a r e  c a p a b l e  o f  m i g r a t i n g  i n t o  t h e  same c l u s t e r  b u t  
w i t h  d i f f e r e n t  o r i e n t a t i o n s .  The most  compact  t r i v a c a n c y  AAB h a s  more 
axe s  o f  symmetry t h a n  ABD and t h e r e f o r e  i t  can  move th r o u g h o u t  t h e
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c r y s t a l  w i t h o u t  ch a n g in g  i t s  s h a p e .  T h i s  i s  n o t  p o s s i b l e  f o r  t h e  o t h e r  
type  o f  c l u s t e r  i . e  ABD.
A number o f  a u t h o r s  have  c a r r i e d  ou t  compute r  s i m u l a t i o n  
e x p e r i m e n t s  t o  d e t e r m i n e  v a c a n c y  m i g r a t i o n  e n e r g i e s  i n  BCC m e t a l s  
( Jo h n s o n ,  1964a;  W y n b l a t t ,  1968; Neumann e t  a l . ,  1972; Johnson ,  
W i l s o n , 1972 and I n g l e  and C roc ke r ,  1978) .  As m ent ioned  i n  3 . 4 ,  t h e  
r e s u l t s  o f  t h i s  p r e s e n t  s t u d y  f o r  m onovacanc ies  i n  a l p h a - i r o n  a g re e  
w i th  t h o s e  r e p o r t e d  by I n g l e  and Crocker  (1978)  and Johnson  ( 1 9 6 4 a ) .  
Thus n o t  o n l y  was t h e  same v a l u e  f o r  t h e  m i g r a t i o n  e n e rg y  o b t a i n e d ,  b u t  
a l s o  t h e  same type  o f  m i g r a t i o n  e n e rg y  b a r r i e r  c o n s i s t i n g  o f  two maxima 
s e p a r a t e d  by a d i p  a t  t h e  symmetr ic  m i d - p o i n t ,  which  r e p r e s e n t s  a 
l o c a l l y  s t a b l e  c o n f i g u r a t i o n  r a t h e r  t h a n  a s a d d l e  p o i n t  ( f i g  3 * 1 . )  
Th is  a g re e m e n t  i s  n o t  s u r p r i s i n g  c o n s i d e r i n g  t h a t  t h e  same p o t e n t i a l  
was used i n  b o t h  s t u d i e s .  The shape  o f  t h e  e n e rg y  b a r r i e r  which 
a p p e a r s  t o  be  a  d i r e c t  r e s u l t  o f  c r y s t a l  s t r u c t u r e  i s  now con f i rm ed  i n  
t h i s  s t u d y  by  employing  t h e  d i f f e r e n t  M i l l e r  molybdenum p o t e n t i a l .  
W ynb la t t  (1968)  and Neumann e t  a l .  ( 1 9 7 2 ) ,  on t h e  o t h e r  hand,  d id  n o t  
o b s e rv e  t h e  same b e h a v i o u r  i n  t h e i r  s i m u l a t i o n s  u s i n g  Morse p o t e n t i a l s .  
Both r e p o r t  a  s i n g l e  maximum i n  t h e  en e rg y  b a r r i e r .  T h i s  i s  most 
l i k e l y  due t o  t h e  a r t i f i c i a l  r e s t r i c t i o n s  which t h e y  impose on t h e i r  
a tomic r e l a x a t i o n s ,  co u p le d  w i t h  t h e  l o n g - r a n g e  n a t u r e  o f  t h e i r  
p o t e n t i a l s .
The most  e n e r g e t i c a l l y  f a v o u r e d  d i v a c a n c y  B must change  
c h a r a c t e r  on m i g r a t i n g  and become e i t h e r  a d i v a c a n c y  o f  t y p e  A o r  D. 
The m i g r a t i o n  e n e r g i e s  f o r  t h e s e  two m e c h a n i s m s ,a r e  o b t a i n e d  f o r  b o t h  
a l p h a - i r o n  and molybdenum. For  a l p h a - i r o n  t h e  m i g r a t i o n  e n e r g i e s
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a s s o c i a t e d  w i t h  t h e  mechanisms B —>► A and B — D a r e  0.78eV and 
0.66eV r e s p e c t i v e l y .  I n  t h e  c a s e  o f  molybdenum t h e  c o r r e s p o n d in g  
e n e r g i e s  a r e  1.55eV and 1.35eV. T h i s  c o n f i r m s  t h e  r e s u l t s  o f  I n g l e  and 
Crocke r  (1978)  and B e e l e r  and J o hnson  (1 9 6 7 ) ,  i t  h a s  been  d i s c o v e r e d  
t h a t  t h e  same r o u t e  i s  t h e  most  i m p o r t a n t  f o r  t h e  m i g r a t i o n  o f  
d i v a c a n c y  c l u s t e r s  i n  molybdenum. These r e s u l t s  s u g g e s t  t h a t  i n  a l l  
t h e  BCC m e t a l s  t h e  m i g r a t i o n ,  B — D i s  t h e  mos t  e n e r g e t i c a l l y  
f a v o u r a b l e  r o u t e .  The m i g r a t i o n  e n e r g y  f o r  a d iv a c a n c y  B— >>C i n  which 
t h e  p r o c e s s  i n v o l v e s  a second n e a r e s t  n e ig h b o u r  jump i s  4 .3 7  eV. Th is  
r e s u l t  i n d i c a t e s  t h a t  t h e  m i g r a t i o n  o f  a d i v a c a n c y  by  means o f  <1 0 0>
or  l a r g e r  jumps i s  n o t  f e a s i b l e .  In  f a c t  t h e  m i g r a t i o n  o f  
n o n - c l o s e - p a c k e d  d i v a c a n c y  c l u s t e r s  C and D i n t o  c lo s e - p a c k e d  d iv a c a n c y  
c l u s t e r s  A and B a r e  s t r i c t l y  g row th  mechanisms o f  c l u s t e r s  o f
v a c a n c i e s .
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The m i g r a t i o n  e n e r g i e s  f o r  t h e  f o u r  c o n f i g u r a t i o n a l  changes  
which t r i v a c a n c y  AAB can  undergo  a s  a consequence  o f  one va c anc y  jump 
a r e  examined .  The m i g r a t i o n  e n e rg y  o f  AAB i n t o  i t s  f o u r  p o s s i b l e  
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  o r i e n t a t i o n s  i s  0 .66eV. Thus a 
monovacancy, t h e  mos t  s t a b l e  d i v a c a n c y  B and t h e  most  compact  
t r i v a c a n c y  AAB m i g r a t e  w i th  a b o u t  t h e  same m i g r a t i o n  e ne rgy  i n  
a l p h a - i r o n .  Th i s  i s  a l s o  t r u e  i n  t h e  c a s e  o f  molybdenum. T h i s  f a c t  
p r o v i d e s  g r e a t  f l e x i b i l i t y  i n  t h e  ways i n  which  AAB can t r a n s f o r m  
i t s e l f  i n t o  d i f f e r e n t  o r i e n t a t i o n s  o f  t h e  same c o n f i g u r a t i o n ,  and a l s o  
t h e  way i n  which AAB can  a t t a c h  i t s e l f  t o  a l a r g e r  c l u s t e r .  The 
m i g r a t i o n  mechanisms and t h e i r  a s s o c i a t e d  m i g r a t i o n  e n e r g i e s  s u g g e s t  
t h a t  t h e  most  compact  and t h e  mos t  s t a b l e  t r i v a c a n c y  c l u s t e r  o f  type  
AAB can a c t  a s  a b u i l d i n g  u n i t  f o r  t h e  f o r m a t i o n  o f  l a r g e  vacancy
57
c l u s t e r s .  In  a d d i t i o n  to  t h e  m i g r a t i o n  o f  AAB i n t o  f o u r  d i s t i n c t  
t r i v a c a n c y  c l u s t e r s  hy means o f  one f i r s t  n e a r e s t  n e ig h b o u r  jump, i t  i s  
a l s o  p o s s i b l e  t h a t  t h i s  m i g r a t i o n  mechanism may o c c u r  t h ro u g h  
i n t e r m e d i a t e  c o n f i g u r a t i o n s ,  e . g ,
AAB— >-ADE— >"ACD— ^AAC— >-ABD—>-AAB. As f a r  a s  t h e  g e o m e t r i c a l  
a s p e c t  o f  m i g r a t i o n  i s  c o n c e rn e d  t h i s  i s  an a l t e r n a t i v e  r o u t e  f o r  
g e t t i n g  AAB t h r o u g h  d i f f e r e n t  c o n f i g u r a t i o n s ,  b u t  t h e  compute r  
s i m u l a t i o n s  o f  t h i s  i n t e r m e d i a t e  r o u t e  i n d i c a t e  t h a t  i t  i s  a d i f f i c u l t  
p r o c e s s .
The computed m i g r a t i o n  e n e r g i e s  f o r  t e t r a v a c a n c y  c l u s t e r s  
d e m o n s t r a t e  t h a t  t h e  most  s t a b l e  t e t r a v a c a n c y  AAAABB i s  immobil e ,  
b e c a u s e  i t  r e q u i r e s  a h i g h  e n e rg y  t o  overcome t h e  p o t e n t i a l  en e rg y  
b a r r i e r s  be tw een  i t s e l f  and o t h e r  c l u s t e r s  to  which m i g r a t i o n  i s  
p o s s i b l e .  Due to  i t s  i m m o b i l i t y ,  AAAABB i s  n o t  so i n t e r e s t i n g  a d e f e c t  
a s  t h e  t r i v a c a n c y  c l u s t e r  AAB, which  can  a c t  a s  a b u i l d i n g  u n i t  f o r  
c l u s t e r  f o r m a t i o n .  The m i g r a t i o n  mechanisms a s s o c i a t e d  w i th  a 
t e t r a v a c a n c y  c l u s t e r  o f  t y p e  AAABBC, which t r a n s f o r m  AAABBC — ^  AAAABC
and AAABBC ---->■ AAABBD a r e  e n e r g e t i c a l l y  f a v o u r a b l e  jumps.  Once a g a i n
t h e  m i g r a t i o n  o f  t h e  mos t  compact  p e n ta v a c a n c y  c l u s t e r  5*1 and 
h exavacancy  c l u s t e r  6 .1  c a n n o t  m i g r a t e  i n t o  d i f f e r e n t  o r i e n t i a t i o n s  o f  
t h e  same c l u s t e r .  Our c a l c u l a t i o n s  i n d i c a t e  t h a t  m i g r a t i o n  jumps f o r  
t r a n s f o r m i n g  the  p e n ta v a c a n c y  c l u s t e r  5*2 t o  5*1,  and t h e  hexavacancy  
c l u s t e r  6 . 2  t o  6.1 h a v e  v e r y  low m i g r a t i o n  e n e r g i e s .  These r o u t e s  a r e  
t h e r e f o r e  p r e f e r a b l e  i n  a l p h a - i r o n .  In  a  number o f  c a s e s  o u r  
c a l c u l a t e d  m i g r a t i o n  e n e r g i e s  f o r  c l u s t e r s  o f  v a c a n c i e s  a r e  s l i g h t l y  
d i f f e r e n t  from t h e  e a r l i e r  s t u d i e s  by B e e l e r  and Johnson  ( 1 9 6 7 ) .  T h i s  
d i f f e r e n c e  may a r i s e  due to  t h e  d i v i s i o n  o f  t h e  m i g r a t i o n  p a t h  i n t o  a
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d i f f e r e n t  number o f  s t e p s .  Two peaks  a r e  e xpec ted  a t  0 .8 6 6 a /3  and 
0 1 .7 3 2 a /3  r e s p e c t i v e l y ,  where 0 .8 6 6  i s  t h e  f i r s t  n e a r e s t  n e ig h b o u r  
d i s t a n c e  and a i s  t h e  l a t t i c e  p a r a m e t e r .  I f  t h e  r e l a x e d  energy  o f  t h e  
model  when t h e  m i g r a t i n g  atom i s  moving towards  t h e  v a c a n t  s i t e  i s  n o t  
c a l c u l a t e d  a t  t h e s e  p a r t i c u l a r  p o s i t i o n s ,  t h e n  an e r r o r  may be
e x p e c t e d .  In  t h i s  a n a l y s i s  t h e  m i g r a t i o n  p a th  i s  d i v i d e d  i n t o  t e n
e q u a l  s t e p s  i n  o r d e r  to  l i m i t  t h e  amount o f  c o m p u ta t io n .  T h i s  p a t h  may 
be d i v i d e d  i n t o  more t h a n  t e n  s t e p s  i n  o r d e r  to  g e t  more a c c u r a t e  
v a l u e s  f o r  m i g r a t i o n  e n e r g i e s .
Al l  ou r  c a l c u l a t i o n s  show t h a t  t h e  t r a n s f o r m a t i o n  o f  a
c lo s e - p a c k e d  vacancy  c l u s t e r  i n t o  a l e s s  c l o s e - p a c k e d  vacancy  c l u s t e r  
r e q u i r e s  a h i g h  m i g r a t i o n  e n e rg y  and i s  t h e r e f o r e  u n l i k e l y  t o  o c c u r .
Th is  i s  due to  t h e  f a c t  t h a t  when a vacancy  c l u s t e r  m i g r a t e s  where 
v a c a n c i e s  a r e  t i g h t l y  bound t h e n  t h e  m i g r a t i n g  atom has  t o  push  t h e  
s u r r o u n d i n g  atoms b a c k  t o  t h e i r  o r i g i n a l  p o s i t i o n s  i n  t h e  va c anc y  
c l u s t e r .
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" i j  '
M,i j
" i j  '
1 2 31 0 6 6
2 8 0 0
3 4 0 0
4 - 0 2 4
. M i g r a t i o n m a t r i x f o r
i n BCC c r y s t a l s .
_  1 2 3-,1 4 2 0
2 2 0 0
3 0 0 0
. M i g r a t i o n m a t r i x f o r
t r i v a c a n c y  c l u s t e r s  i n
1 2 31 4 2 0
2 2 0 0
3 0 0 04 1 2 1
5 4 2 0
6 _ 0 0 0
TABLE 3 . 3 . M i g r a t i o n  m a t r i x  f o r  f i r s t  and second n e a r e s t  
n e ig h b o u r  t r i v a c a n b y  c l u s t e r s  i n  BCC c r y s t a l s .
"Ij
1 2 3 4 5 6 7 8 9 10 11 121 “ 0 0 8 0 0 0 0 0 0 0 0 02 0 0 4 0 0 0 0 0 0 0 0 0
3 2 1 0 2 2 0 0 0 2 0 0 0
4 0 0 4 0 0 2 0 0 0 0 0 0
5 0 0 1 0 0 1 0 1 0 0 0 0
6 0 0 0 1 2 0 3 0 0 1 1 07 0 0 0 0 0 3 0 0 0 0 0 08 0 0 0 0 6 0 0 0 0 0 0 0
9 0 0 2 0 0 0 0 0 0 0 0 010 0 0 0 0 0 2 0 0 0 0 0 011 0 0 0 0 0 1 0 0 0 0 0 01 2 0 0 0 0 0 0 0 0 0 0 0 0
TABLE 3 . 4 . M i g r a t i o n  m a t r i x  f o r  f i r s t  n e a r e s t  n e ig h b o u r  t e t r a v a c a n c y  
c l u s t e r s  i n  BCC c r y s t a l s .
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ALPHA-IRON MOLYBDENUM
CASE MIGRATION MIGRATION ENERGIES MIGRATION ENERGIES
NO MECHANISMS Ed Bd Ed Bd
a 2.1 - ^ 2 . 2 0 . 7 2 0 .7 8 1 . 43 1 . 5 5
b 2.1 - < ^ 2 . 3 0 .8 6 0 . 7 1 1 .69 1 .46
c 2 . 2 ^ H » 2 . 4 0 .6 6 0 . 5 2 1 . 3 5 1 .04
d 2 . 4 ^ H » 2 . 4 0 .6 5 0 . 7 3 1 . 3 4 1 . 4 5
TABLE 3 . 5 . Summary o f  r e s u l t s  o f  m i g r a t i o n  e n e r g i e s  f o r  f o u r  
d i v a c a n c i e s  ( 2 . 1 ,  2 . 2 ,  2 . 3 ,  2 . 4 ) .  The m i g r a t i o n  e n e r g i e s  a r e  i n
e l e c t r o n  v o l t s  o n l y  f o r  t h o s e  mechanisms which a r e  shown i n  f i g  
3 . 3 ( a - d ) .  Here Ed and Bd i n d i c a t e  t h e  m i g r a t i o n  e n e r g i e s  f o r  
forward and backward jumps.  The mono-vacancy m i g r a t i o n  e n e r g i e s  in  
a l p h a - i r o n  and molybdenum a r e  0 .68eV and 1 .39eV r e s p e c t i v e l y .
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CASE MIGRATION MECHANISMS MIGRATION ENERGIES
NO Ed Bd
e 3.1 - ^ 3 . 1 0 .6 6 0 .6 6
f 3 . 1  " ^ - ^ 3 . 2 0 .9 8 0 . 7 5
g 3 .1^&^»3 .4 0 . 7 0 0 . 5 2
h 3 . 1 - ^ 3 .5 0 .8 4 0 . 7 1
i 3 . 2 ^ -  >► 3 . 4 0 . 7 2 0 .7 9
j 3 . 3 - ^ 3 .4 0 . 6 8 0 . 7 5k 3 . 4 ^ ^ 3 . 5 0 . 7 2 0 . 7 3
1 3 . 4"<-»" 3 . 6 0 . 7 1 0 . 7 5
m 3 . 7 - ^ 3 . 8 0 .6 0 0 .62
n 4 . 1  4 . 1 3 0 .8 3 0 .4 6
0 4 • 2 4 . 3 0.61 0 .6 6
P 4*3 4 . 1 0 . 7 0 0 .8 9q 4 . 4  ^  4 . 30 0.81 0 .6 8r 4 .4^&*»4 .3 0 .67 0 .6 8
s 4 .4 '< - > " 4 .16 0 . 7 1 0 . 5 4
t 4 . 5 - ^ 4 .3 0 . 7 5 0 . 9 5
u 4 . 5 . ^ 4 . 2 0 . 7 3 0 .84
V 4 . 6  -<-^-4.4 0 . 7 5 0 . 9 7
w 4 . 1 5 , ^ 4 . 5 0 . 7 1 0 .5 6
X 5 . 2  ^ > 5 . 1 0 . 7 1 0 .8 9
y 5 . 3 . 1 « 0 .4 8 0 .83
z 6 .2^ 6 . 0 . 4 7 0 . 9 0
TABLE 3 . 6 . Summmary o f  r e s u l t s o f  m i g r a t i o n e n e r g i e s
f o r  t r i ­ t e t r a -  p e n t a -  and h e x a -v a c a n c y  c l u s t e r s  i n
a l p h a -  i r o n The m i g r a t i o n  e n e r g i e s  a r e  i n e l e c t r o n
v o l t s  on ly f o r  t h o s e  mechanisms which  a r e  shown i n  f i g
3 . 3 ( e - z ) . Here Ed and Bd r e p r e s e n t  t h e  m i g r a t i o n
e n e rg y  f o r fo rw ard  and backward jumps r e s p e c t i v e l y .
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CHAPTER 4
GROWTH AND CONTRACTION OF CLUSTERS OF VACANCIES
4.1 INTRODUCTION
One o f  t h e  b a s i c  e f f e c t s  o f  i r r a d i a t i o n  i n  s o l i d s  i s  t h e  
d i s p l a c e m e n t  o f  a toms from t h e i r  l a t t i c e  s i t e s ,  and as  a r e s u l t  
v a c a n c i e s  and i n t e r s t i t i a l s  a r e  p ro d u ce d .  The p r o p e r t i e s  o f  t h e s e  
d e f e c t s  can be examined and measured e x p e r i m e n t ly  (Eyre  1973, Eyre e t  
a l .  1978) and i t  i s  now w e l l  e s t a b l i s h e d  t h a t  p o i n t  d e f e c t s  a r e  a b l e  
to  a c t  a s  t h e i r  own s i n k s  by c l u s t e r i n g  i n t o  g r o u p s .  A key  p o i n t  i n
t h i s  a rgum en t  i s  t h a t  t h e  e n e rg y  o f  two p o i n t  d e f e c t s  i s  lower  when
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t h e y  a r e  bound t o g e t h e r  t h a n  when t h e y  a r e  i s o l a t e d  from one a n o t h e r ,  
and t h e  same p r i n c i p l e  a p p l i e s  t o  l a r g e r  g roups  o f  p o i n t  d e f e c t s .  The 
c o n f i g u r a t i o n s  a d o p te d  by p o i n t  d e f e c t  c l u s t e r s  ( C r o c k e r  1978,  Ahmed e t  
a l .  1982) i n  v a r i o u s  m e t a l s  a r e  o f  c o n s i d e r a b l e  i n t e r e s t .  Katz  and 
W ie d e r s i c h  ( 1 9 7 1 ) ,  N o r r i s  ( 1 9 7 2 ) ,  Bul lough  and Ne lson  (1974)  and 
B r a i l s f o r d  (1978)  p o i n t e d  ou t  t h a t  t h e s e  d e f e c t s  a r e  r e s p o n s i b l e  f o r  
v a r i o u s  r a d i a t i o n  phenomena, i n c l u d i n g  vo id  f o r m a t i o n  i n  m e t a l s .  Thus 
due to  t h e  key r o l e  p l a y e d  by t h e  a g g r e g a t i o n  o f  t h e s e  d e f e c t s  i n  
m e t a l s  i t  was i m p o r t a n t  t o  examine how t h e y  can  grow by  c o l l e c t i n g  
a d d i t i o n a l  d e f e c t s .  In  t h i s  c h a p t e r  t h e  g rowth  and c o n t r a c t i o n  
p r o c e s s e s  f o r  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  
v a c a n c i e s  i n  a l p h a - i r o n  have  been  examined.
Growth o f  c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  can be  c o n s i d e r e d
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t o  o c c u r  t h r o u g h  t h e  removal  o f  an atom which i s  a f i r s t  n e a r e s t  
n e i g h b o u r  o f  a t  l e a s t  one o f  t h e  e x i s t i n g  v a c a n c i e s .  C o n t r a r y  to  t h e  
mechanism o f  g r o w th ,  c o n t r a c t i o n  i s  a p r o c e s s  i n  which a c l o s e - p a c k e d  
c l u s t e r  l o s e s  a v a c an c y  t o  become a n o t h e r  c l o s e - p a c k e d  b u t  s m a l l e r  
c l u s t e r . .
Computer s i m u l a t i o n  methods  based  on e m p i r i c a l  i n t e r a t o m i c  
p o t e n t i a l s  a r e  i d e a l l y  s u i t e d  to  t h e  i n v e s t i g a t i o n  o f  a to m ic  mechanisms 
o f  t h i s  k i n d .  T h e r e f o r e  t h e s e  methods  were emloyed f o r  t h e  p r e s e n t  
s t u d i e s .  Only a l i m i t e d  number o f  c lo s e - p a c k e d  c l u s t e r s  were examined 
i n  o r d e r  t o  l i m i t  t h e  amount  o f  c o m p u t a t i o n .  Most a p p l i c a t i o n s  o f  t h i s  
t e c h n i q u e '  have been  aimed a t  t h e  d e t e r m i n a t i o n  o f  s t r u c t u r e s  and s e l f -  
and i n t e r a c t i o n -  e n e r g i e s  o f  d e f e c t s  i n  c u b ic  c r y s t a l s .  For  example,  
A kh te r  ( 1 9 8 2 ) ,  C rocke r  (1980)  and I n g l e  and C rocke r  (1978)  have usedI
t h i s  t e c h n i q u e  f o r  s t u d y i n g  t h e  i n t e r a c t i o n  o f  p o i n t  d e f e c t s  i n  FCC and 
BCC m e t a l s .
4 . 2  GROWTH AND CONTRACTION MECHANISMS
The g rowth  o f  c l u s t e r s  o f  v a c a n c i e s  t a k e s  p l a c e  when an i s o l a t e d  
va c anc y  j o i n s  a p r e - e x i s t i n g  c l u s t e r .  P h y s i c a l l y  an  i s o l a t e d  va c anc y  
i s  one which  h a s  no i n t e r a c t i o n s  w i t h  t h e  p a r t i c u l a r  c l u s t e r  unde r  
c o n s i d e r a t i o n  i . e  i t  i s  e f f e c t i v e l y  a t  i n f i n i t e  d i s t a n c e  from t h i s  
c l u s t e r .  G e o m e t r i c a l l y  we d e f i n e  an i s o l a t e d  va c anc y  a s  one which i s  
a t  a t h i r d  n e a r e s t  n e i g h b o u r  s i t e  o r  g r e a t e r  f rom e ach  an e v e r y  
c o n s t i t u e n t  o f  a  c l u s t e r .  The g rowth  mechanisms can be c o n s i d e r e d  a s  a 
t r a n s f o r m a t i o n  from n o n - c l o s e - p a c k e d  i n t o  c l o s e - p a c k e d  c l u s t e r s  o f  
v a c a n c i e s  by means o f  a v a c a n c y  m i g r a t i o n  p r o c e s s .  A n o n - c l o s e - p a c k e d
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c l u s t e r  o f  v a c a n c i e s  i s  t h a t  i n  which a t  l e a s t  one vacancy  h a s  n e i t h e r  
f i r s t  n o r  second n e a r e s t  n e ig h b o u r  bonds  w i t h  t h e  o t h e r  members o f  t h e  
c l u s t e r .  A c l u s t e r  o f  v a c a n c i e s  c o n t r a c t s  ( s h r i n k s )  by means o f  l o s i n g  
a v a c a n t  s i t e  i n  su c h  a way t h a t  a  c l o s e - p a c k e d  c l u s t e r  becomes 
n o n - c l o s e - p a c k e d .
The v a r i o u s  ways i n  which g rowth  and c o n t r a c t i o n  o f  c lo s e - p a c k e d  
c l u s t e r s  may o c c u r  a r e  summarized i n  f i g  4 . 1 .  The growth  o f  a 
mono-vacancy i n t o  two c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  
d i v a c a n c i e s  a t  f i r s t  and second n e a r e s t  n e i g h b o u r s  (2 .1  and 2 . 2  
r e s p e c t i v e l y )  has  b e e n  examined .  A mono-vacancy can  grow i n t o  a 
d iv a c a n c y  2.1 i f  any one o f  i t s  f i r s t  n e a r e s t  n e i g h b o u r s  c a p t u r e s  an 
i s o l a t e d  v acancy .  The c a p t u r i n g  o f  a va c anc y  i n v o l v e s  t h e  m i g r a t i o n  o f  
a v a c a n t  s i t e  by means o f  a  f i r s t  n e a r e s t  n e ig h b o u r  a tomic  jump. The 
number o f  ways i n  which a  mono-vacancy  can  grow i n t o  a d i v a c a n c y  2.1 
e n t i r e l y  depends  upon t h e  number o f  f i r s t  n e a r e s t  n e ig h b o u r s  a v a i l a b l e .  
Thus t h e  growth mechanisms  a r e  t h e  number o f  p o s s i b l e  ways by means o f  
which a c l u s t e r  o f  N v a c a n c i e s  can  grow i n t o  a c l u s t e r  o f  N+1 
v a c a n c i e s .  In  t h i s  c a s e  t h e r e  a r e  f o u r  p o s s i b l e  g rowth  mechanisms b u t  
t h r e e  o f  them a r e  e q u i v a l e n t  and hence  t h e r e  a r e  o n l y  two d i s t i n c t  
mechanisms f o r  c o n v e r s i o n  o f  a  mono-vacancy i n t o  d i v a c a n c y  2 . 1 .  These 
a r e  shown i n  f i g  4 . 2 ( a , b ) .
In  a  s i m i l a r  way a  mono-vacancy  can  grow i n t o  a d i v a c a n c y  2 . 2  by 
a t t a c h i n g  an i s o l a t e d  v a c a n c y  a t  any  one o f  i t s  s i x  second n e a r e s t  
n e ig h b o u r  l a t t i c e  s i t e s .  The a t t a c h m e n t  o c c u r s  when a va c anc y  makes a 
f i r s t  n e a r e s t  a tomic  jump t o  one o f  t h o s e  s i t e s .  The number o f  
p o s s i b l e  growth  mechanisms  i s  a s s o c i a t e d  w i t h  t h e  number o f  f i r s t
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n e a r e s t  n e i g h b o u r s  o f  a l a t t i c e  s i t e  a t  which an i s o l a t e d  vacancy  jumps 
i n  such  a way t h a t  i t  c o n v e r t s  a c l o s e - p a c k e d  c l u s t e r  o f  N v a c a n c i e s  
i n t o  N+1 v a c a n c i e s .  In  t h i s  p a r t i c u l a r  c a s e  f o u r  p o s s i b l e  growth  
mechanisms a r e  p o s s i b l e  b u t  a l l  o f  them a r e  e q u i v a l e n t .  Thus t h e r e  i s  
o n l y  one d i s t i n c t  g rowth  mechanisra(D t o  B) a s s o c i a t e d  w i th  t h e  growth 
o f  a mono-vacancy i n t o  a d i v a c a n c y  o f  type  2 . 2 .  Th is  i s  shown i n  f i g  
4 . 2 ( c ) .
I t  was found t h a t  t h e r e  a r e  two and one d i s t i n c t  mechanisms f o r  
t h e  g rowth  o f  a mos t  compact  t r i v a c a n c y  3*1 from d i v a c a n c i e s  2.1 and
2 . 2  r e s p e c t i v e l y .  These mechanisms a r e  i l l u s t r a t e d  i n  f i g  4 . 2 ( d , e )  and 
( f ) .  A t r i v a c a n c y  3«1 t h e n  grows by  a b s o r b i n g  an a d d i t i o n a l  vacancy  
and t h i s  can be done i n  seven  ways ( s e e  f i g  4 . 2 ( g - m ) ) ,  t o  produce  f o u r  
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  t e t r a v a c a n c y  c l u s t e r s  4 . 1 - 4 .  4.1 and 4 . 2
have  o n l y  one d i s t i n c t  mechanism,  4 . 3  and 4*4 can be produced by t h r e e  
and two d i s t i n c t  mechanisms r e s p e c t i v e l y .  The growth  o f  o n l y  t h e  most 
compact  t e t r a v a c a n c y  4*1 i n t o  p e n ta v a c a n c y  5.1 h a s  been  s t u d i e d .  T h i s  
p r o c e s s  i n v o l v e s  o n l y  one d i s t i n c t  growth  mechanism (n)  and i s  shown i n  
f i g  4 . 2 .  F i n a l l y  t h i s  c l u s t e r  ( 5 . 1 )  can  grow t o  become a hexavacancy  
c l u s t e r  o f  t y p e  1 which  i s  a l s o  a  c l o s e s t - p a c k e d  c o n f i g u r a t i o n .  T h i s  
can be  done  by one mechanism which  i s  shown i n  f i g  4 . 2 ( p ) .
In  a d d i t i o n  to  t h e s e  g row th  p r o c e s s e s  t h e r e  a r e  an e q u i v a l e n t  
number o f  c o n t r a c t i o n  m echan ism s .  These t r a n s f o r m  a hexavacancy  
c l u s t e r  6 .1  i n t o  a mono-vacancy by  a r e v e r s e  s t e p  by  s t e p  p r o c e d u r e .
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4 . 3  GROWTH AND CONTRACTION ENERGIES
The compute r  s i m u l a t i o n  method was used f o r  s t u d y i n g  t h e  growth  
and c o n t r a c t i o n  o f  c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s .  The model  was 
s i m i l a r  t o  t h a t  d e s c r i b e d  by B r i s to w e  ( 1 9 7 5 ) ,  M i l l e r  (1 9 8 0 ,1 9 8 1 ) ,  
M i l l e r  e t  a l .  (1981)  and h a s  been  d i s c u s s e d  i n  c h a p t e r  1 w i t h  f u l l  
d e t a i l s .  Only a b r i e f  i n t r o d u c t i o n  i s  g i v e n  h e r e .  I n  t h i s  model t h e  
c r y s t a l  was s i m u l a t e d  by a  c u b ic  b l o c k  o f  855 atoms,  wh ich  were a l lowed 
to i n t e r a c t  t h r o u g h  an  e m p i r i c a l ,  s h o r t  r a n g e ,  p a i r w i s e  p o t e n t i a l .  The 
i n n e r  volume was s u r ro u n d e d  by an e l a s t i c  cont inuum m a n t l e .  T h i s  
m a n t l e  e n s u re d  t h a t  e v e r y  atom i n  t h e  c o m p u t a t i o n a l  c e l l  ( i n n e r  volume) 
had a c o m p le te  s e t  o f  n e i g h b o u r s  w i t h i n  t h e  p o t e n t i a l  r a n g e .  The 
Johnson  a l p h a - i r o n  p o t e n t i a l  was used i n  t h e  p r e s e n t  s t u d i e s  and r i g i d  
boundary  c o n d i t i o n s  were imposed on t h e  model .
The method used f o r  t h e  d e t e r m i n a t i o n  o f  g rowth  and c o n t r a c t i o n  
e n e r g i e s  f o r  c l u s t e r s  o f  v a c a n c i e s  was t h e  same a s  d e v e lo p e d  i n  c h a p t e r  
5 f o r  t h e  m i g r a t i o n  o f  v a c a n c y  c l u s t e r s  e x c e p t  t h a t  t h e  r e f e r e n c e  
energy  f o r  a c l u s t e r  o f  N v a c a n c i e s  -was t a k e n  to  be  z e r o .  The 
m i g r a t i o n  o f  a  v a c an c y  i n  t h e  c o m p u t a t i o n a l  model  was a c h i e v e d  by 
d i s p l a c i n g  a n e i g h b o u r i n g  atom by means o f  a s equence  o f  s m a l l  s t e p s  
i n t o  t h e  v a c a n t  s i t e .  Fo l lo w in g  each  o f  t h e s e  s t e p s  t h e  c r y s t a l  was 
a l lowed  to  r e l a x  f u l l y ,  e x c e p t  t h a t  t h e  m i g r a t i n g  atom had to  be  
r e s t r a i n e d  from moving e i t h e r  back  t o  i t s  i n i t i a l  p o s i t i o n  o r  f o rw ard s  
to  i t s  f i n a l  p o s i t i o n .
For  a l l  t h e  c a s e s  d e s c r i b e d  i n  f i g  4*2,  g rowth  and c o n t r a c t i o n  
e n e r g i e s  were c a l c u l a t e d  and a r e  l i s t e d  i n  t a b l e  4 . 1 .  The p o t e n t i a l
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energy  b a r r i e r s  a r e  g i v e n  i n  f i g  4•3* The i n i t i a l  and f i n a l  
c o n f i g u r a t i o n s  a r e  r e p r e s e n t e d  by t h e i r  c o n f i g u r a t i o n a l  numbers  on th e  
l e f t  and r i g h t  hand s i d e s  o f  t h e s e  b a r r i e r s .  The e n e rg y  d i f f e r e n c e  
be tween  t h e  ends  o f  t h e s e  p o t e n t i a l  e n e rg y  b a r r i e r s  i s  a  d i r e c t  r e s u l t  
o f  t h e  d i f f e r e n t  . b i n d i n g  e n e r g i e s  f o r  t h e  two e q u i l i b r i u m  
c o n f i g u r a t i o n s .  For  t h i s  r e a s o n ,  t h e  r e f e r e n c e  ze ro  ene rgy  i n  t h e s e  
f i g u r e s  was s e t  up by t h e  i n i t i a l  c o n f i g u r a t i o n a l  e n e r g y ,  f o r  each  
c a s e .
4 . 4  DISCUSSION
I n  t h i s  c h a p t e r  t h e  g rowth  o f  c l u s t e r s  o f  v a c a n c i e s  have  been  
examined by means o f  t h e  a t t a c h m e n t  o f  an i s o l a t e d  vacancy  w i t h  a 
p r e - e x i s t i n g  c l u s t e r .  When an a d d i t i o n a l  vacancy  m ee t s  w i t h  a c l u s t e r  
t h e n  t h e  b i n d i n g  e ne rgy  o f  t h e  r e s u l t a n t  c o n f i g u r a t i o n  i s  changed .  
T h i s  a t t a c h m e n t  mechanism i s  a f av o u re d  growth p r o c e s s  i f  t h e  
a d d i t i o n a l  v a c a n c y  h a s  a p o s i t i v e  b i n d i n g  ene rgy  w i t h  t h e  p r e -  e x i s t i n g  
c l u s t e r .  The p r e s e n t  s t u d i e s  a r e  m o t i v a t e d  by an  i n t e r e s t  i n  va c anc y  
c l u s t e r  b e h a v i o u r  i n  i r r a d i a t e d  m e t a l s  and t h e  means by  which  
n u c l é a t i o n  o f  l a r g e r  c l u s t e r s  c a n  t a k e  p l a c e .  The f u n c t i o n  o f  a 
c l u s t e r  a s  a n u c l é a t i o n  c e n t r e  f o r  g row th  o f  l a r g e r  c l u s t e r s  i s  m a i n ly  
d e te r m in e d  by i t s  g e o m e t r i c a l  c o n f i g u r a t i o n  and s i z e .  The geom et ry  o f  
c l u s t e r s  o f  v a c a n c i e s  h a s  b e e n  examined i n  c h a p t e r  2 .  I n  t h i s  c h a p t e r  
o n ly  t h e  p o s s i b l e  g row th  and c o n t r a c t i o n  mechanisms f o r
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  va c anc y  c l u s t e r s  i n  
a l p h - i r o n  were examined.
The g e o m e t r i c a l  a s p e c t  o f  g row th  and c o n t r a c t i o n  mechas isms  h a s
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been s t u d i e d  by C rocke r  (1980)  and Crocker  and F a r i d i  (1978)  f o r  FCC 
m e t a l s  and Malik  (1980)  f o r  BCC m e t a l s .  R e c e n t l y  F a r i d i  and Ahmed 
(1982)  and A kh te r  ( l 9 8 2 )  i n v e s t i g a t e d  t h e s e  mechanisms f o r  HCP and 
s q u a re  l a t t i c e  s t r u c t u r e s .  They ha ve  p r e s e n t e d  growth  and c o n t r a c t i o n  
m a t r i c e s  g i v i n g  t h e  number o f  ways by which va c anc y  c l u s t e r s  can
t r a n s f o r m  u s i n g  f i r s t  n e a r e s t  n e i g h b o u r  a tomic jumps.  Th i s  method can
a l s o  d e t e r m i n e  t h e  number o f  v a r i a n t s  o f  a l a r g e r  p r o d u c t  c l u s t e r  w i t h  
t h e  h e l p  o f  t h e  e n u m e r a t i o n  o f  g rowth  and c o n t r a c t i o n  mechanisms and a 
known number o f  v a r i a n t s  f o r  a s m a l l  p a r e n t  c l u s t e r .
There  i s  one p r i n c i p a l  f l a w  i n  t h i s  p r o c e s s - i t  c a n n o t  d e t e r m i n e  
which r o u t e  i s  e n e r g e t i c a l l y  f a v o u r a b l e .  One can s o l v e  t h i s  problem by 
c a l c u l a t i n g  t h e  c o r r e s p o n d i n g  e n e r g i e s  a s s o c i a t e d  w i th  t h e s e  growth  and 
c o n t r a c t i o n  m echani sms .  The r e a l  sp a c e  computer  s i m u l a t i o n  t e c h n i q u e  
i s  t h e  mos t  i m p o r t a n t  t o o l  to  h a n d l e  t h i s  p roblem. In  t h e  p r e s e n t  
s t u d i e s  t h i s  t e c h n i q u e  i s  used f o r  growth  and c o n t r a c t i o n  o f  c l u s t e r s  
o f  v a c a n c i e s  and t h e i r  e n e r g i e s  f o r  d i f f e r e n t  d i s t i n c t  mechanisms.  The 
growth  and c o n t r a c t i o n  p r o c e s s e s  ha ve  been  examined w i th  t h e  h e l p  o f
vacancy  m i g r a t i o n  i n  which  o n l y  one f i r s t  n e a r e s t  n e ig h b o u r  a tom ic  jump 
was a l lowed  a t  a t i m e .  The second  n e a r e s t  n e ig h b o u r  a to m ic  jump was
n o t  c o n s i d e r e d  due to  i t s  h i g h  m i g r a t i o n  e n e rg y .
The g rowth  o f  a mono-vacancy  i n t o  a d iv a c a n c y  o f  t y p e  2.1 can
o c c u r  by two d i f f e r e n t  mechanisms  which  i n v o l v e  t h e  t r a n s f o r m a t i o n s  E 
to  A and C t o  A h a v i n g  g rowth  e n e r g i e s  0.61eV and 0.84eV r e s p e c t i v e l y
and t h e i r  p o t e n t i a l  e n e rg y  b a r r i e r s  a r e  shown i n  f i g  4 •3» The
t r a n s f o r m a t i o n  E t o  A i s  t h e  e n e r g e t i c a l l y  f a v o u r a b l e  r o u t e  due to  i t s  
low g rowth  e n e r g y .  The h i g h  c o n t r a c t i o n  e n e r g i e s  o f  t h e s e
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t r a n s f o r m a t i o n s  (A t o  E and A t o  C) i n d i c a t e  t h a t  once  a d i v a c a n c y  i s  
formed i t  i s  d i f f i c u l t  to  d i s s o c i a t e  ( c o n t r a c t )  i t  i n t o  two i s o l a t e d  
v a c a n c i e s .  Th is  i s  n o t  t r u e  f o r  a d i v a c a n c y  o f  t y p e  2 . 2  because  o f  t h e  
f a c t  t h a t  t h e  a t t a c h m e n t  and removal  o f  an i s o l a t e d  vacancy  w i t h  a 
mono-vacancy  r e q u i r e s  t h e  r e l a t i v e l y  low e n e r g i e s  o f  0 .54eV and 0.68eV 
r e s p e c t i v e l y .  T h i s  shows t h a t  b o t h  g rowth  and c o n t r a c t i o n  mechanisms 
a r e  e a s y  and f a v o u r a b l e .  I t s  h i g h  m o b i l i t y  makes i t  an u n l i k e l y
c a n d i d a t e  f o r  t h e  n u c l e u s  o f  an  immobile  and s t a b l e  va c an c y  c l u s t e r .
The growth  e n e r g i e s  f o r  t h e  c o n v e r s i o n  o f  d i v a c a n c i e s  2.1 i n t o  a 
most  compact  t r i v a c a n c y  c l u s t e r  3-1 d e m o n s t r a t e  t h a t  i t  can  t a k e  p l a c e  
e a s i l y  w h i l e  t h e  c o n t a c t i o n  o f  3«1 i s  a d i f f i c u l t  p r o c e s s .  However, a 
AAB (3*1)  c l u s t e r  formed from a t y p e  2 . 2  d i v a c a n c y  h a s  a q u i t e  
d i f f e r e n t  b e h a v i o u r .  The g row th  and c o n t r a c t i o n  e n e r g i e s  f o r  t h e s e  
p r o c e s s e s  show t h a t  b o t h  a r e  e n e r g e t i c a l l y  f a v o u r a b l e .  T h e r e f o r e  a 
p r o d u c t  c l u s t e r  AAB c o n f i r m s  t h a t  d i v a c a n c y  B ( 2 . 2 )  i s  n o t  a s u i t a b l e  
c o n f i g u r a t i o n  f o r  g row th  mechan isms .  The p o t e n t i a l  e n e rgy  b a r r i e r s  f o r  
t h e s e  mechanisms a r e  i l l u s t r a t e d  i n  f i g  4 .3»
The g rowth  o f  AAB i n t o  f o u r  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t
t e t r a v a c a n c i e s  (AAAABB, AAAABC, AAABBC, AAABBD) d e m o n s t r a t e d  t h a t  t h e
most  compact  t e t r a v a c a n c y  AAAABB d i s c o u r a g e s  c o n t r a c t i o n  mechanisms.
I t  h a s  a  v e r y  h i g h  t e n d e n c y  t o  m a i n t a i n  i t s  s i z e ,  a s  w e l l  a s  i n c r e a s i n g  
i t s  s i z e  by a b s o r b i n g  more v a c a n c i e s .  Hence t h i s  p r o c e s s  i s  
e n e r g e t i c a l l y  f a v o u r a b l e  and s u g g e s t s  t h a t  t h e  most  s t a b l e  c l u s t e r  
p r o v i d e s  a  p ow e r fu l  n u c l é a t i o n  c e n t r e  f o r  t h e  g rowth  o f  v a c a n c i e s .
I n  t h i s  a n a l y s i s  t h e  maximum growth  e n e rg y  0.84eV was r e c o r d e d
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f o r  t h e  t r a n s f o r m a t i o n  C t o  A which c o r r e s p o n d  to  t h e  growth o f  a !
movo-vacancy i n t o  a d i v a c a n c y  o f  t y p e  2 . 1 .  The l o w e s t  e n e rg y  was found |
to  he  0.21eV f o r  t h e  g rowth  o f  a  c l o s e s t - p a c k e d  p e n ta v a c a n c y  5*1 i n t o  a |
hexavacancy  6 . 1 .  The c o n t r a c t i o n  e n e r g i e s  l i e  w i t h i n  t h e  r an g e  0.66eV 
to  0 .95eV. The c o n t r a c t i o n  o f  6.1 h exavacancy  c l u s t e r  i n t o  5*1 
p e n ta v a c a n c y  c l u s t e r  r e q u i r e s  an e n e rg y  o f  0 .95eV and t h e  s h r i n k a g e  o f  
t r i v a c a n c y  3.1 i n t o  a d i v a c a n c y  2 . 2  n e e d s  an e n e rg y  o f  0 .66eV.
P o t e n t i a l  e n e rg y  b a r r i e r s  were c o n s t r u c t e d  by p l o t t i n g  the  
movement o f  a jumping atom a g a i n s t  t h e  en e rg y  a s s o c i a t e d  w i th  t h e s e  
jumps.  The b a r r i e r s  a r e  found to  be asym metr ic  ( s e e  f i g  4*3)  • Th is  i s  
b e c a u s e  o f  t h e  f a c t  t h a t  t h e  g rowth  e n e r g i e s  i n  BCC m e t a l s  a r e  governed  
by t h e  atom which h a s  t o  squeeze  t h r o u g h  two e q u i l a t e r a l  t r i a n g l e s  o f  
n e i g h b o u r i n g  atoms b e f o r e  r e a c h i n g  t h e  v a c a n t  s i t e .  Due to  t h e
d i f f e r e n c e  i n  t h e  i n i t i a l  and th e  f i n a l  c o n f i g u r a t i o n s  t h e  p a t h  o f  t h e  
m i g r a t i n g  atom i s  n o t  s y m m e t r i c a l  hence  t h e  p o t e n t i a l  ene rgy  b a r r i e r s  
a r e  a sym m etr ic .
The p o t e n t i a l  e n e rg y  b a r r i e r  o b t a i n e d  f o r  t h e  g rowth  o f  a
mono-vacancy i n t o  a d i v a c a n c y  o f  t y p e  2 .2  ( s e e  f i g  4 . 3 ( c ) )  has  a s l i g h t
i n i t i a l  d e p r e s s i o n .  T h i s  i s  due to  t h e  a d d i t i o n a l  r e s r i c t i o n  imposed
on t h e  m o t io n  o f  t h e  atom w i t h  t h e  h e l p  o f  which m i g r a t i o n  o f  a vacancy  
i s  a c h i e v e d .  Dur ing  t h e  r e l a x a t i o n  p r o c e d u r e  i t  was found p o s s i b l e  f o r  
the  m i g r a t i n g  atom to move back  t o  i t s  o r i g i n a l  p o s i t i o n  o r  f a l l  down 
i n  t h e  v a c a n t  s i t e .  I n  o r d e r  to  overcome t h i s  d i f f i c u l t y  t h e  atom was 
n o t  a l low ed  to  r e l a x  p a r a l l e l  to  t h e  d i r e c t i o n  o f  m o t i o n .  T h e r e f o r e ,  
to  g e t  a  minimum e n e rg y  c o n f i g u r a t i o n ,  t h e  d e f e c t  was c o n s t r a i n e d  to  
r e l a x  p e r p e n d i c u l a r l y  t o  t h e  d i r e c t i o n  o f  m o t i o n .  Tha t  i s  what we
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obse rved  i n  t h i s  p a r t i c u l a r  c a s e .
Computer s i m u l a t i o n  methods  f o r  t h e  growth  and c o n t r a c t i o n  o f  
c l u s t e r s  o f  v a c a n c i e s  d e m o n s t r a t e  t h a t  d i s s o c i a t i o n  ( c o n t r a c t i o n )  o f  a 
c l u s t e r  r e q u i r e s  h i g h e r  e n e rg y  t h a n  i t s  g row th .  Th i s  i s  b e c a u s e  t h e  
d i s s o c i a t i o n  o f  a c l u s t e r  t r a n s f o r m s  a c l o s e - p a c k e d  c o n f i g u r a t i o n  i n t o  
a n o n - c l o s e - p a c k e d  c o n f i g u r a t i o n  which  h a s  a h i g h  f o r m a t i o n  en e rg y  and 
hence  a h i g h  d i s s o c i a t i o n  e n e r g y .
C roc ke r  e t  a l . (1980)  examined growth  and c o n t r a c t i o n
mechanisms i n  FCC m e t a l s  u s i n g  computer  s i m u l a t i o n  m ethods .  They 
d e m o n s t r a t e d  t h a t  removing i n t e r s t i t i a l s  from a c o l l a p s e d  form o f  
t e t r a v a c a n c y  c l u s t e r  g i v e s  a t e t r a k a i d e c a v a c a n c y  c l u s t e r  and t h i s  
p r o c e s s  i s  t h e  r o u t e  f o r  t h e  f o r m a t i o n  o f  s m a l l  v o i d s .  I n  o u r  s tu d y  
h e r e  t h e  g rowth  o f  v a c a n c y  c l u s t e r s  d id  n o t  end w i t h  n u c l é a t i o n  o f  
v o i d s .  T h i s  may be due to  t h e  e x t r a o r d i n a r y  s t a b i l i t y  o f  c l o s e - p a c k e d  
c l u s t e r s  o f  v a c a n c i e s  i n  BCC m e t a l s .  Only a s m a l l  g roup  o f  v a c a n c i e s  
were examined i n  t h i s  a n a l y s i s .  I t  i s  a l s o  p o s s i b l e  t h a t  a  v e r y  b i g  
c l u s t e r  may form a v o i d .
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CASE
NO
MECHANISMS BOND
CLASSIFICATION
GROWTH
ENERGY
CONTRACTION
ENERGY
a 1 . 1 4 - ^ 2 . 1 C 4 - k A 0 .84 0 .9 8
b 1 . 1 < - k 2 . 1 E 4 - » A 0.61 0 . 7 4
c 1 . 1 4 - » 2 . 2 D < - » B 0 . 5 4 0 . 6 8
d 2 . 1 4 H » 3 . 1 ACD<-»AAB 0 . 5 0 0 .8 6e 2 . 1 4 H » 3 . 1 ADE<H»AAB 0 . 4 0 0 . 7 2
f 2 . 2 - 4 - ^ 3 . 1 BCE<-»AAB 0.62 0 .66
g 3 . 1  4 . 1 AABCDE<-^ AAAABB 0 . 4 0 0 . 9 2h 3.1 M—^ 4 . 2 AABCEG<-> AAAABC 0.6 0 0 . 9 3
i 3 . 1 < H » 4 . 3 AABCDD 4 - » AAABBC 0 . 5 2 0.82
j 3 . 1  ^ —^ 4 . 3 AABDE G 4 - >  AAABBC 0 . 4 2 0 . 7 2k 3.14HH»4.3 AABCDG4-> AAABBC 0 . 51 0.85
1 3*1 ^ —► 4 . 4 AABCDH4-> AAABBD 0 . 5 0 0 .8 4
m 3 .1 < 4 - > 4 .4 AABDE14 - ^  AAABBD 0 . 41 0 . 7 3
n 4 . 1 < H » 5 . 1 AAAABBCDEG'4-»
AAAAAABBBC 0 . 3 9 0 . 9 1
0 5 • 1 ^  6.1 AAAAAABBBCCDDEG4-»
AAAAAAAABBBBBCC 0.21 0 . 9 5
TABLE 4 . 1 .  The p o s s i b l e  g row th  and c o n t r a c t i o n  mechanisms and t h e i r  
c o r r e s p o n d i n g  e n e r g i e s  i n  eV f o r  c l u s t e r s  o f  v a c a n c i e s  i n  a l p h a - i r o n .
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CHAPTER 5
CLUSTERS OP VACANCIES AND SOLUTE ATOMS
5.1 INTRODUCTION
I n  r e c e n t  y e a r s  i t  h a s  become c l e a r  t h a t  i n  e x p e r i m e n t s  i n  which 
p o i n t  d e f e c t s  a r e  c r e a t e d  by p r o c e s s e s  such  a s  quench ing  o r  
i r r a d i a t i o n ,  v e r y  s t r i n g e n t  c o n d i t i o n s  must be  imposed to  r e t a i n  
i s o l a t e d  p o i n t  d e f e c t s .  I n  a l l  o t h e r  c o n d i t i o n s  i n c l u d i n g  a l l  t he  
t e c h n o l o g i c a l l y  i n t e r e s t i n g  c a s e s ,  t h e  r e s u l t i n g  p h y s i c a l  and
m e c h a n ic a l  p r o p e r t y  cha n g es  a r e  a lm o s t  e n t i r e l y  due to  t h e  f o r m a t i o n  o f  
c l u s t e r s  o f  p o i n t  d e f e c t s .  We a r e  o n l y  i n t e r e s t e d  i n  va c anc y  and 
i m p u r i t y  type  p o i n t  d e f e c t s .  ; The p r e s e n c e  o f  an i m p u r i t y  atom a t  a 
l a t t i c e  p o s i t i o n  o r  a t  an i n t e r s t i t i a l  p o s i t i o n  r e s u l t s  i n  a l o c a l  
d i s t u r b a n c e  o f  t h e  p e r i o d i c i t y  o f  t h e  l a t t i c e ,  t h e  same a s  f o r
v a c a n c i e s  and i n t e r s t i t i a l s .  I t  i s  i m p o r t a n t  to  r e a l i z e  t h a t  no 
m a t e r i a l  i s  c o m p l e t e l y  p u r e .  Most c o m m e rc i a l l y  " p u re "  m a t e r i a l s  
c o n t a i n  u s u a l l y  0 .0 1 #  to  1# i m p u r i t i e s .  In  a l l o y s ,  f o r e i g n  atoms a r e  
added w i t h  amounts  i n  t h e  r a n g e  1# to  50# to  i m p a r t  s p e c i a l  p r o p e r t i e s .  
Thus s u b s t i t u t i o n a l  i m p u r i t i e s  h a v e  been  i n c l u d e d  i n  t h e  p r e s e n t
a n a l y s i s .  S i m i l a r  t y p e s  o f  s t u d i e s  have  been  c a r r i e d  ou t  by
Damask(1 9 64 ) ,  Johnson  (1964b ,  1965a,  1972b) ,  Johnson  e t  a l . (1964)  and
L i t t l e  (1976)  f o r  i n t e r s t i t i a l  t y p e  i m p u r i t i e s  i n  t h e  BCC m e t a l s .
I n  t h i s  c h a p t e r  t h e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  
c l u s t e r s  o f  V-S, 2V-S, 3V-5, 2V-2S and one o f  t h e  p o s s i b l e  c o l l a p s e d
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s t r u c t u r e s  o f  2V-S a r e  enumerated  and c l a s s i f i e d .  Here S i n d i c a t e s  a 
s u b s t i t u t i o n a l  s o l u t e  a tom. A c l o s e - p a c k e d  c l u s t e r  a s  d e f i n e d  i n  
c h a p t e r  2 i s  t h a t  i n  which e v e r y  p o i n t  d e f e c t  h a s  a t  l e a s t  one o t h e r  
p o i n t  d e f e c t  e i t h e r  i n  f i r s t  o r  second n e a r e s t  n e ig h b o u r  p o s i t i o n .  
M a l ik  (1980)  s t u d i e d  c l u s t e r s  o f  v a c a n c i e s  and , s o l u t e  a toms i n  BCC 
c r y s t a l s  b u t  d i d  n o t  i n c l u d e  t h e  second n e a r e s t  n e ig h b o u r  bond i n  h i s  
d e f i n i t i o n  o f  c lo s e - p a c k e d  c l u s t e r s  o f  p o i n t  d e f e c t s .  D in ( 1981) and 
A k h t e r ( 1982)  examined t h e  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  atoms i n  FCC 
c r y s t a l s .
The b i n d i n g  e n e r g i e s  o f  a l l  V-S, 2V-S and a few o f  t h e  most 
compact  3V-S c l u s t e r s  have  be e n  c a l c u l a t e d  u s i n g  compute r  methods .  The 
model  used f o r  t h e s e  c a l c u l a t i o n s  was s i m i l a r  t o  t h a t  d e s c r i b e d  by 
B r i s to w e  and Crocke r  ( 1 9 7 5 , 7 8 ) ,  I n g l e  e t  a l .  ( 1 9 7 6 ) ,  I n g l e  and Crocker  
(1978)  and i s  d i s c u s s e d  i n  c h a p t e r  1.  The p a r e n t - p a r e n t  a l p h a - i r o n  
p o t e n t i a l  was m o d i f i e d  i n  o r d e r  to  d e t e r m i n e  t h e  i n t e r a c t i o n s  between  
h o s t  a toms and t h e  i m p u r i t y  and t h i s  w i l l  be d i s c u s s e d  i n  5 •3» No 
a t t e m p t  was made t o  c o n s i d e r  c l u s t e r s  i n v o l v i n g  i m p u r i t y - i m p u r i t y  
i n t e r a c t i o n s .
C a l c u l a t i o n s  o f  t h e  b i n d i n g  ene rgy  o f  a s o l u t e  atom i n  m e t a l s  
have  r e c e n t l y  been  c a r r i e d  ou t  by a number o f  i n v e s t i g a t o r s .  Johnson  
( 1 9 6 4 b , 6 5 a ) ,  W agenblast  e t  a l .  ( 1 9 6 4 ) ,  F u j i t a  and Damask (1964) and 
Arndt  and Damask (1964)  have  c a l c u l a t e d  t h e  b i n d i n g  en e rg y  o f  c a rbon  i n  
a l p h a - i r o n .  Johnson  e t  a l .  (1964)  examined t h e  b i n d i n g  e ne rg y  o f  
c a r b o n  and n i t r o g e n  i n  a l p h a - i r o n  and vanadium. Doyama (1978) and 
Yomanoto and Doyama (1973)  examined t h e  v a c a n c y - s o l u t e  i n t e r a c t i o n s  i n  
m e t a l s  and r e c o r d e d  t h e  b i n d i n g  e n e r g i e s  f o r  d i f f e r e n t  v a c a n c y - s o l u t e
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p a i r s .  1
5 .2  GEOMETRIC STRUCTURES
I t  i s  o f t e n  c o n v e n i e n t  to  a n a l y s e  t h e  p r o p e r t i e s  o f  c r y s t a l s
which depend on p o i n t  d e f e c t s  i n  t e rm s  o f  t h e i r  p o s s i b l e  and
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l u s t e r s  o f  v a r i o u s  s i z e s  and g e o m e t r i e s .  
Small  c l u s t e r s  o f  p o i n t  d e f e c t s  a r e  o f  s p e c i a l  i n t e r e s t  f o r  i r r a d i a t i o n  
s t u d i e s  b e c a u s e  t h e y  a r e  a n e c e s s a r y  i n t e r m e d i a t e  s t e p  f o r  t h e  
p r o d u c t i o n  o f  l a r g e r  d e f e c t  a g g l o m e r a t e s .  Thus i n  t h e  p r e s e n t  s t u d i e s  
o n l y  t h e  geomet ry  o f  s m a l l  g r o u p s  o f  v a c a n c i e s  and s o l u t e  a toms have  
been examined.
In t h e  f i r s t  s t a g e  one s o l u t e  atom i s  c o n s i d e r e d  and i t s
c l u s t e r i n g  w i th  up to  3 v a c a n c i e s  h a s  been  examined.  Two
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  V-S were 
i n v e s t i g a t e d .  These c o n f i g u r a t i o n s  c a n  be g e n e r a t e d  from th e  c l u s t e r s
o f  d i v a c a n c i e s  ( a s  shown i n  f i g  2 . 1 )  by  r e p l a c i n g  a va c an c y  w i t h  a
s o l u t e  a tom. S in c e  t h e s e  c o n f i g u r a t i o n s  a r e  so s i m i l a r  to  t h o s e  shown 
i n  f i g  2 .1  we have  n o t  d e p i c t e d  them h e r e .
There  a r e  13 c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  
c o n f i g u r a t i o n s  f o r  2V-S w h ich  can  be  o b t a i n e d  from t h e  s i x  c lo s e - p a c k e d  
t r i v a c a n c y  c l u s t e r s  ( s e e  f i g  2 . 1 ) .  The r e p l a c e m e n t  o f  a  vacancy  w i t h  a 
s o l u t e  i n  t r i v a c a n c y  c l u s t e r s  g i v e s  18 p o s s i b l e  c o m b i n a t i o n s  o f  2V-S 
b u t  some o f  them a r e  sym m e tr ic ,  and t h i s  r e d u c e s  t h e  t o t a l  number o f  
c o m b i n a t i o n s  i n t o  j u s t  13 d i s t i n c t  c o n f i g u r a t i o n s .  In  a s i m i l a r  way
t h e  c l u s t e r s  o f  3V-S can be  c o n s t r u c t e d  from t h e  35 c l o s e - p a c k e d
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t e t r a v a c a n c y  c l u s t e r s  i l l u s t r a t e d  i n  f i g  2 . 2 .  For  t h i s  c a s e  99 
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c o n f i g u r a t i o n s  were 
r e c o r d e d .
In t h e  second s t a g e  t h e  c r y s t a l l o g r a p h i c l l y  d i s t i n c t  
c lo s e - p a c k e d  c l u s t e r s  o f  two v a c a n c i e s  and two s o l u t e  a toms were
examined .  T h i s  can  be a c h i e v e d  by s u b s t i t u t i n g  two s o l u t e  a toms i n
p l a c e  o f  two v a c a n c i e s  i n  t h e  t e t r a v a c a n c y  c l u s t e r s .  I t  was found t h a t
t h e r e  a r e  155 c o n f i g u r a t i o n s  f o r  2V-2S i n  t h e  BCC c r y s t a l s .
The c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms d i s c u s s e d  above a r e  
' c l a s s i f i e d  by u s i n g  t h e  method d e v e lo p e d  by Crocker  ( 1 9 7 5 , 7 8 ) .  C a p i t a l  
and s m a l l  Roman l e t t e r s  a r e  employed to  r e p r e s e n t  t h e  o r d e r  o f  t h e  bond 
l e n g t h s  be tw een  v a c a n c y - v a c a n c y  and v a c a n c y - s o l u t e  p a i r s  w h i l e  t h e  
c a p i t a l  Roman l e t t e r s  w i t h  s u p e r s c r i p t  i n d i c a t e  t h e  o r d e r  o f  bond
l e n g t h s  be tw een  s o l u t e - s o l u t e  p a i r s .  In  t h e  c l a s s i f i c a t i o n  scheme 
p r e f e r e n c e  i s  g i v e n  t o  c l u s t e r s  w i t h  t h e  l a r g e s t  number o f  n e a r e s t  
n e i g h b o u r s .  I n  t h i s  s e q u en c e  f i r s t  v a c a n c y - v a c a n c y  and t h e n  
v a c a n c y - s o l u t e  bonds  a r e  a r r a n g e d  i n  o r d e r .  For  t h e  c a s e  o f  2V-2S 
c l u s t e r s  bonds  be tw een  s o l u t e  and s o l u t e  a r e  p l a c e d  i n  sequence  a f t e r  
t h e  v a c a n c y - s o l u t e  b o n d s .  Next  n e a r e s t  n e i g h b o u r s  a r e  t h e n  c o n s i d e r e d  
by a p p l y i n g  t h e  same t e c h n i q u e  and so on,  u n t i l  a l l  t h e  c l u s t e r s  a r e  
c l a s s i f i e d .  The bond c l a s s i f i c a t i o n  o f  c l u s t e r s  o f  v a c a n c i e s  and 
s o l u t e  a toms i s  t a b u l a t e d  i n  5 . 1 - 4 .  Here P and S r e p r e s e n t  t h e  number 
o f  p o i n t  d e f e c t s  and t h e  number o f  s o l u t e  a toms r e s p e c t i v e l y .  The 
i n t e g e r s  n and m a r e  used  f o r  number ing  t h e  c l u s t e r s  o f  p o i n t  d e f e c t s .  
Thus t h e  f i r s t  column o f  t a b l e s  5 . 1 - 4  g i v e s  t h e  c l u s t e r s  o f  P p o i n t  
d e f e c t s  h a v in g  S s o l u t e  a toms and t h e i r  p o s s i b l e  number o f
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c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c o n f i g u r a t i o n s .  The second column i n  
t h e s e  t a b l e s  r e l a t e s  t h e s e  c o n f i g u r a t i o n s  w i t h  t h e i r  p a r e n t  vacancy  
c l u s t e r s .  In  t h i s  column ( P . n )  g i v e s  t h e  p a r e n t  c l u s t e r s  o f  P p o i n t  
d e f e c t s  w i t h  z e ro  number o f  s o l u t e  a toms i . e  j u s t  v a c an c y  c l u s t e r s ,  
w h i l e  (S.m) p r o v i d e  t h e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c o m b i n a t i o n s  
which may e x i s t  w i t h  S s o l u t e  a toms i n  t h e  p a r e n t  ( P . n )  c o n f i g u r a t i o n s .  
All  t h e  t a b l e s  p r o v i d e  i n f o r m a t i o n  a bou t  some d e f i n i t e  number o f  p o i n t  
d e f e c t s  and s o lu te s  a toms;  t h e r e f o r e  P and S a r e  r e p l a c e d  by t h e i r  
c o r r e s p o n d i n g  numbers ,  e . g ,  t a b l e  5*1 c o n t a i n s  t h e  c l u s t e r s  o f  V-S. 
Thus h e r e  2 w i l l  i n d i c a t e  t h e  number o f  p o i n t  d e f e c t s  and 1 w i l l  
r e p r e s e n t  a  s o l u t e  a tom.
E a r l i e r  a t o m i s t i c  c a l c u l a t i o n s  f o r  c l u s t e r s  l a r g e r  t h a n  a 
d i v a c a n c y  i n  FCC c r y s t a l s  were r e p o r t e d  by D ienes  e t  a l .  ( 1 9 5 9 ) ,  
C o t t e r i l l  (1966)  and C o t t e r i l l  and Doyama (1 9 6 6 ) .  They examined th e  
e n e rg y  and a tom ic  c o n f i g u r a t i o n  o f  t h e  most  compact  t r i v a c a n c y  AAA i n
c o p p e r  and found i t  t o  be  u n s t a b l e .  I n  t h e  e q u i l i b r i u m  p o s i t i o n ,  t h e  
r e l a x i n g  atom which i s  i n i t i a l l y  i m m e d ia te ly  above t h e  t h r e e  v a c a n c i e s ,  
moves downwards u n t i l  i t  i s  e x a c t l y  a t  t h e  c e n t r e  o f  t h e  t e t r a h e d r o n  
d e f i n e d  by i t s  o r i g i n a l  p o s i t i o n  and the  p o s i t i o n  o f  t h e  t h r e e  
v a c a n c i e s .  L a t e r  many a u t h o r s  o b s e rv e d  a s i m i l a r  t y p e  o f  e f f e c t  i n
even l a r g e r  c l u s t e r s  o f  v a c a n c i e s  i n  c o p p e r  and t h i s  i s  d i s c u s s e d  i n
c h a p t e r  2 .  T h e r e f o r e  i t  was t h o u g h t  w o r th w h i le  to  c o n s i d e r  s i m i l a r  
c o l l a p s e d  t y p e s  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms i n  
a l p h a - i r o n .  Many t y p e s  o f  s u c h  c o n f i g u r a t i o n s  a r e  p o s s i b l e  and t h e s e
can be g e n e r a t e d  by r e p l a c i n g  a v a c a n c y  w i t h  a s o l u t e  atom i n  t h e  
p o s s i b l e  c o l l a p s e d  v a c a n c y  c l u s t e r s  shown i n  f i g  2 . 3 -  Only one o f  
t h e s e  was s e l e c t e d  f o r  t h e  p r e s e n t  s t u d y .  T h i s  i s  3 * 1 , 1 * ^  and i s
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i l l u s t r a t e d  i n  f i g  5*1 .  I t  i s  a p o s s i b l e  c o l l a p s e d  c l u s t e r  o f  2V-S and 
c o n s i s t s  o f  a t e t r a h e d r o n  o f  t h r e e  v a c a n c i e s  and one s o l u t e  atom w i th  
an i n t e r s t i t i a l  a t  i t s  c e n t r e .
5 . 3  THE HOST-IMPURITY INTERATOMIC POTENTIAL
I n  o r d e r  to  d e v i s e  a m a t h e m a t i c a l  model  f o r  making a d e f e c t  
c a l c u l a t i o n ,  a l a t t i c e  e n e rg y  f u n c t i o n  must  be  d e f i n e d :  t h e  e n e rg y  o f
t h e  l a t t i c e  i s  a f u n c t i o n  o f  p o s i t i o n  o f  a l l  t h e  a toms i n  t h e  l a t t i c e .  
Ve assume t h a t  t h e  atoms i n t e r a c t  w i th  one a n o t h e r  by two-body f o r c e s .  
The i n t e r a t o m i c  f o r c e s  a r e  a d j u s t e d  so t h a t  t h e  model m a tc h es  v a r i o u s  
known p h y s i c a l  p r o p e r t i e s  o f  t h e  a l l o y ,  such  a s  e l a s t i c  c o n s t a n t s ,  
b i n d i n g  e n e rg y ,  m i g r a t i o n  en e rg y  and s t a c k i n g  f a u l t  e n e r g y .
Due to  l a c k  o f  e x p e r i m e n t a l  d a t a  on a l l o y s  i t  was d i f f i c u l t  to  
c o n s t r u c t  a new p o t e n t i a l  f o r  h o s t - i m p u r i t y  i n t e r a c t i o n s .  T h e r e f o r e  i t  
was d e c id e d  to  m o d i fy  t h e  Johnson  a l p h a - i r o n  p o t e n t i a l  wh ich  r e p r e s e n t s  
t h e  i r o n - i r o n  i n t e r a c t i o n s .  T h i s  was done by i n t r o d u c i n g  a f a c t o r  f  
i n t o  t h e  i r o n - i r o n  p o t e n t i a l  a s  f o l l o w s .  I f  r )  i s  t h e  i r o n - i r o n  
p o t e n t i a l  t h e n  t h e  i r o n - i m p u r i t y  p o t e n t i a l  i s  w r i t t e n  f  $ ( r ) . The 
c h o ic e  o f  t h e  f a c t o r  f  was a v e r y  i m p o r t a n t  and c r u c i a l  s t e p .  Now f=0 
i n  t h e  i r o n - i r o n  p o t e n t i a l  ■ r e p r e s e n t s  a va c anc y ,  w h i l e  f=1 i n d i c a t e s  
i r o n  a tom s .  Many p r e l i m i n a r y  c a l c u l a t i o n s  were c a r r i e d  ou t  by Akh te r  
(1982) f o r  PCC m e t a l s  i n  o r d e r  to  make a f i n a l  d e c i s i o n  a s  t o  t h e  v a l u e  
o f  t h e  f a c t o r  f .  He found t h a t  f  > 1 g i v e s  n e g a t i v e  b i n d i n g  energy  
be tween  v a c a n c y - i m p u r i t y  p a i r .  T h e r e f o r e  i n  t h e  p r e s e n t  s t u d y  f o r  BCC 
m e t a l s  t h e  v a l u e  o f  f * l / 2  was s e l e c t e d  f o r  t h e  s u b s t i t u t i o n a l  s o l u t e  
a to m .
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The i n t r o d u c t i o n  o f  t h e  f a c t o r  f = l / 2  d e m o n s t r a t e s  t h e  r e d u c t i o n  
i n  t h e  d e p t h  o f  t h e  i r o n - i r o n  p o t e n t i a l  by a f a c t o r  o f  2. In  o t h e r  
words t h e  e l a s t i c  c o n s t a n t s  were r educed  w i t h o u t  c hang ing  the  l a t t i c e  
p a r a m e t e r .  Th is  r e d u c t i o n  i n  e l a s t i c  c o n s t a n t s  i n d i c a t e s  t h a t  t h e  
s o l u t e  atom r e p r e s e n t s  a m a t e r i a l  s o f t e r  t h a n  a l p h a - i r o n .
Much work h a s  been  done on i n t e r s t i t i a l  i m p u r i t i e s  i n  a l p h a - i r o n  
by Johnson  e t  a l . ( 1 9 6 4 ) .  They s t u d i e d  i r o n - c a r b o n  and i r o n - n i t r o g e n
a l l o y s  by u s i n g  compute r  s i m u l a t i o n  m ethods .  D r e n t j e  and E k s t e r  (1974)  
c a l c u l a t e d  t h e  b i n d i n g  e n e r g i e s  and atomic  c o n f i g u r a t i o n s  f o r  sm a l l  
x enon -vacancy  c l u s t e r s  i n  a l p h a - i r o n .  They used  i r o n - i r o n  and 
xenon-xenon  p o t e n t i a l s  i n  o r d e r  to  d e r i v e  t h e  i r o n - x e n o n  p o t e n t i a l .  
T h i s  was done by t a k i n g  t h e  a r i t h m e t i c  means o f  t h e  m e t a l - m e t a l  and 
g a s - g a s  p o t e n t i a l s  and t h e n  m in i m i z in g  th e  m agn i tude  o f  t h e  a v e r a g e s  
w i t h  r e s p e c t  to  t h e  i n t e r a t o m i c  d i s t a n c e s  used i n  b o t h  p o t e n t i a l s .  A 
s i m i l a r  s t u d y  was done on x e n o n -v a c a n c y  d e f e c t  c l u s t e r s  i n  coppe r  by 
Anderman and Gehman ( 1 9 6 8 ) .
5 . 4  BINDING ENERGIES
Computer s i m u l a t i o n  t e c h n i q u e s  were used to  c a l c u l a t e  t h e
b i n d i n g  e ne rgy  be tw een  a s o l u t e  atom and up to  t h r e e  v a c a n c i e s  i n
a l p h a - i r o n .  The b i n d i n g  e n e rg y  E o f  c l u s t e r s  o f  N v a c a n c i e s  and one
s o l u t e  atom can be  c a l c u l a t e d  u s i n g  t h e  f o l l o w i n g  r e l a t i o n :  
gNV-S = jjg V  + 5jS _ g N V - 8 ------------------------ ^ .1
Where E^ i s  t h e  v a c a n c y  e n e r g y  and E^ i s  t h e  s o l u t e  atom ene rgy  which  
can  be o b t a i n e d  i n  a s i m i l a r  way t o  E^ a s  g i v e n  i n  e q u a t i o n  2 . 2 .
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The b i n d i n g  en e rg y  o f  V-S c l u s t e r s  a t  f i r s t  and second n e a r e s t  
n e i g h b o u r s  was found to  be 0 .075eV and 0.097eV r e s p e c t i v e l y  and t h e s e  
v a l u e s  a r e  g i v e n  i n  t a b l e  5 .1»  T h i s  d e m o n s t r a t e s  t h a t  t h e
v a c a n c y - i m p u r i t y  complex a t  second  n e a r e s t  n e ig h b o u r  <1 0 0> type  i s
t h e  more s t a b l e .  The c a l c u l a t i o n s  o f  b i n d i n g  energy  f o r  c l u s t e r s  o f
2V-S and 3V-S i n d i c a t e  t h a t  t h e  most  compact  c l u s t e r s  o f  v a c a n c i e s  and
s o l u t e  a toms namely aaB and AAaaBb a r e  t h e  most  s t a b l e  c o n f i g u r a t i o n s .  
The b i n d i n g  e n e r g i e s  o f  t h e s e  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms 
a r e  t a b u l a t e d  i n  t a b l e s  5 . 2  and 5*5.
Doyama (1967)  e x p e r i m e n t l y  s t u d i e d  t h e  r e a c t i o n s  between  
v a c a n c i e s  and i m p u r i t i e s  d u r i n g  quench ing  and a n n e a l i n g .  He 
i n t e r p r e t e d  t h e  v a c a n c y - i m p u r i t y  complexes c o n s i s t i n g  o f  one 
s u b s t i t u t i o n a l  i m p u r i t y  atom and up to  two v a c a n c i e s  a t  f i r s t  and 
second n e a r e s t  n e i g h b o u r s  i n  BCC m e t a l s .  He gave  t h e  b i n d i n g  e n e r g i e s  
f o r  v a c a n c y - i m p u r i t y  complexes  a t  f i r s t  and second n e a r e s t  n e i g h b o u r s ,  
and he a l s o  s t u d i e d  t h e  v a c a n c y - i m p u r i t y  complexes i n  FCC m e t a l s  
(Doyama 1966) .  Sayed and Kovacs (1974-75)  c a l c u l a t e d  t h e  b i n d i n g  
ene rgy  be tw een  a v a c an c y  and i r o n  atoms i n  d i l u t e  a l u m in i u m - i r o n  a l l o y s  
by a method based  on t h e  measurem ent  o f  r e s i s t i v i t y  change  i n  quenched 
d i l u t e  a l l o y s ,  and a v a l u e  o f  0 .13eV f o r  t h i s  was r e p o r t e d .  Yousef  and 
G r a i s  (1975)  e x p e r i m e n t l y  d e t e r m i n e d  t h e  Mn-vacancy b i n d i n g  e ne rgy  i n  
a l p h a - i r o n  and t h e  v a l u e  was r e p o r t e d  t o  be  0.28eV.
In  t h e  p r e s e n t  c a s e  t h e  b i n d i n g  e ne rgy  o f  a v a c a n c y - i m p u r i t y  
complex i s  r e c o r d e d  which i s  s m a l l e r  t h a n  t h a t  r e p o r t e d  by Yousaf  and 
G r a i s  ( 1 9 7 5 ) .  A b i n d i n g  e n e rg y  com parab le  to  t h e i r  v a l u e  c a n n o t  be  
o b t a i n e d  u s i n g  t h e  p r e s e n t  t e c h n i q u e  deve loped  f o r  m o d i f y in g  t h e
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h o s t - h o s t  i n t e r a t o m i c  p o t e n t i a l .  M a th e m a t i c a l l y  one can g e t  
a p p r o x i m a t e l y  t h e i r  v a l u e  by i n t r o d u c i n g  a f a c t o r  f = - 1 / 2  i n  t h e  
p a r e n t - p a r e n t  p o t e n t i a l .  T h i s  f a c t o r  w i l l  change t h e  p o l a r i t y  o f  t h e  
p o t e n t i a l  and g i v e  a p o s i t i v e  e n e rg y  f o r  a p e r f e c t  c r y s t a l .  I t  
i n d i c a t e s  t h a t  t h e  c r y s t a l  i n  no l o n g e r  i n  e q u i l i b r i u m  which i s  
p h y s i c a l l y  n o t  p o s s i b l e .  A b i n d i n g  energy  o f  t h e  same o r d e r  may be 
t h e n  o b t a i n e d  e i t h e r  by e x t e n d i n g  t h e  r an g e  o f  t h e  p o t e n t i a l  o r  by 
d e v e l o p i n g  a new p o t e n t i a l  f o r  Mn-iron  a l l o y .
5 . 5  RELAXED STRUCTURES
Whenever a d e f e c t  i s  i n t r o d u c e d  i n t o  a c r y s t a l  l a t t i c e ,  t h e  
atoms i n  i t s  immedia te  n e ighbou rhood  r e a r r a n g e  t h e m s e lv e s  i n t o  a
c o n f i g u r a t i o n  o f  minimum e n e r g y .  T h i s  s h i f t  i n  t h e  a tom ic  p o s i t i o n s  i s/
c a l l e d  t h e  a tomic  r e l a x a t i o n .  The r e l a x a t i o n  c a l c u l a t i o n s  a r e  used to  
d e t e r m i n e  t h e  d i s p l a c e m e n t  f i e l d s  a round  a d e f e c t  and t h i s  p r o c e d u r e  i s  
r e s p o n s i b l e  f o r  t h e  m i n i m i z a t i o n  o f  t h e  en e rg y  o f  p o s i t i o n  o f  a l l  t h e  
n e i g h b o u r s  c l o s e  enough t o  make a s i g n i f i c a n t  c o n t r i b u t i o n  to  t h e  t o t a l  
ene rgy  o f  t h e  d e f e c t .  G i r i f a l c o  and V e iz e r  ( I9 6 0 )  c a l c u l a t e d  t h e  
en e rg y  o f  r e l a x a t i o n  and t h e  m a g n i tu d e s  o f  t h e  r e l a x a t i o n s  f o r  s e v e r a l  
BCC and FCC m e t a l s  u s i n g  t h e  Morse p o t e n t i a l .  L a t e r  W ynb la t t  and 
G j o s t e e n  (1967)  c la imed t h a t  t h e  c a l c u l a t i o n s  done by  G i r i f a l c o  and 
Weizer  (1960)  d id  n o t  a g r e e  w i t h  t h e i r  s t u d i e s  b e c a u s e  o f  d i f f e r e n c e s  
i n  t h e i r  r e l a x a t i o n  p r o c e d u r e s .  They d e f i n e d  t h e  v a c a n c y  r e l a x a t i o n  
ene rgy  a s  t h e  e n e rg y  d i f f e r e n c e  be tween  an a to m ic  c o n f i g u r a t i o n  
c o n s i s t i n g  o f  a  v a c a n t  s i t e  w i t h  t h e  s u r r o u n d i n g  atoms on l a t t i c e  s i t e s  
and a c o n f i g u r a t i o n  i n  which  t h e  atoms i n  t h e  v i c i n i t y  o f  t h e  vacancy  
have  b e e n  a l low ed  to  move t o  p o s i t i o n s  o f  minimum e n e rg y .  F locken
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(1971)  computed t h e  d i s p l a c e m e n t  f i e l d s  around i s o l a t e d  o c t a h e d r a l  and 
t e t r a h e d r a l  s e l f  i n t e r s t i t i a l s  i n  a l p h a - i r o n  and around p a i r s  o f  
o c t a h e d r a l  c a r b o n  i n t e r s t i t i a l s .  Kenny (1973)  and Kenny and Heald 
(1974)  examined t h e  d i s p l a c e m e n t  f i e l d s  around v a c a n c y  c l u s t e r s  i n  
a l p h a - i r o n ,  molybdenum and vanad ium. R e c e n t l y  M i l l e r  (1980)  deve loped  
a new p o t e n t i a l  f o r  c o p p e r  and s t u d i e d  th e  r e l a x a t i o n  a round a s i n g l e  
v a c an c y ,  a d i v a c a n c y  and two <1 0 0> and <1 1 0> s p l i t  i n t e r s t i t i a l  
c o n f i g u r a t i o n s .
I n  t h e  p r e s e n t  s t u d y  t h e  r e l a x a t i o n  around a s o l u t e  a tom, two 
c l o s e - p a c k e d  V-S c l u s t e r s  ( a , b ) ,  two 2V-S c l u s t e r s  (aaB and bbF) ,  one 
o f  t h e  mos t  compact  3V-S c l u s t e r s  (AAaaBb) and one p o s s i b l e  c o l l a p s e d  
s t r u c t u r e  o f  2V-S were examined ,  and th e  d i s p l a c e m e n t  f i e l d s  around 
t h e s e  d e f e c t s  a r e  t a b u l a t e d  i n  t a b l e s  5*6-12.  The d i s p l a c e m e n t  
components  o f  t h e  atoms i n  t h e  ne ig hbourhood  o f  a d e f e c t  hav ing  
m agn i tude  d ^  7 x 1 0~^ h ave  been  c o n s i d e r e d .  In  t h e s e  c a s e s  t h e  atoms 
a r e  numbered a c c o r d i n g  to  t h e  a s c e n d i n g  o r d e r  o f  t h e i r  d i s t a n c e s  f rom 
th e  g e o m e t r i c  c e n t r e  o f  t h e  r e l a x e d  d e f e c t  and t h e  number o f  v a r i a n t s  
o f  t h e s e  atoms i s  a l s o  g i v e n  i n  t a b l e s  5*6-12 .  These d i s p l a c e m e n t  
f i e l d s  a ro und  t h e  d e f e c t s  a r e  a l s o  p l o t t e d  and a r e  shown i n  f i g s  5*2-4*
A p a r t  f rom a few m ino r  e x c e p t i o n s ,  t h e  d i s p l a c e m e n t s  were 
tow ards  t h e  c e n t r e  o f  t h e  d e f e c t s .  The r e l a x a t i o n  o f  t h e  f i r s t  and th e  
second n e a r e s t  n e i g h b o u r s  o f  a s o l u t e  atom a r e  o n l y  0 .0 0 6 a  and 0 .0 1 2 a ,  
r e s p e c t i v e l y  where a i s  t h e  l a t t i c e  p a r a m e t e r .  The f i r s t  and second 
n e a r e s t  n e i g h b o u r  a toms around a  s o l u t e  atom r e l a x  inw a rds  and ou twards  
r e s p e c t i v e l y  j u s t  l i k e  i n  a v a c a n c y .  The r e l a x a t i o n  o f  a l l  t h e  
c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms was found to  be  s m a l l e r  t h a n
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t h e i r  p a r e n t  va c a n c y  c l u s t e r s .
5 . 6  DISCUSSION
I n  t h i s  c h a p t e r  t h e  geom et ry  o f  a l l  p o s s i b l e  c o n f i g u r a t i o n s  and 
a r r a n g e m e n t s  o f  s m a l l  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms which a r e  
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  and c l o s e - p a c k e d  f o r  t h e  BCC c r y s t a l s  h a s  
b e e n  examined .  As t h e s e  c o n f i g u r a t i o n s  can  be  c o n s t r u c t e d  from the  
c l u s t e r s  o f  v a c a n c i e s  which were e num e ra te d ,  c l a s s i f i e d  and i l l u s t r a t e d  
i n  c h a p t e r  2 ,  i n  o r d e r  to  av o id  r e p e t i t i o n  i t  was t h o u g h t  n o t  n e c e s s a r y  
t o  i n c l u d e  t h e  d i ag ra m s  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a to m s .  The 
number o f  v a r i a n t s  which a r e  t h e  p o s s i b l e  o r i e n t a t i o n s  o f  t h e s e  
c l u s t e r s  were a l s o  c a l c u l a t e d .  The bond c l a s s i f i c a t i o n  o f  c l u s t e r s  o f  
v a c a n c i e s  and s o l u t e  a toms i s  g i v e n  i n  t a b l e s  5 . 1 - 4 .  I t  i s  obse rved  
t h a t  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  
o f  2V-S and 3V-S a r e  e qua l  to  V-28 and V-3S r e s p e c t i v e l y .  T h e r e f o r e  
t h e  bond c l a s s i f i c a t i o n  o f  V-28 and V-3S i s  n o t  d i s c u s s e d  h e r e .  The 
geom et ry  o f  t h e s e  c l u s t e r s  i s  i d e n t i c a l  and can be  d i s p l a y e d  by 
i n t e r c h a n g i n g  t h e  v a c a n c i e s  w i t h  s o l u t e  a toms and v i c e  v e r s a .  I t  i s
n o t e d  t h a t  when t h e  c l u s t e r s  o f  2V-S l y i n g  i n  a s t r a i g h t  l i n e  have  a
s o l u t e  atom be tween  two v a c a n c i e s  t h i s  i s  a maximum symmetry p o s i t i o n .  
A d e c r e a s e  i n  t h e  symmetry i s  o b s e rv e d  i f  t h e  s o l u t e  atom i s  l o c a t e d  a t
e i t h e r  end o f  t h e  s t r a i g h t  l i n e .  Out o f  99 and 155
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  3V-8 and 2V-28,  
24 and 30 a r e  b ranched  type  c o n f i g u r a t i o n s  r e p e c t i v e l y .  The number o f  
v a r i a n t s  c o r r e s p o n d i n g  to  t h e s e  c o n f i g u r a t i o n s  a r e  w i t h i n  t h e  r a n g e  o f  
3 to  48 i n  b o t h  c a s e s .
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The r e l e v a n c e  o f  compute r  s i m u l a t i o n  e x p e r im e n t s  i s  l i m i t e d  "by 
t h e  r e l i a b i l i t y  and a c c u r a c y  o f  t h e  chosen  i n t e r a t o m i c  i n t e r a c t i o n  
f u n c t i o n s .  In  t h e  p r e s e n t  c a s e  t h e  i r o n - i r o n  p o t e n t i a l  was m o d i f i e d  i n  
o r d e r  to  i n c l u d e  t h e  i r o n - i m p u r i t y  i n t e r a c t i o n s .  Th i s  m o d i f i c a t i o n  
w i l l  p r o v i d e  t h e  b a s i c  i n f o r m a t i o n  a bou t  t h e  r o l e  o f  i m p u r i t i e s  and 
a l l o y  e l e m e n t s  i n  g o v e r n i n g  t h e  geomet ry  and th e  s t a b i l i t y  o f  
v a c a n c y - i m p u r i t y  com plexes .
D ienes  e t  a l .  ( 1 9 5 9 ) ,  C o t t e r i l l  (1966)  and C o t t e r i l l  and Doyama 
(1966)  p o i n t e d  ou t  t h e  e x i s t e n c e  o f  c o l l a p s e d  vacancy  c l u s t e r s  i n  FCC 
m e t a l s .  They o b s e rv e d  t h i s  e f f e c t  when t h e  s t r u c t u r e  o f  t h e  most  
compact AAA ty p e  t r i v a c a n c y  c l u s t e r  was computed.  I t  was n o t e d  t h a t  
t h e  atom l o c a t e d  im m e d i a te l y  above  t h e  t h r e e  v a c a n c i e s  i s  a b l e  to  r e l a x  
down tow a rds  t h e  c e n t r e  o f  t h e  t r i a n g l e .  Thus i t  was b o t h  i n t e r e s t i n g  
and i m p o r t a n t  to  l o o k  a t  t h i s  problem i n  c l u s t e r s  o f  v a c a n c i e s  and 
s o l u t e s  i n  BCC m e t a l s .  For  t h i s  p u r p o se  a p o s s i b l e  c o l l a p s e d  c l u s t e r  
3*1 ,1 .1*  o f  2V-S was s e l e c t e d  f o r  i n v e s t i g a t i o n s  and i s  shown i n  f i g
5 . 1 .  Computer  s i m u l a t i o n s  o f  t h i s  d e f e c t  s u g g e s t  t h a t  t h i s  
c o n f i g u r a t i o n  i s  u n s t a b l e  b e c a u s e  d u r i n g  th e  r e l a x a t i o n  p r o c e d u r e  i t  
r e t u r n s  t o  i t s  o r i g i n a l  u n c o l l a p s e d  c o n f i g u r a t i o n .  Thus t h e  f o r m a t i o n  
o f  c o l l a p s e d  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e s  i s  u n l i k e l y  to  o c c u r  i n  
BCC m e t a l s .
In  o r d e r  t o  a c c u r a t e l y  d e t e r m i n e  t h e  changes  i n  t h e  p h y s i c a l  
c h a r a c t e r s t i c s  in d u ce d  by a  d e f e c t  and to  u n d e r s t a n d  t h e  b e h a v i o u r  o f  
t h e  d e f e c t  i t s e l f ,  i t  i s  n e c e s s a r y  t o  have  an  e x p l i c i t  knowledge o f  
a tomic  d i s p l a c e m e n t s  i n  t h e  i m p e r f e c t  c r y s t a l .  Computer s i m u l a t i o n  
methods  b a sed  on e m p i r i c a l  p o t e n t i a l s  a r e  i d e a l l y  s u i t e d  f o r  such  t y p e s
•r ^
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of  i n v e s t i g a t i o n .  The r e s u l t s  o b t a i n e d  f o r  t h e  d i s p l a c e m e n t  f i e l d s  
around t h e  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e s  a r e  g i v e n  i n  t a b l e s  5»6-12 
and i l l u s t r a t e d  i n  f i g s  5*2-4 .  These r e s u l t s  d e m o n s t r a t e  t h a t  t h e  
r e l a x a t i o n  around t h e  d e f e c t  i s  s m a l l e r  th a n  th e  c o r r e s p o n d i n g  p a r e n t
vacancy  c l u s t e r s  ( s e e  t a b l e s  2 . 5 - 1 4  and f i g s  2 . 4 - 6 )  d i s c u s s e d  i n
c h a p t e r  2 .  Th i s  i s  b e c a u s e  t h e  i n t r o d u c t i o n  o f  f a c t o r  f = l / 2  i n t o
h o s t - h o s t  i n t e r a t o m i c  p o t e n t i a l  makes a s o l u t e  atom n e i t h e r  a s  s o f t  a s  
a va c anc y  n o r  a s  h a r d  asi  t h e  h o s t  atom bu t  i n t e r m e d i a t e  betweera them. 
T h e r e f o r e  t h e  r e l a x a t i o n  o f  a toms a round a s o l u t e  atom i s  s m a l l e r  t han  
a va c a n c y .
C a l c u l a t i o n  o f  b i n d i n g  e n e r g i e s  o f  c l u s t e r s  o f  v a c a n c i e s  and 
s o l u t e s  d e m o n s t r a t e s  t h a t  i n  BCC m e t a l s  t h e  second n e a r e s t  n e ig h b o u r  
i n t e r a c t i o n  be tw een  an i m p u r i t y  atom and a vacancy  i s  more i m p o r t a n t  
t h a n  t h e  f i r s t  n e a r e s t  n e i g h b o u r  i n t e r a c t i o n .  T h i s  i s  b e c a u s e  a V-S
p a i r  a t  second n e a r e s t  n e i g h b o u r  <1 0 0> i s  t h e  most  s t a b l e
c o n f i g u r a t i o n .  Our r e s u l t s  on b i n d i n g  e n e r g i e s  o f  c l u s t e r s  o f  V-S a r e  
q u a l i t a t i v e l y  i n  a g re e m e n t  w i t h  e a r l i e r  s t u d i e s  by Doyama ( 1 9 6 7 ) .
There a r e  some d i s c r e p a n c i e s  i n  n u m e r i c a l  v a l u e s  o f  b i n d i n g  e n e r g i e s  
which a r e  due to  t h e  d i f f e r e n t  t e c h n i q u e s  used f o r  f i n d i n g  t h e s e
e n e r g i e s .
The b i n d i n g  e n e r g i e s  o b t a i n e d  f o r  2V-S c l u s t e r s ,  c o n t a i n e d  i n  
t a b l e  5 . 2 ,  show t h a t  o f  t h e  two most  compact  c o n f i g u r a t i o n s ,  aaB w i t h  a 
b i n d i n g  ene rgy  o f  0 .356eV i s  more s t a b l e  t h a n  Aab hav in g  a b i n d i n g  
energy  o f  0 . 5 1 4eV. These c l u s t e r s  d i f f e r  o n ly  i n  t h e  p o s i t i o n  o f  t h e  
s o l u t e  a tom. T h i s  s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  b i n d i n g  e n e r g i e s
be tw een  t h e s e  two c o n f i g u r a t i o n s  i s  due to  t h e  e x i s t e n c e  o f  a B bond i n
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aaB which c a u s e s  l a r g e  r e l a x a t i o n  ( s e e  c h a p t e r  2)  and hence  a h i g h  
b i n d i n g  e n e rg y .  In  a s i m i l a r  way a l l  o t h e r  c o n f i g u r a t i o n s  hav in g  a B 
bond a r e  o b s e rv e d  to  be more s t a b l e  t h a n  t h e  same type  o f  
c o n f i g u r a t i o n s  i n  which t h e  s o l u t e  atom i s  l o c a t e d  a t  some o t h e r  
p o s i t i o n .
The b i n d i n g  e n e rg y  o f  o n l y  3 c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c l o s e - p a c k e d  c l u s t e r s  o f  3V-S were computed and t h e s e  a r e  g i v e n  i n  
t a b l e  5•5* I t  i s  n o t e d  t h a t  t h e  mos t  compact  AAaaBb h a s  a h i g h e r  
b i n d i n g  e n e rg y  t h a n  t h e  o t h e r  two c o n f i g u r a t i o n s .
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n n,m BOND NUMBER OF BINDING
CLASSIFICATION VARIANTS(V) ENERGY
1 1,1 a 8 0 .0752 2,1 b 6 0.097
TABLE 5 . 1 . C l a s s i f i c a t i o n o f  V-S c l u s t e r s .  Columns 1
and 2 g iv e t h e  i n t e g e r s  n and n,m o f c o n f i g u r a t i o n
number P ,S . n and P .n ,S .m r e s p e c t i v e l y . where P=2 and
S=1 . Bind ing  e n e r g i e s a r e  g i v e n i n  eV f o r
alpha-- i r o n .
n n,m BOND NUMBER OF BINDING
CLASSIFICATION VARIANTS(V) ENERGY
1 1,1 AAaaBb 12 0 .764
4 3,1 AAaBbc 48 0.661
5 3 ,2 AAaBBC 24 0.541
TABLE 5 . 5 . B ind ing  e n e r g i e s  i n  eV f o r t h r e e  3V-S
c l u s t e r s  i n  a l p h a - i r o n . The n o t a t i o n i s  a s  used i n
t a b l e 5 . 3 .
n n,m BOND NUMBER OF BINDING
CLASSIFICATION VARIANTS(V) ENERGY
1 1,1 Aab 24 0 .3142 1 ,2 aaB 12 0.356
3 2,1 Aac 24 0.196
4 2 ,2 aaC 12 0.123
5 3,1 Aae 8 0 .114
6 -3,2 aaE 4 0 .0 77
7 4,1 Abd 24 0 .139
8 4 , 2 aBd 24 0.271
9 4 , 3 abD 24 0.205
10 5,1 Bbc 24 0.276
11 5 ,2 bbC 12 0 .164
12 6,1 Bbf 6 0.285
13 6 ,2 bbF 3 0.176
TABLE 5 . 2  C l a s s i f i c a t i o n  o f  2V-S c l u s t e r s .  Columns 1 
and 2 g i v e  t h e  i n t e g e r s  n and n,m o f  t h e  
c o n f i g u r a t i o n  numbers  P , S . n  and P . n , S . m .  Where P=3 
and S=1,. B ind ing  e n e r g i e s  a r e  g i v e n  i n  eV f o r  
a l p h a - i r o n .
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n n,m BOND
CLASSIFICATION
NUMBER
OF
VARIANTS
(V)
n n, m BOND
CLASSIFICATION
NUMBER
OF
VARIANTS
(V)
1 1 1 AAaaBb 24 51 18 1 AAbCdh 482 2 1 AAaaBc 12 52 18 2 AaBcDh 48
3 2 2 AAaabC 12 53 18 3 AabcDH 48
4 3 1 AAa Bbc 48 54 18 4 aaBCdH 48
5 3 2 AAabbC 24 55 19 1 AaBDdf 24
6 3 3 aaaBBC 24 56 19 2 AabDdF 24
7 4 1 AAaBbd 24 57 20 1 AaBDdh 24
8 4 2 AaaBbD 24 58 20 2 AabDdH 24
9 5 1 AAaBed 48 59 21 1 AaBDdi 24
10 5 2 AAabCd 48 60 21 2 AabDdI 24
1 1 5 3 AaaBcD 48 61 22 1 AAbdEi 24
12 5 4 AaabCD 48 62 22 2 AaBDei 24
13 6 1 AAaBee 24 63 22 3 Aab De I 24
14 6 2 AAabCe 24 64 22 4 aaBdEI 24
15 6 3 AAabcE 24 65 23 1 ABbcDd 24
16 6 4 aaaBCE 24 66 23 2 AbbCDd 24
17 7 1 AAaBde 24 67 23 3 aBBCdd 241 8 7 2 AAabdE 24 68 23 4 aBbcDD 24
19 7 3 AaaBDe 24 69 24 1 ABbcDd 24
20 7 4 AaabDE 24 70 24 2 aBBCdd 12
21 8 1 AAaCcc 24 71 24 3 a bbCDD 12
22 8 2 aaaCCC 8 72 25 1 ABbcDg 24
23 9 1 AAaCcd 48 73 25 2 AbbCdG 24
48 9 2 AaaCeD 48 74 25 3 aBBCdg 24
25 10 1 AAa Ccg 24 75 25 4 aBbcDG 24
26 10 2 Aaa CeG 24 76 26 1 ABbDdg 24
27 11 1 AAaCeg 24 77 26 2 aBbDdG 24
28 11 2 AAacEg 24 78 27 1 ABbDdk 24
29 11 3 AaaCeG 24 79 27 2 aBbDdK 24
3 0 11 ‘4 AaacEG 24 80 28 1 ABbDfk 24
31 12 1 AAaEej 8 81 28 2 AbbdFK 24
32 12 2 AaaEeJ 8 82 28 3 aBBdFk 24
33 13 1 AABbcd 24 83 28 4 aBbDfK 24
34 13 2 AaBbcD 24 84 29 1 BBbbCc 12
35 13 3 AabbCD 24 85 30 1 BBbCcc 16
36 13 4 aaBBCd 24 86 30 2 bbbCCC 16
37 14 1 AABbdd 24 87 31 1 BBbCce 48
38 14 2 AaBbDe 48 88 31 2 BbbCcE 48
39 14 3 aaBbDD \ 24 89 32 1 BBbCef 24
40 15 1 AABbdf 24 90 32 2 BBbccF 12
41 15 2 AaBbDf 24 91 32 3 bbbCCF 1242 15 3 AabbDF 24 92 33 1 BBbCch 12
43 15 4 aaBBdF 24 93 33 2 BbbCcH 12
44 16 1 AAbCdd 12 • 94 34 1 BBbCfh 24
45 16 2 AaBcDd 24 95 34 2 BBbcFh 24
46 16 3 aabODD 12 96 34 3 BbbCfH 24
47 17 1 AAbCde 24 97 34 4 ;  BbbcFH 2448 17 2 AaBcDe 24 98 35 1 BBbFfn 6
49 17 3 Aab c DE 24 99 35 2 BbbFfN 6
5 0 17 4 aaBGdE 24
TABLE 5 . 3 . C l a s s i f i c a t i o n  o f  3V-S c l u s t e r s .  Columns 1 and 2 g i v e  t h e  
i n t e g e r s  n  and n,m o f  c o n f i g u r a t i o n  numbers  P , S . n  and P .n ,S .m
r e s p e c t i v e l y ,  where  P=4 and S=1.
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n n,m BOND
CLASSIFICATION
NUMBER
OF
VARIANTS
(V)
n n, m BOND
CLASSIFICATION
NUMBER
OF
VARIANTS
(V)
1 1 1 AAaA'bb 12 49 12 3 a a a E E ' j 82 1 2 aaaaBB' 24 50 12 4 a a A ' e e J 4
3 2 1 AaaA' bc 24 51 13 1 AabbC'd 24
4 2 2 aaaaBC’ 6 52 13 2 AabB'cd 24
5 2 3 aaaaB 'C 6 53 13 3 aaBbcD' 246 3 1 AaabbC' 24 54 13 4 aabB'cD 24
7 3 2 AaabB'c 24 55 13 5 aA'Bbcd 24
8 3 3 aaA'Bbc 48 56 13 6 aA'bbCd 24
9 3 4 aaA'bbC 48 57 14 1 AabbdD' 48
10 4 1 AaabbD' 12 58 14 2 aaBB' dd 24
1 1 4 2 AaA' bbd ‘ 24 59 14 3 AabB'dd 24
12 4 3 aaaBB'd 24 60 14 4 aA'bbDd 48
13 4 4 aaA'bbD 12 61 15 1 AabbdF' 24
14 5 1 AaabcD' 48 62 15 2 AabB 'd f 24
15 5 2 AaA'bed 48 63 15 3 aaBbD 'f 24
16 5 3 AaA'bed 48 64 15 4 aabB 'Df 24
17 5 4 aaaBC' d 48 65 15 5 aA'Bbdf 2418 5 5 aaaB'Cd 48 66 15 6 aA'bbdF 24
19 5 6 aaA'bcD 48 67 16 1 AabcdD' 24
20 6 1 AaabcE' 24 68 16 2 aaBC' dd 12
21 6 2 AaabC' e 24 69 16 3 aaB'Cdd 12
22 6 3 AaaB'Ce 24 70 16 4 aA'bcDd 24
23 6 4 aaA'Bce 24 71 17 1 AabcdE' 24
24 6 5 aaA'bCe 24 72 17 2 AaB'cde 24
25 6 6 aaA'bcE 24 73 17 3 aabCD'e 24
26 7 1 AaabD'e 24 74 17 4 a a b C ' de 24
27 7 2 AaA'bde 24 75 17 5 aA'Bcde * 24
28 7 3 AaA'bde 24 76 17 6 aA'bcdE 24
29 7 4 aaaBdE' 24 77 18 1 AabcdH' 48
30 7 5 aaaB 'dE 24 78 18 2 AaB'cdh 48
31 7 6 aaA'bDe 24 79 18 3 aabCD'h 48
32 8 1 AaaccC' 24 80 18 4 aabC ' Dh 48
33 8 2 aaA'Cec 24 81 18 5 aA'Bcdh 48
34 9 1 AaaccD' 24 82 18 6 aA'bcdH 48
35 9 2 AaA'ccd 48 83 19 1 AA'bddf 2436 9 3 aaaCC' d 48 84 19 2 aaBddF' 12
37 9 4 aaA'ccD 24 85 19 3 aabDD' f 24
38 10 1 AaaccG' 12 86 19 4 aaB 'ddF 12
39 10 2 AaA'ccg 24 87 20 1 AA'bddh 24
40 10 3 aaaC E 'g 24 88 20 2 aaBddH* 24
41 10 4 aaA'ccG 12 89 20 3 aabDD'h 12
42 11 1 AaaceG * 24 90 20 4 aaB'ddH 12
43 11 2 AaA'ceg 48 91 21 1 AA'bddi 24
44 11 3 aaaC E 'g 24 92 21 2 aaBddl  ' 12
45 11 4 a a a C ' Eg 24 93 21 3 aabDD'i 24
46 11 5 aaA'ceG 24 94 21 4 a a B 'd d l 12
47 12 1 A a a e e J ' 4 95 22 1 A a b d e l ' 2448 12 2 AaA'eej 8 96 22 2 AaB 'de i 24
90
n n,m BOND
CLASSIFICATION
NUMBER
OF
VARIANTS
(V)
n n,m BOND
CLASSIFICATION
NUMBER
OF
VARIANTS
(V)
97 2 2 ,3 aabDE' i 24 126 28 ,2 aBbdfK' 24
98 2 2 ,4 aabD 'E i 24 127 2 8 ,3 abbDF' k 24
99 22 ,5 aA'Bdei 24 1 28 2 8 ,4 abbD'Fk 24
100 22 ,6 aA' bde l 24 129 28 ,5 abB'dfK 24
101 23,1 AbB'cdd 24 130 28 ,6 A’Bbdfk 24102 2 3 , 2 aBbcdD' 24 131 2 9 , 1 BbbB'cc 24
103 2 3 , 5 abbCdD' 24 132 29 ,2 bbbbCC 12
104 2 3 , 4 abbC'Dd 24 133 3 0 , 1 BbbccC 24
105 2 3 , 5 abB' cdD 24 134 3 0 , 2 bbB'Ccc 24
106 2 3 , 6 A'Bbcdd 24 13.5 31,1 BbbccE' 24
107 24,1 AbbC'dd 24 136 3 1 , 2 BbB'cce 48
108 2 4 ,2 aBbcdD' 24 137 3 1 , 3 bbbCC' e 24
109 2 4 ,3 abB'cdD 12 138 3 1 , 4 bbB'ccE 48
110 2 4 ,4 A'bbCdd 12 139 3 2 , 1 BbbccF' 12
1 11 2 5 , 1 AbB'cdg 24 140 3 2 , 2 BbbcC 'f 24
112 2 5 , 2 aBbcdG' 24 141 3 2 , 3 bbB 'C cf 24
113 2 5 ,3 aabCD'g 24 142 3 2 , 4 bbB 'ccF 12
11 4 2 5 ,4 aabC'Dg 24 143 33,1 BbbccH' 6
115 2 5 , 5 abB'cdG 24 144 3 3 ,2 BbB’ cch 12
116 2 5 , 6 A'Bbcdg
AbbddG'
24 145 3 3 ,3 bbbCC'h 12
117 26,1 24 146 3 3 ,4 bbB'ccH 6
1 18 2 6 ,2 abbDD' g 48 ' 147 34,1 BbbcfH' 24
119 2 6 ,3 aBB'ddg 48 148 3 4 ,2 BbB'c fh 24120 2 6 ,4 A'bbddG 12 149 3 4 ,3 bbbCF' h 48
1 21 27,1 AbbddK' 12 1 50 34 ,4 bbbC'Fh 24
122 2 7 ,2 abbDDIk 24 151 34 ,5 bbB1cfH 24
123 2 7 ,3 aBB'ddk 24 152 35,1 BbbffN' 3
124 2 7 ,4 A'bbddK 12 153 3 5 ,2 BbB' f f n 6
125 28,1 AbB'dfk 24 154
155
3 5 .3
3 5 .4
bbbFF’n 
bbB’f fN
6
3
TABLE 5 . 4 . C l a s s i f i c a t i o n  o f  2V-2S c l u s t e r s .  Columns 1 and 2 g i v e  t h e  
and n,m o f  c o n f i g u r a t i o n  numbers P , S . n  and P .n ,S . rai n t e g e r s  n 
r e s p e c t i v e l y ,  where P=2 and S=2.
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s SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 1/2L1 1 1J 8 -6 -6 -6 -10
2 Li 0 OJ 6 12 0 0 +12
3 Li 1 1 J 8 —2 -2 -2 -6
TABLE 5 . 6 .  The d i s p l a c e m e n t  f i e l d  around a s o l u t e  atom in
a lp h a - i r o n .  The s o l u t e  i s  l o c a t e d a t  the o r i g i n . S i n d i c a t e s  t h e
n e a r e s t  n e ig h b o u r se quenc e  and th e  v e c t o r s d e f i n i n g  t h e
r e p r e s e n t a t i v e  s i t e s a r e g i v e n  r e l a t i v e  to t h e p o s i t i o n  o f  t h e
s o l u t e Î a tom. V i s t h e number o f c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t
s i t e s . The d i s p l a c e m e n t components dj and magni tude  d > 6 a r e
g iv e n i n  u n i t s  o f 10-2 a , where a i s t h e  l a t t i c e  p a r a m e t e r ,
p o s i t i v e  m a g n i tu d e s i n d i c a t i n g  outward d i s p l a c e m e n t s .
S SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 IMLi  T 3J 3 -5 5 -19 +20
2 1/41.T 1 3J 4 14 - 14 4 . -2 0
3 1/4L5 3 T j 3 8 - 8 6 , -13
4 1/4L3 3 1J 3 -15 15 -15 -26
5 1 / 4 [ 3  3 3J 1 10 -1 0 -10 -17
6 1 / 4 [ 3  3 3J 2 -1 4 14 14 -24
7 1/4L5 1 1J 1 - 14 2 2 +148 1/4L1 T 5J 2 1 -1 -26 +26
9 1/4L3 T 5J 3 4 -4 4 -7
10 1/4L5 3 5 J 4 -5 -5 5 - 8
TABLE 5«7» The d i s p l a c e m e n t  f i e l d  around a type  2 . 1 , 1 . 1  c l u s t e r  o f  
V-S i n  a l p h a  i r o n .  A v a c a n c y  i s  l o c a t e d  a t  [ o  0 Oj and a s o l u t e  
atom i s  a t  1 / 2 [T 1 1 j .  S i n d i c a t e s  t h e  n e a r e s t  n e i g h b o u r  s equence  
and t h e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  
r e l a t i v e  t o  t h e  c e n t r e  o f  t h e  d e f e c t  which i s  a t  1/4L1 1 1j« V i s  
t h e  number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The 
d i s p l a c e m e n t  components  d^ and t h e  m agn i tu de  d > 7 a r e  g i v e n  i n
au n i t s  o f  10“ ^ a , where  i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  
m ag n i tu d e s  i n d i c a t i n g  outward  d i s p l a c e m e n t s .
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s SITE V
d1
DISPLACEMENT
d2 d3
MAGNITUDE
d
1 1/2LT 1 OJ 4 18 - 1 8 -8 -27
2 l / 2 [ 0  2 1 J 4 0 9 4 +9
3 1 / 2 [ 2  0 TJ 4 -25 0 2 +25
4 1/2  [T 1 2J 4 5 -5 -7 -9
5 1/2[T 1 4 j 4 15 -15 17 -27
6 1 / 2 [ 2  2 1 J 4 5 -5 -5 -8
7 1/2L2 2 3J 4 5 -5 6 -9
TABLE 5 . 8 .  The d i s p l a c e m e n t f i e l d  a round  a type  2 .2 , 1. 1 c l u s t e r  o f
V-S i n  a l p h a  i r o n A v a c a n c y  i s  l o c a t e d  a t  [ 0  0 0 J and a  s o l u t e
atom i s  a t  |_0 0 1j . S i n d i c a t e s  t h e  n e a r e s t  n e ig h b o u r  sequence
and t h e  v e c t o r s d e f i n i n g th e r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n
r e l a t i v e  to  t h e  c e n t r e o f  t h e  d e f e c t  which i s  a t  l / 2 [ 0  0 l j .  V i s
t h e number o f c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t s i t e s .  The
d i sp l a c e m e n ts ^ c o m p o n e n t s  d . and t h e  m agn i tude  d > 7 a r e  g i v e n  i n
u n i t s o f  10“2 a , where a i s t h e  l a t t i c e p a r a m e t e r ,  p o s i t i v e
m a g n i tu d e s  i n d i c a t i n g outward  d i s p l a c e m e n t s .
S SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 1/3L2 1 Oj 2 -15 -23 0 -272 1/31.2 2 OJ 1 -23 23 0 -32
3 1/3LÎ 1 3J 2 15 -15 -8 -23
4 1/SLl 5 3j 4 -5 18 -10 -21
5 1/312 1 5] 4 -16 -1 6 19 -29
6 1 / 6 [ l  7 3j 4 0 -25 -4 -25
7 1/6L5 5 3j 2 11 -11 10 -1 8
8 1/3LÎ 4 OJ 2 -4 19 0 + 1 9
9 1 / 6 [ l  T 9j 2 0 0 25 +25
10 1/6L7 5 3j 6 -6 -6 -4 -9
11 1/3LT 5 OJ 1 -4 -6 0 +7
12 1/6L5 5 9j 2 5 -5 -6 -9
TABLE 5«9« The d i s p l a c e m e n t  f i e l d  a round a type  3 - 1 , 1 * 2  c l u s t e r  o f  
2V-S i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  [O 0 Oj ,  [ 0  0 1j  and 
and a s o l u t e  atom i s  a t  1 / 2 [ T  1 1 j .  S i n d i c a t e s  t h e  n e a r e s t
n e ig h b o u r  sequence  and t h e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  
s i t e s  a r e  g i v e n  r e l a t i v e  t o  t h e  c e n t r e  o f  t h e  d e f e c t  which  i s  a t  
1 / 6 [ T  1 3 J . V i s  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t
s i t e s .  The d i s p l a c e m e n t s  component s  d^ and t h e  m agn i tude  d > 7
a r e  g i v e n  i n  u n i t s  o f  10“ 2 a ,  where  a  i s  t h e  l a t t i c e  p a r a m e t e r ,  
p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  ou tward  d i s p l a c e m e n t s .
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s SITE V DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 L1 0 Oj 3 23 0 3 +232 1/2[1 1 1 J 4 -2 4 -24 -2 -3 4
3 1/2[1 1 Tj 4 -19 -1 9 13 -30
4 1/2[1 1 3] 4 -16 -16 -2 0 -30
5 1/2[1 1 3J 4 -6 -6 8 -11
6 [ l  1 OJ 4 - 8 - 8 -3 -12
7 [o  1 1 J 4 0 24 -6 -25
8 [o  1 TJ 2 0 8 6 +10
9 [o 0 2 J 1 0 0 -23 -23
10 [o 0 2 ] 1 0 0 -11 +11
11 [l  1 1 J 4 -7 -7 -5 -1112 L1 0 2J 2 -4 0 -6 -7
13 [l  1 2j 8 - 6 -6 -7 -11
TABLE 5« 10• The d i s p l a c e m e n t  f i e l d  a round a type  2 . 6 , 1 . 1  c l u s t e r  
o f  2V-S i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  [0  0 Oj ,  [ 0  0 "Ï J 
and and a s o l u t e  atom i s  a t  [0  0 1 J . S i n d i c a t e s  t h e  n e a r e s t
n e ig h b o u r  s equence  and t h e  v e c t o r s  d e f i n i n g  th e  r e p r e s e n t a t i v e  
s i t e s  a r e  g i v e n  r e l a t i v e  to  t h e  c e n t r e  o f  t h e  d e f e c t  which  i s  a t  
[ 0  0 Oj .  V i s  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  
s i t e s .  The d i s p l a c e m e n t s  components  d^ and t h e  m agn i tude  d ^  7
a r e  g iv e n  i n  u n i t s  o f  10”^ a ,  where  a i s  t h e  l a t t i c e  p a r a m e t e r ,  
p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  outward  d i s p l a c e m e n t s .
94
s SITE V DISPLACEMENT MAGNITUDE
d1 d2 d3 d
1 1 /4 0 3 2j 2 8 5 -19 -21
2 1/4 2 3 Oj 1 -24 5 0 -24
3 1/4 2 3 OJ 1 23 14 0 -27
4 1/4 2 1 4j 2 -14 -13 7 - 20
5 1/4 2 1 4J 2 17 -15 -8 -24
6 1/4 4 T 2j 2 , 8 13 -16 -22
7 1/4 4 T 2j 2 -19 4 - 8 +28
8 1/4 4 3 2j 2 -1 6 -15 -15 -26
9 1/4 4 3 2j 2 12 -11 -9 -1 9
10 1/4 2 5 Oj 1 3 , 52 0 +32
11 1/4 0 5 2j 2 -1 - 2 8 -2 +28
1 2 1/4 2 5 Oj 1 1 15 0 +15
13 1/4 2 3 4J 2 -16 17 -19 -3 0
14 1/4 ^ ! 4J 2 15 16 -19 -29
15 1/4 6 1 OJ 1 32 5 0 +3216 1/4 0 T 6J 2 -1 3 29 +29
17 1/4 6 1 Oj 1 - 1 8 4 0 +1 8
18 1/4 4 5 2j 2 -6 ' 5 -3 -8
19 1/4 4 3 ?J 2 5 5 3 -720 1/4 2 7 Oj 1 4 -7 0 +8
21 1/4 E 7 Oj 1 -5 7 0 +922 1/4 6 5 OJ 1 5 4 3 -7
23 1/4 4 5 6J 2 . -6 6 -7 -11
24 1/4 4 5 6J 1 5 6 7 -1 0
25 1/4 6 5 4J 2 -6 -5 -5 -9
TABLE 5» 11 » The d i s p l a c e m e n t  f i e l d  a round a type  4 . 1 , 1 . 1  c l u s t e r
o f  3V-S i n  a l p h a - i r o n .  V a c a n c i e s  a r e  l o c a t e d  a t  [o  0 Oj ,  1/2[1 1
1 J and 1_0 0 1 J and and a  s o l u t e  a tom i s  a t  1/2[1 1 1 J .  S
i n d i c a t e s  t h e  n e a r e s t  n e i g h b o u r  s e q u en c e  and th e  v e c t o r s  d e f i n i n g  
t h e  r e p r e s e n t a t i v e  s i t e s  a r e  g i v e n  r e l a t i v e  to  t h e  c e n t r e  o f  t h e
d e f e c t  which i s  a t  1 / 4 [ 0  1 2 j .  V i s  t h e  number o f
c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t  s i t e s .  The d i s p l a c e m e n t s  
components  d^ and t h e  m a g n i tu d e  d > 7 a r e  g iv e n  i n  u n i t s  o f  10"^a ,  
where a i s  t h e  l a t t i c e  p a r a m e t e r ,  p o s i t i v e  m agn i tude s  i n d i c a t i n g  
outward d i s p l a c e m e n t s .
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s SITE V DISPLACEMENT 
d1 d2 d3
MAGNITUDE
d
1 1/412 3 Oj 1 24 -6 0 -25
2 I / 4 L2 3 OJ 1 -23 -30 0 -38
3 1/4L0 5 2J 2 -1 8 -11 -14 +25
4 1/4L4 1 OJ 2 32 6 0 +32
5 1 / 4 [ 2  T 4J 2 12 13 6 -196 1 /4 Î2  T 4J 2 -17 17 -2 8 -37
7 1/4L4 1 2j 2 “9 -14 -16 -238 1 / 4 [ 2  3 4j 2 -15 -15 -19 -28
9 I / 4 L2 3 4J 2 16 -17 -20 -3110 1 / 4 [ 2  5 OJ 1 0 9 0 -9
11 I / 4 I2 5 OJ 1 -7 -33 0 +34
12 1/4L0 5 2J 2 3 25 -4 +25
13 1/4L4 3 2j 2 14 14 -15 ■ -25
14 1 / 4 Ï 0  1 6J 2 3 1 26 +26
15 1/4L4 5 2J 2 -6 -6 -4 -916 l / 4 [ 2  5 4J 2 -4 4 -4 -7
17 1/4L4 5 2j 2 6 -6 -3 -9
18 l / 4 [ 2  7 OJ 1 5 5 0 ' +7
19 1/4L4 3 6J 2 -7 7 -8 -11
20 1/4L& 3 4J 2 4 -3 -5 -721 1/4L4 5 6J 2 -5 5 -6 -922 1/4L4 5 6J 2 6 -6 -7 -11
23 1/4L6 5 4 j 2 5 5 -4  ' - 8
TABLE 5»12. The d i s p l a c e m e n t  f i e l d  around a 3 » 1 , 1 . 1 *  p o s s i b l e  
c o l l a p s e d  c l u s t e r  o f  2V-S i n  a l p h a - i r o n .  V a c a n c ie s  a r e  l o c a t e d  a t  
L1 0 Oj ,  1/2[T 1 1J 1 /2[T 1 T j , a s o l u t e  atom i s  a t  [ 0  0 0 J and
t h e  i n t e r s t i a l  i s  a t  1 / 4 [ ^  1 Oj .  S i n d i c a t e s  t h e  n e a r e s t
n e ig h b o u r  s equence  and t h e  v e c t o r s  d e f i n i n g  t h e  r e p r e s e n t a t i v e  
s i t e s  a r e  g i v e n  r e l a t i v e  t o  t h e  c e n t r e  o f  t h e  d e f e c t  which i s  a t  
I / 4 L2 1 0 J . V i s  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  e q u i v a l e n t
s i t e s .  The d i s p l a c e m e n t s  components  d^  ^ and t h e  m agn i tude  d 7 
a r e  g i v e n  i n  u n i t s  o f  10“^ a ,  where  a i s  t h e  l a t t i c e  p a r a m e t e r ,  
p o s i t i v e  m a g n i tu d e s  i n d i c a t i n g  outward  d i s p l a c e m e n t s .
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CHAPTER 6
MIGRATION OF CLUSTERS OF VACANCIES AND SOLUTE ATOMS
6.1 INTRODUCTION
The m i g r a t i o n  o f  p o i n t  d e f e c t s  such  a s  v a c a n c i e s ,  s e l f  
i n t e r s t i t i a l s  and s o l u t e s  i . e  s u b s t i t u t i o n a l  i m p u r i t i e s  i s  an i m p o r t a n t  
p r o c e s s  i n  c r y s t a l l i n e  m a t e r i a l s  p a r t i c u l a r l y  a t  h i g h  t e m p e r a t u r e s  
where b o t h  e q u i l i b r i u m  c o n c e n t r a t i o n s  and m o b i l i t i e s  o f  ’ t h e s e  d e f e c t s  
a r e  h i g h ,  and a t  low er  t e m p e r a t u r e s ,  when e x c e s s  p o i n t  d e f e c t s  a r e  
i n t r o d u c e d  by d i f f e r e n t  m e thods ,  e . g ,  d e f o r m a t i o n ,  quench ing  o r  
i r r a d i a t i o n .  T h i s  i s  b e c a u s e  t h e  s t u d y  o f  p o i n t  d e f e c t s  i s  based  
p r i m a r i l y  upon t h e  a n a l y s i s  o f  p h y s i c a l l y  m e a s u r a b l e  ch anges  b ro u g h t  
a b o u t  by  m i g r a t i o n  o f  d e f e c t s .  Thus t h e  m i g r a t i o n  o f  v a c a n c i e s  and 
s o l u t e  a to m s ,  h a s  be e n  examined .
I n  c r y s t a l s  t h e r e  a r e  t h r e e  p o s s i b l e  mechanisms by  means o f  
which t h e  m i g r a t i o n  o f  V-S c l u s t e r s  may t a k e  p l a c e .  These mechanisms 
a r e  a s  f o l l o w s ;
a)  The i n t e r c h a n g e  o f  a s o l u t e  atom w i th  a v a c an c y  when t h e y  a r e  
a t  f i r s t  n e a r e s t  n e i g h b o u r .
b)  The i n t e r c h a n g e  o f  a v a c anc y  w i t h  i t s  f i r s t  n e a r e s t  n e ig h b o u r  
h o s t  atom by k e e p in g  t h e  s o l u t e  atom f i x e d .
c)  The i n t e r c h a n g e  o f  a s o l u t e  atom w i th  t h e  f i r s t  n e a r e s t  
n e i g h b o u r  h o s t  a tom.
Mechanism ( c )  i n v o l v e s  v e r y  h i g h  m i g r a t i o n  e ne rgy  and so i t  was assumed 
i n  t h e  p r e s e n t  s t u d i e s  t h a t  t h e  m i g r a t i o n  o f  a s o l u t e  a tom th ro u g h  t h i s
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mechanism i s  n o t  p o s s i b l e .  T h e r e f o r e  by u s in g  th e  mechanisms ( a )  and 
(b)  the  m i g r a t i o n  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms was s t u d i e d  
i n  BCC c r y s t a l s .
F i r s t l y ,  t h e  g e o m e t r i c a l  a s p e c t  o f  m i g r a t i o n  i s  adop ted  i n  o r d e r  
to  s t u d y  t h e  p o s s i b l e  m i g r a t i o n  mechanisms which t r a n s f o r m  a 
c lo s e - p a c k e d  c l u s t e r  o f  v a c a n c i e s  and s o l u t e  a toms i n t o  a n o t h e r  
c o n f i g u r a t i o n .  The r e s u l t a n t  c o n f i g u r a t i o n  i s  n o t  n e c e s s a r i l y  
d i f f e r e n t  from i t s  p a r e n t  c o n f i g u r a t i o n .  Th i s  w i l l  be d i s c u s s e d  i n  t h e  
n e x t  s e c t i o n .  Se c o n d ly ,  com pute r  s i m u l a t i o n  methods were used  to 
d e t e r m i n e  t h e  m i g r a t i o n  e n e r g i e s  a s s o c i a t e d  w i t h  t h e  m i g r a t i o n  
mechanisms o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a tom s .  A number o f  
a u t h o r s  W ynb la t t  ( 1 9 6 7 ) ,  Johnson  ( 1 964a&b,19 6 5 a , 1 972a&b), D é d e r ic h s  e t
a l .  ( 1 9 7 8 ) ,  F a r i d i  and C rocke r  (1980)  and I n g l e  and Crocker  (1978)
/
have used computer  s i m u l a t i o n  m ethods  f o r  c a l c u l a t i o n  o f  m i g r a t i o n  
e n e r g i e s  o f  v a c a n c i e s  and i n t e r s t i t i a l  type  i m p u r i t i e s  i n  m e t a l s .
6 .2  MIGRATION MECHANISMS
A l l  m i g r a t i o n  mechanisms a s s o c i a t e d  w i th  c r y s t a l l o g r a p h i c a l l y
d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms which a r e
p o s s i b l e  u s i n g  t h e  two mechanisms ( a )  and (b)  d i s c u s s e d  i n  t h e  p r e v i o u s
s e c t i o n  were i n v e s t i g a t e d  and t h e  r e s u l t s  a r e  p r e s e n t e d  i n  t h e  form o f
/ NV.Si g r a t i o n  m a t r i c e s  Here t h e  s u p e r s c r i p t  NV,S i n d i c a t e s  t h a tm
t h e r e  a r e  N v a c a n c i e s  and one s o l u t e  a tom. The s u b s c r i p t  i j  shows t h e  
t r a n s f o r m a t i o n  o f  c l u s t e r  i  i n t o  j  which o c c u r s  when t h e  m i g r a t i o n  
p r o c e e d s .  The o t h e r  s u b s c r i p t  k r e p r e s e n t s  t h e  c o r r e s p o n d i n g  mechanism 
used f o r  c o n s t r u c t i o n  o f  t h i s  m i g r a t i o n  m a t r i x .
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The f i r s t  mechanism i s  v e r y  s t r a i g h t f o r w a r d .  I t  s t a t e s  t h a t  
when a v a c anc y  comes to  one o f  t h e  f i r s t  n e a r e s t  n e i g h b o u r i n g  l a t t i c e  
s i t e s  o f  a s o l u t e  atom t h e n  t h a t  s o l u t e  can m i g r a t e .  The second 
mechanism s t a t e s  t h a t  m i g r a t i o n  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  
a toms i s  s i m i l a r  to  t h a t  o f  v a c an c y  c l u s t e r s  e x c e p t  t h a t  t h e  s o l u t e
atom i s  k e p t  f i x e d  i . e  i n  o t h e r  words t h e  s o l u t e  atom i s  a c o n s t a n t  o f
t h e  m o t io n  ( m i g r a t i o n ) . Thus t h e  m i g r a t i o n  o f  c lo s e - p a c k e d  c l u s t e r s  o f  
v a c a n c i e s  and s o l u t e , a t o m s  i s  c o n s i d e r e d  to  o c c u r  by means o f  a s i n g l e  
f i r s t  n e a r e s t  n e ig h b o u r  v a c an c y  jump so t h a t  t h e  r e s u l t i n g  
c o n f i g u r a t i o n  i s  s t i l l  c l o s e - p a c k e d . Th is  vacancy  jump l e a d s  t h e  
c o n f i g u r a t i o n  e i t h e r  i n t o  a d i f f e r e n t  o r i e n t a t i o n  o f  t h e  same c l u s t e r  
o r  i n t o  a new c o n f i g u r a t i o n .
6 .2 .1  MIGRATION OF V-S
There  a r e  two c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c lo s e - p a c k e d  
c l u s t e r s  o f  V-S a t  f i r s t  and second n e a r e s t  n e i g h b o u r s .  The 1/2<1 1 1> 
V-S i s  c a p a b l e  o f  m i g r a t i n g  t h e  s o l u t e  atom t h ro u g h  t h e  i n t e r c h a n g e  o f  
i t s  p o s i t i o n  w i t h  t h e  v a c a n c y .  I n  t h e  o t h e r  c o n f i g u r a t i o n  o f  V-S where 
t h e  p a i r  h a s  a  second  n e a r e s t  n e ig h b o u r  bond be tw een  them, t h e  
i n t e r c h a n g e  o f  t h e  s o l u t e  atom w i th  t h e  va c anc y  i s  im p o s s ib l e .  The 
m i g r a t i o n  m a t r i c e s  (M^^)^ and (M^j)^  were c o n s t r u c t e d  by u s i n g  
mechanisms ( a )  and ( b )  r e s p e c t i v e l y  and a r e  t a b u l a t e d  i n  t a b l e  6 . 1 .
6 . 2 . 2  MIGRATION OF 2V-S
The m i g r a t i o n  mechanisms f o r  t h e  13 c r y s t a l l o g r a p h i c a l l y
d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  2V-S were s t u d i e d .  M i g r a t i o n
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m a t r i c e s  and were c o n s t r u c t e d  by u s i n g  mechanisms ( a )  and
(b)  r e s p e c t i v e l y .  A l l  t h e  e l e m e n t s  o f  t h e s e  m a t r i c e s  were found to  be 
ze ro  e x c e p t  f o r  t h o s e  g i v e n  i n  t a b l e  6 . 2 .  The m i g r a t i o n  m a t r i c e s  f o r  
c l u s t e r s  o f  3V-S and 2V-2S were n o t  f u l l y  d e te r m in e d  b u t  w i l l  be 
d i s c u s s e d  i n  s e c t i o n  6.5*
6 .3  THE SIMULATION PROCEDURE
S i n c e  t h e  a d v e n t  o f  h i g h - s p e e d  d i g i t a l  c om pu te r s ,  i t  h a s  become 
p o s s i b l e  t o  pe r fo rm  t h e o r e t i c a l  c a l c u l a t i o n s  t o  d e te r m in e  t h e  
p r o p e r t i e s  o f  c r y s t a l  l a t t i c e s  c o n t a i n i n g  v a c a n c i e s  and s o l u t e  a tom s .  
In  p a r t i c u l a r ,  g i v e n  a r e a s o n a b l y  r e l i a b l e  e x p r e s s i o n  ' f o r  t h e  
i n t e r a t o m i c  p o t e n t i a l  be tween  t h e  atoms o f  a c r y s t a l ,  one can  o b t a i n
n u m e r i c a l  r e s u l t s  f o r  t h e  m i g r a t i o n  e n e r g i e s  o f  c l u s t e r s  o f  v a c a n c i e s
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and s o l u t e  a to m s .  Johnson  i r o n - i r o n  and i r o n - i m p u r i t y  p o t e n t i a l s  were 
employed f o r  t h e  i n t e r a c t i o n s  o f  h o s t - h o s t  and h o s t - i m p u r i t y  ( s e e  
c h a p t e r  2 and 5)  a to m s .  The model  used f o r  t h e s e  c a l c u l a t i o n s  was
s i m i l a r  to  t h a t  o u t l i n e d  by I n g l e  and Crocker  (1978)  and A khte r  e t  a l .
(1982)  and i s  e x p l a i n e d  i n  c h a p t e r  1.
The method o f  s i m u l a t i n g  t h e  m i g r a t i o n  o f  a s o l u t e  atom t h ro u g h  
t h e  i n t e r c h a n g e  o f  i t s  p o s i t i o n  w i t h  a v a c a n t  s i t e  was s i m i l a r  to  t h a t  
used f o r  m o n o -v a c a n c i e s  and d i s c u s s e d  i n  c h a p t e r  3 ,  e x c e p t  t h a t  h e r e
movement o f  a s o l u t e  a tom r a t h e r  t h a n  a h o s t  atom was examined.  The
p o t e n t i a l  b a r r i e r ,  which  i s  o b t a i n e d  by t h e  movement o f  a s o l u t e  atom 
tow ards  t h e  v a c a n t  s i t e  and hence  th e  m i g r a t i o n  e n e rg y  o f  t h e  s o l u t e  
were c a l c u l a t e d  u s i n g  s i m i l a r  t e c h n i q u e s  t o  t h o s e  e x p l a i n e d  i n  c h a p t e r  
3 .
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6 .4  MIGRATION ENERGIES
The m i g r a t i o n  e n e rg y  f o r  a s o l u t e  atom th ro u g h  i n t e r c h a n g e  w i th  
a v a c anc y  a t  f i r s t  n e a r e s t  n e i g h b o u r  1/2<1 1 1> was found to  be
0.354eV. The p o t e n t i a l  e n e rg y  b a r r i e r  and the  m i g r a t i o n  mechanism a r e  
i l l u s t r a t e d  i n  f i g  6 . 1 .
The second mechanism (b )  was used to  compute t h e  m i g r a t i o n  
e n e r g i e s  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms i n  a l p h a - i r o n .  T h i s  
i s  done by t h e  hopp ing  o f  a h o s t  atom s t e p  by s t e p  to wards  t h e  v a c a n t  
s i t e .  The p r o c e d u r e  used to  a c h i e v e  t h i s  s i t u a t i o n  i n  t h e  
c o m p u t a t i o n a l  model, was t h e  same a s  o u t l i n e d  i n  c h a p t e r  3 e x c e p t  t h a t  
t h e  r e f e r e n c e  e ne rgy  f o r  t h e  c l u s t e r s  o f  N v a c a n c i e s  and one s o l u t e  
atom was t a k e n  to  be  E ^ “^ .  The m i g r a t i o n  e n e r g i e s  f o r  one c l u s t e r  o f  
2V-S (abb)  and two c l u s t e r s  o f  3V-S (aaaBBC and aaBBCd) were s t u d i e d .  
In  g e n e r a l ,  t h e  ge o m e t ry  and t h e  s t r u c t u r e s  o f  c l u s t e r s  o f  4V-S and 
5V-S were n o t  examined b u t  one 4V-S c o n f i g u r a t i o n  ( 5 * 1 0 , 1 . 1 ) ^  and one 
5V-S c o n f i g u r a t i o n  ( 6 . 2 , 1 . 1 ) ^  were i n c l u d e d  i n  t h e  p r e s e n t  s t u d y .  Th is  
was done b e c a u s e  t h e s e  c o n f i g u r a t i o n s  were th o u g h t  t o  p r o v i d e  a 
p o s s i b l e  r o u t e  f o r  t h e  g rowth  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms 
which  w i l l  be  d i s c u s s e d  i n  c h a p t e r  7 .  A s u p e r s c r i p t  i s  used w i t h  
t h e  c o n f i g u r a t i o n  numbers  o f  t h e s e  two c l u s t e r s .  T h i s  i n d i c a t e s  t h a t  
t h e s e  c l u s t e r s  a r e  n o t  i n  t h e  c o r r e c t  c l a s s i f i e d  o r d e r  a s  a r e  t h e  o t h e r  
c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a to m s .  The m i g r a t i o n  e n e r g i e s  f o r  
forward (Fd)  and backward (Bd) jumps f o r  c l u s t e r s  o f  v a c a n c i e s  and one 
s o l u t e  atom d i s c u s s e d  above a r e  g i v e n  i n  t a b l e  6 . 2 .  A fo rw ard  jump i s  
d e f i n e d  a s  t h e  jump which  t r a n s f o r m s  a c l u s t e r  i  i n t o  a c l u s t e r  j  and a
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backward jump m i g r a t e s  a c o n f i g u r a t i o n  j  i n t o  i . The m i g r a t i o n  
mechanisms and t h e  p o t e n t i a l  e n e rg y  b a r r i e r s  f o r  t h e  c l u s t e r s  o f  2V-S, 
3V-S, 4V-S and 5V-S a r e  shown i n  f i g s  6 . 2  and 6 . 3  r e s p e c t i v e l y .  The 
i n i t i a l  and t h e  f i n a l  c o n f i g u r a t i o n s  b e f o r e  and a f t e r  t h e  m i g r a t i o n  
p r o c e s s e s  a r e  i n d i c a t e d  by t h e i r  c o n f i g u r a t i o n a l  numbers ,  which  were 
d i s c u s s e d  i n  c h a p t e r  5,  a t  t h e  l e f t  and r i g h t  hand s i d e s  o f  t h e  
p o t e n t i a l  en e rg y  b a r r i e r s  r e s p e c t i v e l y .
6 .5  DISCUSSION
The m i g r a t i o n  mechanisms f o r  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms have  been  examined 
by u s i n g  t h e  g e o m e t r i c a l  model  a s  w e l l  a s  compute r  s i m u l a t i o n  
t e c h n i q u e s .  M i g r a t i o n  m a t r i c e s  were de te rm in e d  f o r  t h e  c l u s t e r s  o f  V-S 
and 2V-S employing t h e  two mechanisms  ( a )  and (b)  d i s c u s s e d  i n  s e c t i o n
6 . 1 .  Many o f  t h e  e l e m e n t s  o f  t h e s e  m a t r i c e s  a r e  z e r o .  T h e r e f o r e  i t  
was d e c id e d  o n l y  t o  pu t  n o n - z e r o  e le m e n t s  i n  t h e  t a b l e  d e f i n i n g  t h e s e  
m a t r i c e s .  The l i n k  be tw een  t h e  m i g r a t i o n  m a t r i x  and mechanisms ( a )  and 
(b)  was i n d i c a t e d  by r e p r e s e n t i n g  t h e  e l e m e n t s  o f  t h e  m a t r i x  by t h e  
l e t t e r s  a  and b r e s p e c t i v e l y .
The rows and columns o f  t h e  m i g r a t i o n  m a t r i c e s  d e f i n e  t h e  p a r e n t  
and p r o d u c t  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms r e s p e c t i v e l y .  The 
e le m e n t s  o f  t h e  m i g r a t i o n  m a t r i c e s  p r o v i d e  t h e  p o s s i b l e  number o f  
m i g r a t i o n  mechanisms f o r  p a r e n t  c l u s t e r s  t o  become p r o d u c t  c l u s t e r s .  
Hence t h e  e l e m e n t s  which a r e  z e ro  i n  t h e  m i g r a t i o n  m a t r i c e s  i n d i c a t e  
t h a t  m i g r a t i o n  i s  n o t  p o s s i b l e  f o r  t h e s e  c l u s t e r s  o f  v a c a n c i e s  and 
s o l u t e  a to m s .  The o r d e r  o f  t h e  m i g r a t i o n  m a t r i x  i s  e q u a l  to  t h e  number
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o f  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  and 
s o l u t e  a tom s .  There  a r e  99 and 155 c l o s e - p a c k e d  c o n f i g u r a t i o n s  o f  3V-S 
and 2V-2S r e s p e c t i v e l y .  T h e r e f o r e  t h e  m i g r a t i o n  m a t r i c e s  f o r  t h e  
c l u s t e r s  o f  3V-S a n s  2V-2S a r e  o f  t h e  o r d e r  99 and 155 r e s p e c t i v e l y .  
I t  i s  d i f f i c u l t  to  h a n d l e  su c h  l a r g e  m a t r i c e s  and i t  was t h e r e f o r e  
d e c id e d  n o t  to  d e v e lo p  t h e  m i g r a t i o n  m a t r i c e s  f o r  t h e s e  c l u s t e r s .
The m i g r a t i o n  e n e rg y  o f  a s o l u t e  atom th ro u g h  va c anc y  
i n t e r c h a n g e  was c a l c u l a t e d  to  he  0.354eV and t h e  p o t e n t i a l  ene rgy  
b a r r i e r  a s s o c i a t e d  w i t h  t h i s  mechanism ( s e e  f i g  5 . 1 )  d e m o n s t r a t e s  a 
m e t a s t a b l e  p o s i t i o n  a t  t h e  m i d - p o i n t  o f  t h e  t r a j e c t o r y .  Th i s  i s  
be c ause  d u r i n g  t h e  movement o f  t h e  s o l u t e  atom tow ards  t h e  v a c a n t  s i t e  
i t  h a s  t o  squeeze  t h r o u g h  two e q u i l a t e r a l  t r i a n g l e s  o f  n e ig h b o u r i n g  
a toms.  Th is  mechanism i s  e x p l a i n e d  i n  d e t a i l  i n  c h a p t e r  3 .  The 
m i g r a t i o n  e n e rg y  o f  a s o l u t e  atom i s  i n  t h i s  c a s e  a p p r o x i m a t e l y  h a l f  
t h a t  o f  a v a c a n c y .  T h i s  i s  due t o  t h e  i n t r o d u c t i o n  o f  t h e  f a c t o r  f=1 /2  
i n t o  t h e  p a r e n t - p a r e n t  p o t e n t i a l .  Indeed  the  m i g r a t i o n  e n e rg y  may be 
shown to  be a p p r o x i m a t e l y  a  l i n e a r  f u n c t i o n  o f  t h e  f a c t o r  f .
M i g r a t i o n  e n e r g i e s  o f  a few c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c l o s e - p a c k e d  c l u s t e r s  o f  2V-S, 3V-S, 4V-S and 5V-S were  examined and
t h e  r e s u l t s  a r e  t a b u l a t e d  i n  t a b l e  6 . 2 .  The m i g r a t i o n  o f  c l u s t e r s  o f  
v a c a n c i e s  and one s o l u t e  a tom was a c h i e v e d  by a s t e p p i n g  p r o c e s s ,  a t  
each  s t a g e  o f  which one o f  t h e  v a c a n c i e s  o f  t h e  c l u s t e r  u n d e r  
c o n s i d e r a t i o n  moved a s  a  m o n o -v a c a n c y . The h e i g h t  o f  t h e s e  p o t e n t i a l  
ene rgy  b a r r i e r s  f o r  t h e  c l u s t e r s  o f  v a c a n c i e s  and one s o l u t e  atom i s  
a p p r o x i m a t e l y  t w i c e  t h a t  o f  a s o l u t e  a tom. Th is  i s  b e c a u s e  t h e s e  a r e  
o b t a i n e d  u s i n g  mechanism ( b ) . i n  which a  vacancy  m i g r a t e s  t h r o u g h  i t s
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f i r s t  n e a r e s t  n e ig h b o u r  h o s t  atom and t h i s  p r o c e s s  i n v o l v e s  a h i g h  
m i g r a t i o n  en e rg y  a s  d i s c u s s e d  above .
\
The p o t e n t i a l  e ne rgy  b a r r i e r s  o b t a i n e d  f o r  t h e  m i g r a t i o n  of. 
c l u s t e r s  o f  v a c a n c i e s  and one s o l u t e  atom i n d i c a t e  t h a t  t h e  backward 
jumps a r e  c o m p a r a t i v e l y  more d i f f i c u l t  t h a n  fo rw ard  jumps. The 
e n e r g i e s  f o r  t h e s e  jumps which a r e  g i v e n  i n  t a b l e  6 . 3  can be compared.  
The h i g h  v a l u e  f o r  t h e  m i g r a t i o n  e n e r g i e s  a s s o c i a t e d  w i th  backward 
jumps i s  i n  f a c t  due to  t h e  f o l l o w i n g  two r e a s o n s .
1) The p r o d u c t  c l u s t e r s  formed a s  a r e s u l t  o f  va c anc y  m i g r a t i o n  
by k e e p in g  t h e  s o l u t e  atom f i x e d  have h i g h e r  f o r m a t i o n  e n e r g i e s  
t h a n  t h e i r  p a r e n t  c l u s t e r s .
2) I n  t h e  backward jump, t h e  m i g r a t i n g  atom h a s  to  push t h e  
s u r r o u n d i n g  atoms ba c k  to  t h e i r  o r i g i n a l  p o s i t i o n s  which  were 
r e l a x e d  i n  t h e  fo rw ard  jump.  Th i s  f a c t o r  can  cause  an i n c r e a s e  
i n  t h e  m i g r a t i o n  e n e rg y .
However, t h e  m i g r a t i o n  o f  a s o l u t e  atom u s i n g  mechanism ( a )  r e q u i r e s  a 
v e r y  s m a l l  amount o f  e n e rg y  ( 0 .3 5 4 e V ) .  The p o t e n t i a l  e ne rgy  b a r r i e r  
f o r  t h i s  mechanism i s  i l l u s t r a t e d  i n  f i g  6 . 1 .  However, t h i s  mechanism 
does n o t  a l l o w  lo n g  r a n g e  m i g r a t i o n  o f  a s o l u t e  a tom. Thus t h e  
m i g r a t i o n  o f  a c l u s t e r  o f  v a c a n c i e s  and s o l u t e  a toms i s  gove rned by 
mechanism (b)  i n  which  t h e  s o l u t e  atom does  n o t  move. The i n t e r c h a n g e  
o f  a  s o l u t e  atom w i t h  i t s  f i r s t  n e a r e s t  n e ig h b o u r  v a c a n t  s i t e  may o r  
may n o t  b r i n g  a c o n f i g u r a t i o n a l  change  o f  t h e  c l u s t e r  which h a s  been  
obse rved  from t h e  s t u d y  o f  g e o m e t r i c  s t r u c t u r e s  f o r  c l u s t e r s  o f  
v a c a n c i e s  and s o l u t e  a toms i n  c h a p t e r  5* The m i g r a t i o n  m a t r i x  o b t a i n e d  
f o r  t h e  V-S c l u s t e r  u s i n g  mechamism ( a )  i s  a n o t h e r  example o f  t h i s  
i n t e r c h a n g e  p r o c e s s .  I n  t h i s  m a t r i x  t h e  i n t e r c h a n g e  o f  s o l u t e  w i t h  a
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v a c a n t  s i t e  d o e s  n o t  change  i t s  s h a p e .  The shape o f  t h e  c l u s t e r  i s  
o n l y  c o n t r o l l e d  by t h e  movement o f  a v a c a n t  s i t e  by k e e p in g  th e  s o l u t e  
atom f i x e d .  T h e r e f o r e ,  t h e  dom inan t  r o l e  i s  p layed  by t h e  m o b i l i t y  o f  
vacancy  i n  o r d e r  to  form a new c l u s t e r  hav ing  th e  same number o f  
v a c a n c i e s  and s o l u t e  a to m s .
At f i r s t  t h e  t r a n s f o r m a t i o n s  be tw een  c l u s t e r s  o f  v a c a n c i e s  and 
one s o l u t e  atom d i s c u s s e d  i n  s e c t i o n  6 . 4  on m i g r a t i o n  e n e r g i e s  were 
c o n s i d e r e d  to  be  g rowth  m echan ism s .  L a t e r  i t  was d e c id e d  to  c l a s s i f y  
t h e s e  a s  m i g r a t i o n  mechan ism s .  T h i s  i s  be c ause  o f  t h e  f a c t  t h a t  t h e  
t r a n s f o r m a t i o n s  have  t a k e n  p l a c e  be tw een  c l o s e - p a c k e d  c l u s t e r s .
Because t h e  h o s t - i m p u r i t y  p o t e n t i a l  used h e r e  was c o n s t r u c t e d  i n  
a v e r y  s im p le  a r t i f i c i a l  manner  t h e r e  i s  no c o r r e s p o n d i n g  e x p e r i m e n t a l  
o r  t h e o r e t i c a l  e v id e n c e  a v a i l a b l e  f o r  t h e  m i g r a t i o n  e n e r g i e s  o f  a 
s o l u t e  atom and o f  c l u s t e r s  o f  v a c a n c i e s  and a s o l u t e  a tom. The s o l u t e  
' atom unde r  c o n s i d e r a t i o n  r e p r e s e n t s  a  m a t e r i a l  which i s  s o f t e r  t h a n  
a l p h a - i r o n  a s  f  was c h o s e n  t o  be  l e s s  t h a n  u n i t y .  Note t h a t  o u r  
h o s t - i m p u r i t y  i n t e r a t o m i c  p o t e n t i a l  does  n o t  r e p r e s e n t  a s p e c i f i c  
s o l u t e .  T h e r e f o r e  o u r  c a l c u l a t i o n s  w i l l  p r o v id e  o n l y  a  l i m i t e d  amount 
o f  knowledge a b o u t  t h e  n a t u r e  and t h e  r e l a t e d  p r o p e r t i e s  o f  t h e  s o l u t e  
a tom. We i n t r o d u c e d  new i d e a s  on how one can t a c k l e  t h e  prob lem j u s t  
by knowing t h e  g e n e r a l  n a t u r e  o f  t h e  s o l u t e  atom c o m p a r a t iv e  to  i t s  
h o s t  m a t e r i a l  ' w i t h o u t  d e v e l o p i n g  an e n t i r e l y  new p o t e n t i a l  f o r  t h e  
h o s t - i m p u r i t y  s y s te m .
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1 2 1 2
1
0
0
0 12
0
4
30
TABLE 6 . 1 .  M i g r a t i o n  m a t r i c e s  f o r  c l u s t e r s  o f  V-S which  a r e  c o n s t r u c t e d  
by u s i n g  mechanisms ( a )  and ( b ) .
MIGRATION
MATRICES
MIGRATION MECHANISMS
a ( 1 , 2 )  = a ( 5 , 4 )  = a ( 5 , 6 )  = a ( 7 ,B )  = a ( 8 , 7 )  = 1 :a ( 2 , 1 )  = a ( 4 , 3 )  = a ( 6 , 5 )  = 2
b ( l , 4 )  = b ( 1 ,7 )  = b ( 5 , 2 )  -  b ( 7 , 1 )  = b ( 7 , 5 )  = b ( 7 , 9 )  =b ( 8 , 2 )  = b ( 8 , 6 )  -  b ( 8 , 1 3 )  “ b ( 9 , 7 ) b ( 9 , 1 2 ) = 1 ;
2,1 b ( l , 2 )  = b(1 ,1 0 ;  = b ( 1 ,11 )  = b ( 2 , 3 ) = b ( 2 , 8 ) = b ( 3 , 7 )  =
b(5 .11  ) = b ( 4 , 1 )  = b ( 7 , 3 )  = b ( 8 , 4 ) b ( 8 , 1 0 ) =
b ( 9 , 1 1 ) = b( l1  , 1 )  = b( l1  , 3 )  = 2 ;
b ( 5 , 7 )  = 3 i
b ( 2 , 1 )  = b ( 4 , 8 )  = b ( 1 0 , 1 ) = b ( 1 0 , 8 ) b ( 1 1 , 9 ) ==
b ( l 2 , 9 ) = 4 :
b { 5 ,8 )  = 6 ; b ( 1 3 , 8 ) = 8
TABLE 6 . 2 .  M i g r a t i o n  m a t r i c e s  and t h e i r  ' r e l a t e d  m i g r a t i o n  
m ec h a n i s m s (a ,b )  f o r  c l u s t e r s  o f  2V-S i n  BCC c r y s t a l s .  A l l  e l e m e n t s  
a ( i , j )  and b ( i , j )  n o t  s p e c i f i e d  above a r e  z e r o .
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CASE MIGRATION MIGRATION ENERGIES
NO MECHANISMS Fd Bd
a 3 . 4, 1 • 3-^->-3.1 , 1 . 2 0 . 7 2 1 .00
b 4 . 3, 1 . 3"^“^ 4 . 3 , 1  .1 1 .02 1 .61
c 4 . 1 3 , 1 . 4  4 . 2 , 1. 1 0 . 6 4 1 .21
d 5 . 1 0 , 5 . 1 - e ^ » 5 . 1 , 1 . 1 0 .6 6 1 .22
e 6 .2 , 1 . 1 - ^ ^ 6 . 1 ,1 .1 0 .6 8 1 . 3 2
TABLE 6 . 3 . Summary o f  r e s u l t s  o f  m i g r a t i o n  e n e r g i e s  f o r  
c l u s t e r s  o f  2V-S, 3V-S, 4V-S and 5V-S i n  a l p h a - i r o n .  The 
m i g r a t i o n  e n e r g i e s  a r e  g i v e n  i n  e l e c t r o n  v o l t s .  Here Fd 
and Bd r e p r e s e n t  t h e  m i g r a t i o n  e n e r g y  f o r  forward  and 
backward jumps r e s p e c t i v e l y .
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CHAPTER 7
GROWTH AND CONTRACTION OF CLUSTERS OF VACANCIES AND SOLUTE ATOMS
7.1 INTRODUCTION
Charged p a r t i c l e  o r  n e u t r o n  i r r a d i a t i o n  i s  known to produce  
s t r u c t u r a l  changes  i n  m e t a l s  which  can  be  r e t a i n e d  a s  pe rmanen t  damage 
a s  l o n g  a s  t h e  m e t a l s  a r e  h e l d  a t  s u f f i c i e n t l y  low t e m p e r a t u r e .  The 
n a t u r e  o f  t h e s e  l a t t i c e  d i s t o r t i o n s  h a s  been  examined by Vineyard  
( 1 9 6 3 ) ,  E r g in s o y  e t  a l .  ( 1 9 6 4 ) ,  N e l son  (1 9 7 4 ) ,  Damask ( 1 9 6 6 ) ,  T o r r e n s
( 1 9 7 3 ) ,  Tenenbaum and Duan ( 1 9 7 7 ) .  The p r o c e s s  o f  a g g r e g a t i o n  o f  p o i n t  
d e f e c t s  i s  an i m p o r t a n t  phenomenon to  l o o k  a t .  Thus,  i n  t h e  p r e s e n t  
a n a l y s i s  t h e  growth  and c o n t r a c t i o n  o f  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c l o s e - p a c k e d  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms have  been s t u d i e d  
i n  a l p h a - i r o n  by c a r r y i n g  o u t  " c o m p u t e r - e x p e r im e n t s " -  l a t t i c e  
c a l c u l a t i o n s  i n  which d e f e c t  c o n f i g u r a t i o n s  and t h e i r  growth  and 
c o n t r a c t i o n  e n e r g i e s  were i n v e s t i g a t e d .
The p r o c e s s  o f  a b s o r b t i o n  o r  e m i s s io n  o f  a s i n g l e  vacancy  from a 
c o n f i g u r a t i o n  c o n s i s t i n g  o f  v a c a n c i e s  and s o l u t e  a toms i s  s a i d  to  be  
growth  o r  c o n t r a c t i o n  o f  a c l u s t e r  o f  v a c a n c i e s  and s o l u t e  a tom s .  The 
growth  p r o c e s s  may e i t h e r  l e a d  to  t w o -d im e n s io n a l  p l a t e l e t s  o r  
t h r e e - d i m e n s i o n a l  c a v i t i e s  c a l l e d  " v o i d s " .  Cawthorne and F u l t o n  (1966)  
r e p o r t e d  t h e  f o r m a t i o n  o f  v o i d s  i n  n e u t r o n  i r r a d i a t e d  s t a i n l e s s  s t e e l ,  
q u i c k l y  fo l lo w e d  by t h e i r  d e t e c t i o n  i n  o t h e r  m e t a l s  and a l l o y s .  Void 
f o r m a t i o n  r e s u l t s  i n  s w e l l i n g  and a l s o  i n  c hanges  i n  t h e  m ec h a n ic a l  
p r o p e r t i e s  o f  m a t e r i a l s .  Sm id t  e t  a l .  ( 1 9 6 6 ) ,  R u s s e l l  and H a l l  (1966)
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and Mansur and Yoo (1979)  s t u d i e d  th e  i n f l u e n c e  o f  minor  s o l u t e
a d d i t i o n s  on v o i d  n u c l é a t i o n  and g row th .  They p o i n t e d  ou t  t h a t  t h i s
a d d i t i o n  can r ed u c e  th e  s w e l l i n g  i n  t h e  m a t e r i a l s .
E a r l i e r  i n v e s t i g a t i o n s  on g rowth  o f  vacancy  c l u s t e r s  have  been  
c a r r i e d  ou t  by Smallman and Westraacot t  ( 1 9 7 2 ) ,  Savino and P e r r i n
(1 9 7 4 ) ,  C rocker  and F a r i d i  (1978)  and Crocke r  (1980)  f o r  FCC and
hexagona l  m e t a l s .
7 . 2  GROWTH AND CONTRACTION MECHANISMS
We d e f i n e  an i s o l a t e d  v a c a n c y  a s  one which i s  a t  a t h i r d  n e a r e s t  
n e ig h b o u r  s i t e  o r  g r e a t e r  f rom a c l u s t e r .  The growth  o f  c l u s t e r s  o f
v a c a n c i e s  and s o l u t e  a toms i s  t h e n  a p r o c e s s  i n  which an i s o l a t e d
vacancy  jumping from one p o s i t i o n  to  a n o t h e r  j o i n s  a p r e - e x i s t i n g  
c l u s t e r .  I n  a s i m i l a r  way c o n t r a c t i o n  i s  a p r o c e s s  i n  which a v a c a n t  
s i t e  l e a v e s  a c l u s t e r  o f  v a c a n c i e s  and s o l u t e  a toms i n  such  a way t h a t  
i t s  minimum s e p a r a t i o n  from each  and e v e ry  c o n s t i t u e n t  o f  t h e  c l u s t e r  
i s  g r e a t e r  t h a n  <1 0 0>.
The growth  o f  a s o l u t e  a tom i n t o  a c o n f i g u r a t i o n  V-S i n  which 
b o t h  a r e  a t  f i r s t  n e a r e s t  n e i g h b o u r  1/2<1 1 1> h a s  be e n  s t u d i e d .  The 
growth  o f  a s o l u t e  atom t a k e s  p l a c e  i f  any one o f  i t s  e i g h t  f i r s t  
n e a r e s t  n e i g h b o u r s  c a p t u r e s  an  i s o l a t e d  va c a n c y .  The c a p t u r i n g  o f  an 
i s o l a t e d  va c anc y  i n  f a c t  i s  a m i g r a t i o n  o f  a v a c anc y  by  means o f  a
f i r s t  n e a r e s t  n e ig h b o u r  jump.  Thus,  t h e  number o f  ways i n  which t h e
m i g r a t i o n  o f  an  i s o l a t e d  v a c an c y  t o  a l a t t i c e  s i t e ,  which  t r a n s f o r m s  a 
s o l u t e  atom i n t o  a V-S p a i r ,  s t r i c t l y  depends  on t h e  number o f  i t s
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f i r s t  n e a r e s t  n e i g h b o u r s  a v a i l a b l e  f o r  t h i s  jump t o  o c c u r .  T h i s  can 
happen  by f o u r  p o s s i b l e  ways i n  t h e  c a s e  u n d e r  i n v e s t i g a t i o n .  The 
number o f  t h e  p o s s i b l e  ways a r e  r e f e r r e d  to  a s  t h e  p o s s i b l e  growth  
mechanism s.  Out o f  f o u r  p o s s i b l e  mechanisms t h r e e  a r e  e q u i v a l e n t .  
Hence t h e r e  a r e  two d i s t i n c t  mechanisms f o r  t h e  growth  o f  a s o l u t e  atom 
and a r e  shown i n  f i g  7 . 1 ( a , b ) .
The i c o n t r a c t i o n  p r o c e s s e s  i n v o l v e  t h e  m i g r a t i o n  o f  a vacancy  
from t h e  V-S c o n f i g u r a t i o n  to  one o f  i t s  f i r s t  n e a r e s t  n e ig h b o u r s  i n  
such  a way t h a t  t h e  bond l e n g t h  be tw een  s o l u t e  atom and t h e  v a c a n t  s i t e  
a f t e r  m i g r a t i o n  shou ld  a t  l e a s t  be  g r e a t e r  t h a n  < 1 0  0> i n  o r d e r  to
make t h i s  v a c a n c y  an i s o l a t e d  v a c a n c y .  In  o t h e r  words t h i s  p r o c e s s  i s  
j u s t  t h e  r e v e r s e  o f  t h a t  o f  g r o w th .  Here a g a i n  t h e  two c o n t r a c t i o n  
mechanisms a r e  a s s o c i a t e d  w i t h  a c l u s t e r  o f  V-S which  a r e  shown i n  f i g  
7 . 1 ( a , b ) .
The g row th  and c o n t r a c t i o n  mechanisms f o r  t h e  c l u s t e r s  o f  V-S, 
2V-S, 3V-S and 4V-S were i n v e s t i g a t e d  by u s i n g  t h e  above  method 
d e v e lo p e d  f o r  a s o l u t e  a tom. These g rowth  and c o n t r a c t i o n  mechanisms 
a r e  shown i n  f i g  7 . 1 ( c - g ) .
7 . 3  GROWTH AND CONTRACTION ENERGIES
The g row th  and c o n t r a c t i o n  e n e r g i e s  f o r  c l u s t e r s  o f  v a c a n c i e s  ' 
and one s o l u t e  atom have  been  c a l c u l a t e d  by u s i n g  compute r  e x p e r i m e n t s .  
The model  u sed  i n  t h e  p r e s e n t  s t u d i e s  h a s  a l r e a d y  be e n  d i s c u s s e d  i n  
d e t a i l  i n  c h a p t e r  1 and o n l y  a b r i e f  summary w i l l  be  g i v e n  h e r e .  A 
cube s e t  o f  855 atoms was t r e a t e d  a s  a c r y s t a l l i t e  o f  i n d e p e n d e n t
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p a r t i c l e s  and th e  a tom s o u t s i d e  t h i s  s e t  were t r e a t e d  a s  though  th e y  
were imbedded in  an r i g i d  c on tinuum . A two body c e n t r a l  i n t e r a c t i o n  
betw een f i r s t  and second n e ig h b o u r in g  atoms was used to  s im u la te  th e  
i r o n - i r o n  i n t e r a c t i o n  and a s i m i l a r  type  o f  p o t e n t i a l  which h a s  been  
d i s c u s s e d  i n  c h a p t e r  5 was used  to  s im u la te  th e  i r o n - i m p u r i t y  
i n t e r a c t i o n .  The i r o n - i r o n  i n t e r a c t i o n s  were r e p r e s e n t e d  by th e  
Johnson a l p h a - i r o n  p o t e n t i a l  and i s  shown i n  f i g  1 .1 .
The method used f o r  t h e  d e t e r m i n a t i o n  o f  grow th  and c o n t r a c t i o n  
e n e r g i e s  was s i m i l a r  to  t h a t  d e v e lo p e d  in  c h a p te r  3 and h a s  been  
a p p l i e d  i n  c h a p t e r  6 f o r  th e  e v a l u a t i o n  o f  m i g r a t i o n  e n e r g i e s  f o r  
c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a to m s .  In  th e  p r e s e n t  c a se  o n ly  t h o s e  
e n e r g i e s  f o r  t h e  g row th  and c o n t r a c t i o n  m echanisms were computed which 
a r e  drawn i n  f i g  7 * 1 ( a - g )  and th e y  a r e  summarized i n  t a b l e  7 . 1 .  The 
p o t e n t i a l  e n e rg y  b a r r i e r s  f o r  t h e s e  mechanisms were a l s o  c o n s t r u c t e d  
and a r e  shown i n  f i g  7 . 2 .
7 .4  DISCUSSION
I t  i s  a f a c t  o f  d i r e c t  o b s e r v a t i o n  t h a t  p o i n t  d e f e c t s  i n  m e t a l s  
can form c l u s t e r s .  T h is  f a c t  i m p l i e s  t h a t ,  a t  a t e m p e ra tu re  a t  which 
o n ly  t h e  s i n g l e  d e f e c t  i s  m o b i l e ,  t h e r e  i s  s u f f i c i e n t  th e rm a l  en e rg y  
a v a i l a b l e  f o r  d i s s o l u t i o n  o f  c l u s t e r s ,  p e r m i t t i n g  l a r g e r  ones  to  grow 
a t  th e  ex p en se  o f  s m a l l e r  o n e s .  The g row th  o f  c l u s t e r s  o f  v a c a n c i e s  
and s o l u t e  a tom s i s  d e te rm in e d  by t h e  m o b i l i t y  o f  an  i s o l a t e d  vacancy  
and th e  s t a b i l i t y  o f  v a c a n c y - im p u r i ty  com p lexes .  A number o f  a u t h o r s  
have  d e m o n s t ra te d  t h a t  s o l u t e  a tom s may a f f e c t  th e  r a t e s  o f  d e fo r m a t io n  
by m o d ify in g  th e  r a t e  o f  r e c o m b in a t io n .  T h is  can  be  done e i t h e r  by
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t r a p p in g  p o i n t  d e f e c t s  and th e r e b y  d i r e c t l y  c a t a l y z i n g  th e  
re c o m b in a t io n  p r o c e s s ,  o r  by chang ing  th e  c a p tu r e  e f f i c i e n c i e s  f o r
p o in t  d e f e c t s  o f  s in k s  su c h  a s  c a v i t i e s  and d i s l o c a t i o n s  t h e r e b y  
a l t e r i n g  th e  p a r t i t i o n i n g  o f  p o i n t  d e f e c t s  to  s i n k s ,  and a l s o  
i n d i r e c t l y  i n f l u e n c i n g  th e  r e c o m b in a t io n  r a t e  (Okamoto e t  a l .  1978, 
Johnson and Lam 1978, Lam and Johnson  1976, Mansur and Yoo 1978 and
Mansur 1979)- Thus i t  was im p o r ta n t  to  i n v e s t i g a t e  th e  g row th  and
c o n t r a c t i o n  mechanisms f o r  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a to m s .  
This  s tu d y  w i l l  p r o v id e  d a t a  on th e  i n f l u e n c e  o f  i m p u r i t i e s  on th e  
growth and c o n t r a c t i o n  p r o c e s s e s .  Due to  th e  non a v a i l a b i l i t y  o f  an 
im p u r i t y - i m p u r i ty  p o t e n t i a l ,  o n ly  t h e  grow th  o f  c l u s t e r s  o f  v a c a n c i e s  
and one s o l u t e  atom was exam ined . There was a l a r g e  v a r i e t y  o f
mechanisms i n  w hich g row th  o r  c o n t r a c t i o n  o f  t h e s e  c l u s t e r s  were 
p o s s i b l e  b u t  o n ly  t h o s e  a r e  d i s c u s s e d  h e re  which a r e  f a v o u r a b le  i n  th e  
c a se  o f  c l u s t e r s  o f  v a c a n c i e s .
The g e o m e t r i c a l  a s p e c t  o f  g row th  and c o n t r a c t i o n  o f  c l u s t e r s  o f  
v a c a n c i e s  and s o l u t e  a tom s i n  w hich e v e ry  p o i n t  d e f e c t  h a s  a t  l e a s t  
a n o th e r  p o i n t  d e f e c t  i n  i t s  f i r s t  n e a r e s t  n e ig h b o u r ,  h a s  been  s tu d i e d  
by M alik  (1 9 8 0 ) .  Thé r e s u l t s  were r e p r e s e n t e d  i n  th e  form o f  g row th  
and c o n t r a c t i o n  m a t r i c e s .  The p r i n c i p a l  drawback w i th  t h i s  p r o c e s s  i s  
t h a t  i t  d o e s  n o t  i n d i c a t e  w hich  mechanism i s  e n e r g e t i c a l l y  f a v o u r a b le .  
The way to  g e t  t h e  t h e o r e t i c a l  i n f o r m a t io n  i s  t h e  u s e  o f  com puter  
e x p e r im e n ts  i n  te rm s  o f  g row th  and c o n t r a c t i o n  e n e r g i e s  a s s o c i a c t e d  
w i th  t h e s e  m echan ism s. C ro c k e r  (1980) and A kh te r  (1982) used com puter  
e x p e r im e n ts  to  i n v e s t i g a t e  th e  g row th  and c o n t r a c t i o n  m echanisms o f  
vacancy  c l u s t e r s  i n  FCC m e t a l s .  They i n v e s t i g a t e d  th e  e x i s t a n c e  o f  a 
s t a b l e  v o id  formed by 1 4 - v a c a n c ie s  i n  c o p p e r .
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The m i g r a t i o n  e n e rg y  o f  a v a c an c y  i n  a l p h a - i r o n  h a s  been  found 
to  be 0 .68eV  ( se e  c h a p t e r  3)* S i m i l a r  r e s u l t s  have  a l r e a d y  been  
r e p o r t e d  in  t h e  l i t e r a t u r e  by S c h ro e d e r  (1976) and D e d e r ic h s  e t  a l .  
(1 9 7 8 ) .  A mechanism h a v in g  g row th  o r  c o n t r a c t i o n  en e rg y  l e s s  th a n  
0.68eV w i l l  be c o n s id e r e d  a s  e n e r g e t i c a l l y  f a v o u r a b l e .  The com puter 
s im u l a t io n  o f  one o f  t h e  two d i s t i n c t  g row th  and c o n t r a c t i o n  
m echanism s, i n  w hich a v a c a n c y  makes a jump from f i f t h  to  f i r s t  n e a r e s t  
n e ig h b o u r  o f  a s o l u t e  a tom , h a s  h ig h  g row th  and c o n t r a c t i o n  e n e r g i e s .  
A c l u s t e r  o f  V-S can grow by two d i f f e r e n t  m echanism s and th o se  a r e  
shown i n  f i g  7 . l ( b , c ) .  The mechanism in  which g row th  o f  V-S i n t o  2V-S 
t a k e s  p l a c e  by means o f  a t r a n s f o r m a t i o n  a.De ->• aaB i s  e n e r g e t i c a l l y  
f a v o u r a b le  b e c a u s e  o n ly  0 .59eV  i s  r e q u i r e d  f o r  t h i s  t o  o c c u r .  The 
second mechanism i s  l e s s  f a v o u r a b le  b e c au se  0 .72eV  i s  needed f o r  t h i s  
p r o c e s s .  These e n e r g i e s ,  a s  shown i n  c h a p te r  4 become 0.40eV and
0.50eV i f  t h e  s o l u t e  atom i s  r e p l a c e d  by a v a c a n c y .  In  a s i m i l a r  way 
t h e  g row th  e n e r g i e s  f o r  c l u s t e r s  o f  2V-S, 3V-S and 4V-S w hich  a r e  g iv e n  
i n  t a b l e  7 .1  become 0 .4 1 eV, 0.39eV and 0 .2 1 eV r e s p e c t i v e l y  i f  th e  
s o l u t e  i s  r e p l a c e d  by a v a c a n t  s i t e .  The computed s im u la te d  grow th  
e n e r g i e s  f o r  c l u s t e r s  o f  2V-S, 3V-S and 4V-S i n d i c a t e d  t h a t  g row th  i s  
e n c o u ra g e d .
A lthough  th e  g row th  o f  s m a l l  c l u s t e r s  o f  v a c a n c i e s  and one 
s o l u t e  atom i n t o  b i g g e r  c l u s t e r s  i s  p o s s i b l e  t h e  p r e s e n c e  o f  t h e  
i m p u r i ty  atom makes t h e  g row th  e n e rg y  h i g h e r  th a n  t h o s e  o f  t h e i r  p a r e n t  
v a c an c y  c l u s t e r s  ( s e e  c h a p t e r  4 )  and th e  h i g h e r  t h e  e n e rg y  t h e  more 
d i f f i c u l t  t h e  gi 'ow th. Thus t h e  im p u r i ty  atom makes t h e  g row th  o f  th e  
c l u s t e r s  o f  v a c a n c i e s  and one s o l u t e  atom a l i t t l e  more d i f f e c u l t .  
T h is  i s  f i r s t l y ,  due to  t h e  h ig h  f o rm a t io n  e n e rg y  o f  t h e  c l u s t e r s  o f  
v a c a n c i e s  and one s o l u t e  atom and s e c o n d ly ,  due to  t h e  p re s e n c e  o f
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f a c t o r  f= 1 /2  f o r  h o s t  i m p u r i t y  i n t e r a c t i o n s  ( s e e  c h a p te r  5)» T h is  
f a c t o r  makes a s o l u t e  atom e q u i v a l e n t  to  h a l f  o f  a v a c a n c y .  Which 
means t h a t  a c l u s t e r  o f  N v a c a n c i e s  and one s o l u t e  atom i s  i n  f a c t  
r e p r e s e n t i n g  a c o n f i g u r a t i o n  w i th  N+1/2 v a c a n c i e s .  O b v io u s ly  a c l u s t e r  
h av in g  N+1 v a c a n c i e s  can  have low g row th  en e rg y  th a n  a c l u s t e r  w i th  
N+1/2 v a c a n c i e s .  The change i n  th e  v a lu e  o f  t h e  f a c t o r  f  w i l l  a l t e r  
t h e  g row th  e n e r g i e s  f o r  c l u s t e r s  e . g  f=1 i n d i c a t e s  a h o s t  atom and 
f= 3 /2  g i v e s  a m a t e r i a l  w hich i s  h a r d e r  th a n  th e  h o s t  m a t e r i a l  i . e  
a l p h a - i o r n .  These two v a lu e s  o f  f  makes th e  g row th  o f  c l u s t e r s  o f  
v a c a n c i e s  and one s o l u t e  atom more d i f f i c u l t  th a n  f= 1 /2  w h i le  f<1 /2  
makes t h e  g row th  e a s y .  The f a c t o r  f  was t h e  o n ly  p r i n c i p a l  t o o l  f o r  
p r e s e n t  i n v e s t i g a t i o n s  i n o r d e r  to  examine th e  p r e s e n c e  of im p u r i ty  
atom in  a l p h a - i r o n .  T h e r e f o r e ,  o u r  r e s u l t s  a r e  d e p e n d e n t  on t h i s  
f a c t o r .
In  t h e  p r e s e n t  a n a l y s i s  t h e  g row th  and c o n t r a c t i o n  o f  c l u s t e r s  
o f  v a c a n c i e s  and one s o l u t e  atom h a s  been  examined by means o f  f i r s t  
n e a r e s t  n e ig h b o u r  jump o f  an i s o l a t e d  v ac an c y .  The second n e a r e s t  
n e ig h b o u r  v a c an c y  jump i s  n o t  c o n s id e r e d  becau se  i t  h a s  h ig h  m ig r a t i o n  
e n e rg y .  A l l  th e  c a l c u l a t i o n  were c a r r i e d  o u t  f o r  a l p h a - i r o n .  The 
m i g r a t i o n  and th e  c o n t r a c t i o n  m echanism s f o r  t h e s e  c l u s t e r s  a r e  th e  
same a s  f o r  molybdenum and o t h e r  BCC m e t a l s .  The o r d e r  o f  grow th  and 
c o n t a c r t i o n  e n e r g i e s  c o r r e s p o n d in g  to  t h e s e  m echanism s w i l l  be  s i m i l a r  
b u t  o f  c o u r s e  w i l l  have  d i f f e r e n t  n u m e r ic a l  v a l u e s .  F o r  molybdehum 
t h e s e  v a l u e s  w i l l  be  a p p ro x im a te ly  tw ic e  th e  v a l u e s  o b ta in e d  f o r  
a l p h a - i r o n .  Due to  v e ry  s i m i l a r  b e h a v io u r  o f  a l p h a - i r o n  and molybdehum 
p o t e n t i a l s ,  i t  was d e c id e d  to  examine o n ly  t h e  i n f l u e n c e  o f  s o l u t e  atom 
in  a l p h a - i r o n .
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CASE MECHANISMS BOND GROWTH CONTRACTION
NO CLASSIFICATION ENERGY ENERGY
a 1.1 ,1 . 1 4 - » 2 . 1  ,1 . 1 e-^—► a 0 . 9 0 1 .10
b 1.1 ,1 .1  ►2.1 ,1 . 1 c 4 —►a 1 . 1 4 1 . 3 9
c 2.1 ,1 .1  ^ —► 3 . 1,1 .2  acD-<—►aaB 0 . 7 2 1 .28
d 2.1 ,1 .1 4 - -^ 3 .1  ,1 .2  a  De ^ —► aaB 0 . 5 9 1 .11
e 3 . 1 , 1 . 2 ^ —^ 4 . 1 , 1 .1 aaBCdE4—►AAaaBb 0 . 5 6 1 .27
f  4 .1 ,1 .1  ^ —► 5 . 1,1 .1 ^  AAaaBbCdEG
AAAAaaBbbC 0 . 5 5 1 . 3 7
g 5 . 1 , 1 . 1 ^ - ^ 6 . 1  ,1 .1^  AAAAaaBBbCcDdEG 
<--►
AAAAAAaaBBBbbCC 0 .2 2 0 .96
TABLE 7 . 1 . The p o s s i b l e  g row th  and c o n t r a c t i o n  mechanisms f o r  c l u s t e r s  
o f  v a c a n c i e s  and one s o l u t e  atom in  a l p h a - i r o n .  The e n e r g i e s  a r e  i n  eV 
o n ly  f o r  th o s e  m echanism s w hich  a r e  shown i n  f i g  7 . 1 .
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CHAPTER 8
DISTRIBUTION OP VACANCY CLUSTERS USING MARKOV CHAIR THEORY
8.1 INTRODUCTION
In  a l l  B ra n c h es  o f  s c i e n c e ,  ch an ce  p la y s  a key  r o l e ,  and a 
s p e c i a l  b ra n c h  o f  m a th e m a t ic s  d e v o te d  to  i t s  s tu d y ,  p r o b a b i l i t y  t h e o r y ,  
i n t r u d e s  i t s e l f .  One a r e a  o f  p r o b a b i l i t y  t h e o r y ,  s t a t i s t i c a l
i n f e r e n c e ,  d e a l s  l a r g l y  w i th  i m p l i c a t i o n  and p r e d i c t i o n .  A second and 
somewhat newer a r e a ,  s t o c h a s t i c  p r o c e s s e s ,  d e a l s  w i th  th e  dynam ics  o f  
change i n  t h e  p r e s e n c e  o f  random ness .  A s t o c h a s t i c  p r o c e s s  i s  one 
which d e v e lo p s  i n  t im e  a c c o r d in g  to  p r o b a b i l i s t i c  law s (Breim an 1969»
C i n l a r  1975)* T h is  means t h a t  we c a n n o t  p r e d i c t  i t s  f u t u r e  b e h a v io u r
w i th  c e r t a n i t y ;  th e  m ost t h a t  we can  do i s  to  a t t a c h  p r o b a b i l i t i e s  to  
th e  v a r i o u s  p o s s i b l e  f u t u r e  s t a t e s .  Such p r o c e s s e s  o c c u r  w id e ly  i n  
n a tu r e  and t h e i r  s tu d y  h a s  p ro v id e d  th e  im p e tu s  f o r  th e  r a p i d
deve lopm en t o f  t h e  t h e o r y  o f  s t o c h a s t i c  p r o c e s s e s  i n  th e  l a s t  two 
d e c a d e s .  Most o f  t h e  a p p l i c a t i o n s  o f  t h e  t h e o r y  have  been  to  p rob lem s 
i n  t h e  b i o l o g i c a l  s c i e n c e s  (G ani 1965) and s o c i a l  s c i e n c e s  (Bartholom ew  
1 9 6 7 ) .  There  i s  a s p e c i a l  c l a s s  o f  s t o c h a s t i c  p r o c e s s e s  w hich  i s  
c h a r a c t e r i s e d  by some k in d  o f  l a c k  o f  memory, i n  th e  s e n se  t h a t  th e  
f u t u r e  deve lopm en t o f  t h e  p r o c e s s  depends  o n ly  on th e  p r e s e n t ,  b u t  n o t  
on th e  p a s t .  Such p r o c e s s e s  a r e  known a s  Markov C hains  (M Cs ) • T here  
a r e  two k ind  o f  M Cs w hich a r e  a s  f o l l o w s ;
1 ) Time in d e p e n d e n t  ( s t a t i o n a r y  o r  homogeneous) Markov C h a in s .
2 ) Time d e p e n d e n t  ( c o n t in u o u s )  Markov C h a in s .
116
The b a s i c  c o n c e p t  o f  Markov c h a in s  was in t r o d u c e d  by A. A. Markov in  
1 9 0 7 . S in c e  t h a t  t im e  Markov c h a in s  th e o r y  h a s  been  dev e lo p ed  by a 
number o f  l e a d i n g  m a th e m a t ic i a n s .  I t  i s  o n ly  i n  v e ry  r e c e n t  t im e s  t h a t  
th e  im p o r ta n c e  o f  t h e  Markov c h a in s  t h e o r y  to  polym er s c ie n c e  (Lowry 
1 9 7 0 ) ,  p o t e n t i a l  th e o r y  (B lu m e n th a l  and G etoor 196 8 ) ,  q u e u e in g  th e o r y  
and t r a f f i c  p r o b a b i l i t y  t h e o r y  (R io rd a n  1962) h as  b een  r e c o g n iz e d .
In  t h e  p r e s e n t  s t u d i e s  Markov c h a in s  t h e o r y  was a p p l i e d  f o r  
s tu d y in g  th e  i n t e r a c t i o n s  o f  v a c a n c i e s  i n  m e t a l s .  A model h a s  been  
d ev e lo p ed  f o r  d e t e r m i n a t i o n  o f  t h e  d i s t r i b u t i o n  o f  v a c a n c i e s  i n  m e t a l s  
based  on m i g r a t i o n  m echanism s a s s o c i a t e d  w i th  a c l u s t e r  o f  v a c a n c i e s  
w i th  t h e  h e lp  o f  w hich a c o n f i g u r a t i o n  i  can  t r a n s fo r m  i n t o  a 
c o n f i g u r a t i o n  j . A c lo s e - p a c k e d  c l u s t e r  o f  v a c a n c i e s  i s  t h a t  i n  w hich 
e v e ry  v a c an c y  h a s  a t  l e a s t  one v a c an c y  o f  th e  same ty p e  i n  a f i r s t  
n e a r e s t  n e ig h b o u r  p o s i t i o n .  The number o f  jumps i n d i c a t e s  t h e  number 
o f  s t e p s  o f  an  atom by w hich  t h e  i n t e r c h a n g e  on th e  v a c a n t  s i t e  th ro u g h  
t h i s  atom i s  p o s s i b l e ,  p ro v id e d  t h a t  th e  c l u s t e r  r e m a in s  c lo s e - p a c k e d .  
The m i g r a t i o n  o f  c l u s t e r s  o f  v a c a n c i e s  i s  r e p r e s e n t e d  i n  t h e  form o f  
m i g r a t i o n  m a t r i c e s  ( s e e  c h a p t e r  3 ) M^. . Here N i n d i c a t e s  t h e  number 
o f  v a c a n c i e s  and th e  s u b s c r i p t  i , j  d e f i n e s  th e  m i g r a t i o n  o f  a c l u s t e r  i  
i n t o  j .  T r a n s i t i o n  p r o b a b i l i t y  m a t r i c e s  and i n t e n s i t y  m a t r i c e s  were 
c o n s t r u c t e d  from th e  m i g r a t i o n  m a t r i c e s .  These m a t r i c e s  were used  f o r  
th e  d e t e r m i n a t i o n  o f  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  v a c an c y  c l u s t e r s  
i n  BCG m e t a l s  f o r  t im e  in d e p e n d e n t  and d e p e n d en t  Markov c h a in s  
r e p e c t i v e l y .
T h is  c h a p t e r  i s  d i v id e d  i n t o  f o u r  main p a r t s ,  w hich  a r e  g iv e n
below ;
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1 ) Time in d e p e n d e n t  a n a l y s i s  assum ing t h a t  a l l  vacancy  c l u s t e r s  
have  th e  same m i g r a t i o n  e n e rg y .
2 ) Time d e p e n d e n t  a n a l y s i s  assum ing t h a t  a l l  v acan cy  c l u s t e r s  
have  th e  same m i g r a t i o n  e n e rg y ,
3 ) Time in d e p e n d e n t  a n a l y s i s  w i th  i n d i v i d u a l  m ig r a t i o n  e n e r g i e s  
o f  v a c an c y  c l u s t e r s .
4 ) Time d e p e n d e n t  a n a l y s i s  w i th  i n d i v i d u a l  m i g r a t i o n  e n e r g i e s  o f  
v a c an c y  c l u s t e r s .
The r e s u l t s  d i s c u s s e d  i n  t h i s  c h a p t e r  a r e  o b t a in e d  u s in g  a s p e c i a l  
p r e p a re d  s u i t e  o f  com pu te r  p ro g ra m s.  As t h e  number o f  v a c a n c i e s  
i n c r e a s e s ,  t h e  number o f  d i s t i n c t  c o n f i g u r a t i o n s  o f  vacan cy  c l u s t e r s  
which a r e  c r y s t a l l o g r a p h i c a l l y  p o s s i b l e  i n c r e a s e s  r a p i d l y .  T h e r e f o r e ,  
i n  o r d e r  to  l i m i t  th e  amount o f  c o m p u ta t io n ,  o n ly  c l u s t e r s  i n c l u d in g  up 
to  f o u r  v a c a n c i e s  have  b e e n  t r e a t e d  c o m p re h e n s iv e ly .
8 .2  MIGRATION MATRICES
M ig r a t io n  o f  a s i n g l e  v a c an c y  o c c u r s  when a f i r s t  n e a r e s t  
n e ig h b o u r  atom jumps i n t o  t h e  v a c a n t  s i t e .  I f  t h e  v a c an c y  i s  a member 
o f  a c lo s e - p a c k e d  c l u s t e r  o f  v a c a n c i e s  th e n  th e  jump r e s u l t s  i n  a 
c o n f i g u r a t i o n  w hich i s  e i t h e r  t h e  same o r  d i f f e r e n t  from th e  i n i t i a l  
a r ra n g e m e n t .  However, i n  e i t h e r  c a s e  th e  c l u s t e r  i s  s a id  to  have  
m ig r a t e d .  A n o n - n e g a t iv e  s q u a r e  m a t r ix  M .. r e p e s e n t s  t h e  p o s s i b l e^ J
m i g r a t i o n  mechanism s o f  c lo s e - p a c k e d  vacancy  c l u s t e r s .  The e lem en t  o f  
th e  m i g r a t i o n  m a t r ix  m ( i , j )  > 0 r e p r e s e n t s  th e  number o f  p o s s i b l e  ways 
i n  w hich a v a c an c y  c l u s t e r  i  c an  m ig r a te  i n t o  a v a c an c y  c l u s t e r  j . I f  
m ( i , j )  = 0 th e  m i g r a t i o n  o f  a  c l u s t e r  o f  ty p e  i  i s  n o t  p o s s i b l e  i n t o  a
c l u s t e r  o f  ty p e  j . M ig r a t io n  m a t r i c e s  f o r  t r i -  and t e t r a v a c a n c y
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c l u s t e r s  a r e  g iv e n  i n  t a b l e s  8 .1  and 8 .2  r e s p e c t i v e l y .  The c l u s t e r s  o f  
t y p e s  3 and 12 i n  and r e s p e c t i v e l y  a r e  r i g i d  c o n f i g u r a t i o n s ,  a s
n e i t h e r  t r a n s f o r m a t i o n s  from  t h e s e  i n t o  o t h e r  ty p e s  o f  c l u s t e r s  n o r  
from o t h e r  ty p e s  o f  c l u s t e r s  i n t o  t h e s e  c o n f i g u r a t i o n s  a r e  p o s s i b l e .
8 .3  MARKOV CHAINS
A Markov c h a in  i s  a t h e o r e t i c a l  model f o r  d e s c r i b i n g  a " sy s tem " 
which can  be  i n  v a r i o u s  " s t a t e s " .  I f  t h e  system  "jumps" a t  u n i t  t im e  
i n t e r v a l s  from one s t a t e  to  a n o t h e r ,  i t  i s  s a id  to  be t im e  in d e p e n d e n t  
(Doob 1953, Cox and M i l l e r  1965, K a r l i n  1966, S ysk i  1979 and see
. NVAppendix 1 ; ,  The t r a n s i t i o n  p r o b a b i l i t y  m a t r ix   ^ d e f i n e s  t h e
p r o b a b i l i t y  o f  s t a t e  i  becoming s t a t e  j  f o r  a c l u s t e r  o f  N v a c a n c i e s .
T h is  m a t r ix  i s  o b t a in e d  from th e  m i g r a t i o n  m a t r ix  M^ X by n o r m a l i s in g
NVeach  o f  i t s  rows and th e  e le m e n ts  o f  shou ld  be e i t h e r  p o s i t i v e  o r  
ze ro  b u t  n o t  n e g a t i v e .  T here  a r e  two ty p e s  o f  t im e  in d e p e n d e n t  Markov 
c h a in s  w hich a r e  a p e r i o d i c  and p e r i o d i c .
8 .3 .1  TRANSITION PROBABILITY MATRIX POR TRIVACANCY CLUSTERS
The t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  t r i v a c a n c y  c l u s t e r s  P^ j i s
3c o n s t r u c t e d  from th e  m i g r a t i o n  m a t r ix  M^  ^ u s in g  th e  method e x p la in e d  i n  
th e  p r e v io u s  s e c t i o n .  T h is  m a t r i x  i s  t a b u l a t e d  i n  t a b l e  8 . 3  and shown 
d ia g r a m m a t ic a l ly  i n  f i g  8 . 1 .  There  a r e  t h r e e  c r y s t a l l o g r a p h i c a l l y  
d i s t i n c t  c lo s e - p a c k e d  c l u s t e r s  o f  t r i v a c a n c i e s .  T h e r e f o r e ,  t h e  o r d e r  
o f  t h e  m i g r a t i o n  m a t r ix  i s  3 b u t  t h i s  i s  red u c e d  by one f o r  t h e  
t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  b e c a u s e  c l u s t e r  3 i s  r i g i d .  T h is  p o i n t  
i s  d i s c u s s e d  in  s e c t i o n  8 . 8 .  Thus th e  s t a t e  s p a c e - i s  S = | l  , 2 j ( s e e
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Cramer and L e a d b e t t e r  1967, T akacs  I960 , Jazw ensk i 1970, Appindex l ) .
The e le m e n ts  o f  r e p r e s e n t  th e  p r o b a b i l i t y  o f  o c c u r r e n c e  o f  
th e  t r a n s i t i o n  w hich t r a n s f o r m s  a c l u s t e r  i  i n t o  a c l u s t e r  j . An 
e lem en t  w i th  z e ro  e n t r y  i n d i c a t e s  t h a t  th e  c o r r e s p o n d in g  t r a n s i t i o n  
p r o b a b i l i t y  f o r  t h a t  p a r t i c u l a r  p a i r  o f  c l u s t e r s  i s  z e r o .  A l l  th e  
e le m e n ts  o f  P^^ a r e  non- n e g a t i v e  and th e  sum o f  th e  e le m e n ts  o f  e ach  
row i s  u n i t y  h e n c e  i t  r e p r e s e n t s  a Markov c h a in  p r o c e s s .
8 . 5 . 2  TRANSITION PROBABILITY MATRIX POE TETRAVACANCY CLUSTERS
4The t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  P^ j^ was found from th e  
m ig r a t i o n  m a t r ix  f o r  t e t r a v a c a n c y  c l u s t e r s  and i s  c o n ta in e d  i n  t a b l e  
8 . 1 .  The d ia g ra m m a tic  r e p r e s e n t a t i o n  o f  t h i s  m a t r ix  i s  n o t  g iv e n  h e r e  
due to  i t s  c o m p le x i ty .  The o r d e r  o f  th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  
was red u ced  by 1 from i t s  p a r e n t  m ig r a t i o n  m a t r ix  b e c au se  c l u s t e r  12 i s  
r i g i d .  T h is  w i l l  be  d i s c u s s e d  i n  s e c t i o n  8 . 8 .  The s t a t e  sp a c e  i s  S = 
| l ,  2, . . .  , 11 I . The m a t r i x  P^^ i n d i c a t e s  t h a t  th e  maximum
p r o b a b i l i t y  o f  u n i t y  e x i s t s  f o r  seven  d i f f e r e n t  c l u s t e r s  w hich a r e  1, 
2, 7 ,  8 ,  9 ,1 0  and 11 . T h is  means t h a t  d u r in g  th e  m i g r a t i o n  t h e s e
c l u s t e r s  shou ld  a l l  change  i n t o  t h e i r  un ique  c o r r e s p o n d in g  p r o d u c t  
c l u s t e r .  However, none  o f  them i s  an a b s o rb in g  s t a t e  o f  t h e  Markov 
c h a in  (Appendex 1 ) .  C l u s t e r s  3 and 6 a re  t h e  m ost f l e x i b l e  
c o n f i g u r a t i o n s  and t h e s e  c an  be  t ra n s fo rm e d  i n t o  f i v e  d i f f e r e n t  
c o n f i g u r a t i o n s .  C l u s t e r s  4 and 5 can m ig r a te  i n t o  2 and 3 p r o d u c t  
c o n f i g u r a t i o n s  r e s p e c t i v e l y .
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8 . 3 . 3  DISTRIBUTION VECTOR
In  g e n e r a l  d u r in g  th e  m i g r a t i o n  p r o c e s s  t h e  v a can cy  c l u s t e r s  
t r a n s fo r m  i n t o  d i f f e r e n t  ty p e s  o f  c l u s t e r  i . e  t h e i r  o r i g i n a l  I
Id i s t r i b u t i o n  i s  d i s t u r b e d .  T h e r e f o r e  i t  i s  v e ry  i n t e r e s t i n g  to  see  
what happens  a f t e r  more th a n  one jump and how t h e  d i s t r i b u t i o n s  o f  
c l u s t e r s  c h a n g e s .  Markov c h a in s  th e o r y  s t a t e s  t h a t  th e  t r a n s i t i o n  
p r o b a b i l i t y  m a t r ix  f o r  n jumps i s  s im p ly  e q u a l  to  t h e  n th  power o f  t h e  
p r o b a b i l i t y  m a t r ix  and one can  f i n d  th e  d i s t r i b u t i o n  a f t e r  some p r o c e s s  
i f  t h e  i n i t i a l  d i s t r i b u t i o n  o f  t h e  system  i s  known ( s e e  Kemeny and 
S n e l l  i 9 6 0 ) .  However i n  t h e  c a s e  o f  a p e r i o d i c  Markov c h a in s  t h e  new 
d i s t r i b u t i o n  i s  a lw ays  in d e p e n d e n t  o f  th e  i n i t i a l  d i s t r i b u t i o n .  The 
f i n a l  d i s t r i b u t i o n  w i l l  e v e n t u a l l y  " f o r g e t "  i t s  i n i t i a l  d i s t r i b u t i o n .
In  th e  b e g in n in g  we assumed th e  i n i t i a l  d i s t r i b u t i o n  ^ (O )  to be  a u n i t  
v e c t o r .  Now i f  t h e  d i s t r i b u t i o n  o f  c l u s t e r s  a f t e r  n  jumps i s  d e n o te d  
by ^ ( n )  we have ;
d_(n+1 ) = _d(n) P = d.(0) 2^"^^ ------------------------------- 8 .1
F u r t h e r  we found t h a t  a f t e r  a  c e r t a i n  number o f  jumps we g e t  an 
i n v a r i a n t  d i s t r i b u t i o n  i . e  t h i s  p a r t i c u l a r  d i s t r i b u t i o n  w i l l  rem ain  th e  
same f o r  e v e r .  We c a l l  t h i s  d i s t r i b u t i o n  an EQUILIBRIUM DISTRIBUTION 
" 2  snd i t  i s  d e f i n e d  by;
2  = _d P -----------------------------------------  8 .2
The above method was a d o p te d  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  e q u i l i b r i u m  
d i s t r i b u t i o n  f o r  t r i v a c a n c y  c l u s t e r s  i n  BCC m e t a l s  by assum ing  th e  
i n i t i a l  d i s t r i b u t i o n  to  b e ^ C o ) .  The d i s t r i b u t i o n  o f  t h e s e  c l u s t e r s  
a f t e r  a c e r t i a n  number o f  jumps was examined and i t  was found t h a t  i t
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becomes i n v a r i a n t .  Hence th e  f o l lo w in g  e q u i l ib r i u m  d i s t r i b u t i o n  was 
a c h ie v e d  f o r  t r i v a c a n c y  c l u s t e r s .
i  = ( 5 /4  1 /4 )
A s i m i l a r  method was used  f o r  s tu d y in g  th e  d i s t r i b u t i o n  o f  t e t r a v a c a n c y  
c l u s t e r s  i n  BCC m e t a l s .  But i n  t h i s  c a s e  a un ique  e q u i l ib r i u m  
d i s t r i b u t i o n  was n o t  found i . e  t h e r e  i s  no s o l u t i o n  o f  e q u a t io n  8 . 2 .
By i n v e s t i g a t i n g  th e  d i s t r i b u t i o n  o f  t e t r a v a c a n c y  c l u s t e r s  a f t e r  each  
jump w i th  t h e  h e lp  o f  e q u a t i o n  8.1 i t  was o b se rv e d  t h a t  t h e r e  a r e  two 
" e q u i l i b r iu m  d i s t r i b u t i o n s "  f o r  odd and even jumps and th e s e  a r e  g iv e n  
below ;
_d(odd) = (28 , 14, 545, 45 , 86 , 306, 44 , 75, 28 , 14, 14) x 1 0 "^
d(even )  = (77 , 58, 129, 115, 229, 115, 115, 29, 77, 58, 58) x 10“^ 
T h is  p r o c e s s  o f  i n v e s t i g a t i n g  th e  d i s t r i b u t i o n  o f  vacan cy  c l u s t e r s  
d e m o n s t r a te s  t h a t  t h e  sy s tem  o s c i l l a t e s  be tw een  odd and even c l a s s e s  
which was n o t  t h e  u n e x p e c te d  phenomenon. The r e a s o n  f o r  t h e s e
o s c i l l a t i o n s  w i l l  be d i s c u s s e d  i n  s e c t i o n  8 . 8 .
8 .4  TIME DEPENDENT MARKOV CHAINS
I f  a Markov c h a in s  sy s tem  does  n o t  jump a t  u n i t  t im e  i n t e r v a l s
i t  i s  s a i d  to  be  t im e  d e p e n d e n t  ( c o n t i n u o u s ) .  In  t h i s  s e c t i o n  we have
examined th e  d i s t r i b u t i o n  o f  v a c an c y  c l u s t e r s  by  a p p ly in g  t im e  
d e p e n d e n t  M C s . The t h e o r y  o f  t im e  d e p e n d e n t  Markov c h a in s  i s  g iv e n  i n  
m ost o f  t h e  b a s i c  t e x t s  on s t o c h a s t i c  t h e o r y .  Of t h e s e  books t h o s e  by 
Kemeny e t  a l .  ( 1 9 6 6 ) ,  K a r l i n -  ( 1 9 6 6 ) , -  Cox and M i l l e r  (1965) and
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Coleraan(1974) a r e  p a r t i c u l a r l y  recommended f o r  th o s e  u n f a m i l i a r  w i th  
th e  th e o r y .
The deve lopm ent o f  M Cs i s  d e te rm in e d  hy a s e t  o f  t r a n s i t i o n  
p r o b a b i l i t i e s .  In  t h e  t im e  d e p e n d e n t  t h e o r y ,  when ch an g es  can  o c c u r  a t  
any  t im e ,  i t  i s  n e c e s s a r y  t o  b a s e  th e  deve lopm ent o f  t h e  a n a l y s i s  on 
i n f i n i t e s i m a l  t r a n s i t i o n  p r o b a b i l i t i e s .  For a v e ry  s m a l l  t im e  t ,  t h e  
p r o b a b i l i t i e s  o f  t r a n s i t i o n  from s t a t e  i  to  s t a t e  j  were examined and 
th e  c o n t r o l l i n g  d i f f e r e n t i a l  e q u a t i o n s  o b t a in e d .  The whole p r o c e s s  h a s  
been  summarized in  Appendix 2 .
8 .5  INTENSITY MATRIX
I n  d i s c r e t e  t im e  in d e p e n d e n t  M ,Cs, th e  t r a n s i t i o n  p r o b a b i l i t y  
m a t r ix  c o n t a i n s  a l l  i n f o r m a t io n  f o r  th e  n e x t  move. But t h i s  i s  n o t  
t r u e  i n  th e  t im e  d e p e n d e n t  c a s e .  T h is  i s  b e c a u se  th e  p r o c e s s  i s  f r e e  
to  move w i th  t im e ;  t h e r e  a r e  no b a s i c  t im e  u n i t s .  Here we c a n n o t  
d e r i v e  t h e  p r o b a b i l i t y  m a t r ix  P ( t )  d i r e c t l y  from th e  m i g r a t i o n  m a t r ix  
b u t  from th e  i n t e n s i t y  m a t r ix  ( f o r  d e t a i l s  se e  Appendix 2 ) .
_ N v  . r j vj  p l a y s  t h e  same r o l e  a s  P^ j p la y e d  i n  t im e  in d e p e n d e n t  Markov
c h a in s .  The i n t e n s i t y  m a t r ix  w hich h a s  e le m e n ts  q ( i , j )  i s  d e r iv e d  
from th e  m ig r a t i o n  m a t r ix  M^^ by u s in g  th e  f o l lo w in g  r e l a t i o n ;
q ( i , j )  = m ( i , j )  - § . Ç m ( i , j )  -------------------------------------------- 8 .3
Where m ( i , j )  a re  t h e  e le m e n ts  o f  t h e  m i g r a t i o n  m a t r i x .  The e le m e n ts  
q ( i , j )  o f  t h e  i n t e n s i t y  m a t r ix  a r e  r e l a t e d  to  th e  t r a n s i t i o n s  o f  a 
c l u s t e r  i  to  a  c l u s t e r  j  and hen ce  c a l l e d  th e  i n t e n s i t y  o f  t r a n s i t i o n s .  
S i m i l a r l y  - q ( i , i )  i s  r e l a t e d  to  th e  number o f  t r a n s i t i o n s  from a 
c o n f i g u r a t i o n  i  to  a l l  o t h e r  c o n f i g u r a t i o n s .  For t h i s  r e a s o n  - q ( i , i )
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i s  c a l l e d  th e  i n t e n s i t y  o f  p a s s a g e .
The i n t e n s i t y  m a t r i c e s  and j  f o r  t r i -  and t e t r a v a c a n c y
c l u s t e r s  i n  BCC m e t a l s  were c o n s t r u c t e d  by u s in g  e q u a t io n  8 .3  and a r e  
t a b u l a t e d  i n  t a b l e s  8 . 6- 7 . The o r d e r  o f  th e  i n t e n s i t y  m a t r i c e s  was 
reduced  by one from t h e i r  p a r e n t  m ig r a t i o n  m a t r i c e s  f o r  c l u s t e r s  o f  
t r i -  and t e t r a v a c a n c i e s .  The r e d u c t i o n  i n  th e  o r d e r  o f  th e  ' i n t e n s i t y  
m a t r i c e s  was due to  t h e  p r e s e n c e  o f  th e  r i g i d  t r i -  and t e t r a v a c a n c y  
c l u s t e r s  o f  t y p e s  3 and 12 r e s p e c t i v e l y .  T h is  f a c t  w i l l  be  d i s c u s s e d  
f u r t h e r  i n  s e c t i o n  8 . 8 .
8 .5 .1  EQUILIBRIUM DISTRIBUTION
I n  t im e  in d e p e n d e n t  M Cs th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  
was used  to  d e te rm in e  th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  v a c an c y  c l u s t e r s .
For t im e  d e p e n d e n t  a n a l y s i s  i t  i s  a l s o  t r u e  t h a t  t h e  e q u i l i b r i u m
d i s t r i b u t i o n  o f  v a c a n c y  c l u s t e r s  e x i s t s ,  and i t  c an  be  o b t a in e d  by 
s o lv i n g  th e  e q u a t i o n  ( I s a a c s o n  and Maden 1976, Appendix 2 ) ;
2  2  = 0 --------------------------------------------------- 8 .4
The e q u i l i b r i u m  d i s t r i b u t i o n  f o r  t r i v a c a n c y  c l u s t e r s  was c a l c u l a t e d  and 
i s  g iv e n  be low ;
d = ( 0 .5  0 .5 )
and f o r  t e t r a v a c a n c y  c l u s t e r s  t h e  e q u i l ib r iu m  was found to  be  u n iq u e
and i s  a s  f o l l o w ;
d =  (283 283 1152 566 2264 1152 1132 377 1132 566 1132) x 10~4
Note t h a t  t h e  t im e  d e p e n d e n t  d i s t r i b u t i o n s  g iv e n  h e re  a r e  d i s t i n c t  from
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th e  t im e  in d e p e n d e n t  d i s t r i b u t i o n s .
8 .6  MIGRATION ENERGY, TEMPERATURE DEPENDENT AND TIME INDEPENDENT 
ANALYSIS
The movement o f  v a c a n c i e s  i s  an  im p o r ta n t  p r o c e s s  i n  s o l i d s .  In
o r d e r  to  change i t s  p o s i t i o n ,  t h e  d e f e c t  h a s  to  surm ount a p o t e n t i a l
b a r r i e r .  T h is  i s  a m easu re  o f  i t s  m i g r a t i o n  e n e rg y  and th e  h i g h e r  th e
ene rgy  t h e  more d i f f i c u l t  i s  t h e  m i g r a t i o n .  Thus t h e  m i g r a t i o n  energy
which i s  t h e  d i f f e r e n c e  i n  p o t e n t i a l  en e rg y  be tw een  th e  e q u i l ib r iu m
c o n f i g u r a t i o n  and th e  s a d d le  p o i n t  c o n t r o l s  t h e  m i g r a t i o n  p r o c e s s .  In
t h i s  s e c t i o n  we i n t r o d u c e  th e  m ig r a t i o n  e n e rg y  and hence  th e
te m p e ra tu re  dependence  i n  th e  Markov c h a in  a n a l y s i s .  T h is  was done by
i n t r o d u c in g  an e n e rg y  m a t r ix  E ^  whose e le m e n ts  a r e  e x p [ - E ^ k T ] .  Here 
NVEju i n d i c a t e s  t h e  m i g r a t i o n  e n e rg y  r e q u i r e d  f o r  a jump w hich  m ig r a t e s  a 
c o n f i g u r a t i o n  i  h a v in g  N v a c a n c i e s  i n t o  a c o n f i g u r a t i o n  j  w i th  N 
v a c a n c i e s .  T and k r e p r e s e n t  t e m p e ra tu re  and Boltzm ann c o n s t a n t  
r e s p e c t i v e l y .  Thus t h e  new m i g r a t i o n  m a t r ix  w taken  to  have  th e  form as  
g iv e n  be low ;
B - j --------------------------------------------------8 .5
Note t h a t  t h e  m u l t i p l i c a t i o n  o f  two m a t r i c e s  i n  t h e  above e q u a t io n  was
n o t  a c h iv e d  by o r d i n a r y  m a t r ix  m u l t i p l i c a t i o n  r u l e s  b u t  e a ch  and e v e ry
e lem en t  o f  t h e  e n e rg y  m a t r ix  was m u l t i p l i e d  by t h e i r  c o r r e s p o n d in g
NVe lem en t  i n  t h e  m i g r a t i o n  m a t r ix  M^^, The t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  
was th e n  c o n s t r u c t e d  from th e  m o d if ie d  m i g r a t i o n  m a t r ix  g iv e n  in
e q u a t io n  8 .5  u s in g  th e  same t e c h n iq u e  a s  e x p la in e d  i n  s e c t i o n  8 .5*
NV NVThus th e  was m u l t i p l i e d  by a m ig r a t i o n  m a t r ix  M., ^ in  o r d e r  to
125
NVo b ta in e d  a m o d if ie d  m i g r a t i o n  m a t r ix  M*
The p r e s e n t  a n a l y s i s  was c o n f in e d  to  th e  f o u r
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  d iv a c a n c y  c l u s t e r s  A, B, C and B. The
m ig r a t io n  m a t r ix  and e n e rg y  m a t r ix  a r e  g iv e n  i n  t a b l e s  8 .7  and 8 .1 0 - 1 1 .
The m o d if ie d  m ig r a t i o n  and th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  a r e  n o t
g iv e n  h e r e  a s  t h e s e  a r e  m i g r a t i o n  en e rg y  a s  w e l l  a s  t e m p e ra tu re
d e p e n d e n t .  T h e r e f o r e ,  a change  i n  t h e  te m p e ra tu re  w i l l  a l t e r  t h e  
2ene rgy  m a t r ix  and hence  th e  m o d if ie d  m ig r a t i o n  m a t r ix  and th e
t r a n s i t i o n  p r o b a b i l i t y  m a t r i c e s  w i l l  a l s o  be changed . The e q u i l i b r i u m  
d i s t r i b u t i o n  f o r  c l u s t e r s  i n  a l p h a - i r o n  and molybdenum were 
i n v e s t i g a t e d  a t  Tm, Tm/2 and Tm/5 where Tm i s  t h e  m e l t i n g  p o i n t  and a r e  
g iv e n  i n  t a b l e  8 .1 3 .
The m i g r a t i o n  e n e r g i e s  f o r  d iv a c a n c y  c l u s t e r s  i n  a l p h a - i r o n  and 
molybdenum were ta k e n  from c h a p t e r  3* These were o b ta in e d  by u s in g  th e  
com puter s im u l a t io n  t e c h n i q u e .  The Johnson  a l p h a - i r o n  and th e  M i l l e r  
molybdenum i n t e r a t o m i c  p o t e n t i a l s  were employed f o r  t h e s e  c a l c u l a t i o n s .
8 .7  MIGRATION ENERGY, TEMPERATURE AND TIME DEPENDENT ANALYSIS
I n  s e c t i o n  8 .4  we assumed t h a t  th e  m ig r a t i o n  e n e rg y  o f  a l l  
c l u s t e r s  o f  v a c a n c i e s  i s  t h e  same. In  o r d e r  to  p r o v id e  a more g e n e r a l  
mechanism we i n t r o d u c e  i n  t h i s  s e c t i o n  th e  r o l e  o f  m ig r a t i o n  e n e r g i e s  
and t e m p e ra tu re s  f o r  t h e  d e t e r m i n a t i o n  o f  e q u i l ib r iu m  d i s t r i b u t i o n s  o f
vacancy  c l u s t e r s  i n  a l p h a - i r o n  and molybdenum. T h is  g o a l  was a c h ie v e d
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' i jby i n t r o d u c in g  an e n e rg y  m a t r ix  E. . a s  e x p la in e d  i n  s e c t i o n  8 . 7 .  Thus,
a new m ig r a t i o n  m a t r ix  w a s 'o b t a in e d  by em ploying e q u a t io n  8 . 5 .
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The i n t e n s i t y  m a t r ix  was t h e n  c o n s t r u c t e d  u s in g  e q u a t io n  8 .3  f o r
d iv a c a n c y  c l u s t e r s  i n  a l p h a - i r o n  and molybdenum a t  d i f f e r e n t
2t e m p e r a tu r e s  i . e  Tm, Tm/2, and Tm/5. The m ig r a t i o n  m a t r ix  and th e  
2en e rg y  m a t r ix  were t h e  same f o r  b o th  t im e  in d e p e n d e n t  and t im e
de p e n d en t  Markov c h a in s  w hich a r e  c o n ta in e d  i n  t a b l e s  8 . 7  and 8 .1 0 - 1 1 .  
The m o d if ie d  m i g r a t i o n  m a t r ix  and th e  i n t e n s i t y  m a t r ix  were n o t  g iv e n  
h e re  a s  t h e s e  changed w i th  a change  i n  th e  t e m p e r a tu r e .  T h is  a n a l y s i s  
was done o n ly  f o r  th e  d iv a c a n c y  c l u s t e r s  A, B, C and D i n  a l p h a - i r o n  
and molybdenum. The e q u i l i b r i u m  d i s t r i b u t i o n s  f o r  t h e s e  c l u s t e r s  were 
c a l c u l a t e d  by u s in g  th e  r e l a t i o n  8 . 4  and th e s e  a r e  g iv e n  i n  t a b l e  8 .1 4 .
8 .8  DISCUSSION
The t h e o r y  o f  s t o c h a s t i c  p r o c e s s e s  d e a l s  w i th  sy s tem s  w hich 
d e v e lo p  i n  t im e  o r  s p a c e  i n  a c c o rd a n c e  w i th  p r o b a b i l i s t i c  la w s .  
A p p l i c a t i o n s  o f  t h e  t h e o r y  can  be made to  a  wide ra n g e  o f  phenomena i n  
many b r a n c h e s  o f  s c i e n c e  and t e c h n o lo g y .  S t o c h a s t i c  m odels  a r e  
a p p l i c a b l e  to  any  sy s tem  i n v o lv i n g  chance  v a r i a b i l i t y  a s  t im e  p a s s e s .  
In  g e o p h y s ic s  t h e y  h a v e  b een  used  f o r  th e  p r e d i c t i o n  o f  t h e  s i z e  and 
l o c a t i o n  o f  e a r t h q u a k e s ,  i n  g eo g ra p h y  to  s tu d y  t h e  s p re a d  o f  shoe  shops  
i n  a grow ing  c i t y ,  i n  en tom ology  t h e  way i n  w hich a p h id s  c o n g re g a te  on 
th e  l e a v e s  o f  p l a n t s ,  i n  n a t u r e  c o n se rv a n c y  th e  way i n  which b i r d s ,  
t u r t l e s  and e e l s  n a v i g a t e  and i n  i n d u s t r y  t h e y  have  b e e n  used  f o r  t h e  
p r e d i c t i o n  o f  t h e  d u r a t i o n s  o f  s t r i k e s  (Coleman 1974) .  Roughly 
s p e a k in g ,  Markov c h a in s  a r e  s t o c h a s t i c  p r o c e s s e s  w i th o u t  a f t e r - e f f e c t ,  
t h a t  i s ,  s u c h  p r o c e s s e s  f o r  w hich t h e  knowledge o f  t h e  p r e s e n t  s t a t e  
u n iq u e ly  d e te r m in e s  i t s  f u t u r e  s t o c h a s t i c  b e h a y iu o r ,  and t h i s  b e h a v io u r  
does n o t  depend on th e  p a s t  o f  t h e  p r o c e s s .  N ow -a-days, t h e  th e o r y  o f
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Markov c h a in s  i s  a w e l l - e s t a b l i s h e d  b ra n c h  o f  m a th e m a tic s  w i th  an
e x t e n s i v e l y  d e v e lo p e d  t h e o r e t i c a l  s i d e  and w i th  an  im p r e s s iv e
a p p l i c a t i o n s .  Thus i t  was a m a t t e r  o f  i n t e r e s t  to  d e v e lo p  a model 
based  on M Cs th e o r y  t o  s tu d y  th e  d i s t r i b u t i o n  ( p o p u la t i o n )  o f  vacancy  
c l u s t e r s  i n  m e t a l s  a s  th e  m ig r a t i o n  o f  t h e s e  c l u s t e r s  p r o c e e d s .  A 
number o f  a u t h o r s  have  c a l c u l a t e d  th e  e q u i l i b r i u m  c o n c e n t r a t i o n s  
( d i s t r i b u t i o n s )  o f  p o i n t  d e f e c t s  u s in g  d i f f e r e n t  m odels  ( B a l l u f f i  e t  
a l .  1970, S e e g e r  1973, K ra f tm ak h e r  1977 ) .
Our model was b a se d  on m i g r a t i o n  m echanism s a s s o c i a t e d  w i th  
c l u s t e r s  o f  v a c a n c i e s  i n  BCC m e t a l s  by means o f  w hich t h e s e  c l u s t e r s  
can m ig r a te  i n t o  e i t h e r  d i f f e r e n t  o r i e n t a t i o n s  o f  t h e  same c l u s t e r s  o r  
i n t o  d i f f e r e n t  ty p e s  o f  c l u s t e r s .  The m i g r a t i o n  o f  a  vacan cy  was 
a c h ie v e d  by th e  movement o f  an  atom i n  th e  o p p o s i t e  d i r e c t i o n  and i n  
t h i s  p r o c e s s  o n ly  t h e  f i r s t  n e a r e s t  n e ig h b o u r  1/2C1 1 1> a tom ic  jump 
was a l lo w e d .  The d i f f e r e n t  p o s s i b l e  m i g r a t i o n  m echanism s a s s o c i a t e d  
w i th  c l u s t e r s  o f  v a c a n c i e s  were summarized i n  th e  form o f  m i g r a t i o n
m a t r i c e s  which a r e  g iv e n  i n  t a b l e s  8 .1 - 2  and 8 . 7 .  For f i n d i n g  th e
e q u i l i b r i u m  d i s t r i b u t i o n  o f  c l u s t e r s  t h e  t r a n s i t i o n  p r o b a b i l i t y  
m a t r i c e s  were c o n s t r u c t e d ,  t h e  i n i t i a l  d i s t r i b u t i o n  d ( 0 )  was assum ed, 
and th e n  th e  c l u s t e r s  were a l lo w e d  to  m ig r a te  by means o f  f i r s t  n e a r e s t  
n e ig h b o u r  v a c a n c y  jump u n d e r  th e  f o l lo w in g  a s su m p t io n s ;
1 ) The m i g r a t i o n  p r o c e s s  can  ta k e  p l a c e  i n  su c h  a way t h a t  th e  
r e s u l t i n g  c o n f i g u r a t i o n  rem a in s  c l o s e - p a c k e d .
2) T here  a r e  no i n t e r a c t i o n s  be tw een  th e  v a c a n c i e s  i . e  n e i t h e r  
c a n  a c l u s t e r  grow by  means o f  a b s o rb in g  an a d d i t i o n a l  v a can cy  
n o r  c an  i t  s h r i n k  by  l o s i n g  a v a c a n t  s i t e .
In  a d d i t i o n  to  t h e s e  a s su m p t io n s  f o r  t r i -  and t e t r a v a c a n c y  c l u s t e r s  i t
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was a l s o  assumed t h a t  a l l  t h e  c l u s t e r s  have  th e  same m i g r a t i o n  en e rg y
i . e  a l l  th e  t r i -  and t e t r a v a c a n c y  c l u s t e r s  a r e  e q u a l l y  p r o b a b le  to
m ig r a t e .
The e q u i l i b r i u m  d i s t r i b u t i o n s  f o r  t r i -  and t e t r a v a c a n c y  c l u s t e r s  
were c a l c u l a t e d  by u s in g  t im e  in d e p e n d e n t  a n a l y s i s  u n d e r  th e  above 
a s s u m p t io n s .  Fo r  t h e  t r i v a c a n c y  c l u s t e r s  t h e  e q u i l i b r i u m  d i s t i b u t i o n  
i s  u n iq u e  and i s  = ( 3 /4  I / 4 ) .  The o c c u r r e n c e  o f  a un ique
d i s t r i b u t i o n  i s  n o t  s u r p r i s i n g .  Because th e  number o f  c l u s t e r s  i s
f i n i t e  and th e  p r o c e s s  u n d e r  c o n s i d e r a t i o n  i s  t im e  in d e p e n d e n t  and 
a p e r i o d i c .  Hence o u r  p r o c e s s  i s  r e p r e s e n t i n g  a d i s c r e t e ,  homogeneous 
and a p e r i o d i c  Markov c h a in  and i t  i s  t h e  p r o p e r t y  o f  su c h  a ty p e  o f
c h a in  t h a t  th e  i n f l u e n c e  o f  t h e  i n i t i a l  d i s t r i b u t i o n  d e c r e a s e s  a s  t h e
number o f  jumps i n c r e a s e s .  F u r t h e r ,  e v e ry  s e q u en c e  o f  d i s t r i b u t i o n  
a p p ro a c h e s  to w a rd s  a f i x e d  d i s t r i b u t i o n  which i s  c a l l e d  th e  e q u i l ib r iu m  
d i s t r i b u t i o n .  The e q u i l i b r i u m  d i s t r i b u t i o n  o f  a  t r i v a c a n c y  c l u s t e r  AAB 
i s  t h r e e  t im e s  g r e a t e r  th a n  t h a t  o f  a  t r i v a c a n c y  o f  ty p e  AAC. T h is  i s  
b e c a u s e  o f  t h e  f a c t  t h a t  i n  a d d i t i o n  to  th e  m i g r a t i o n  o f  an  AAB c l u s t e r  
i n t o  i t s e l f  a l l  th e  t r i v a c a n c y  c l u s t e r s  AAC m ig r a te  i n t o  AAB w hich  
i n c r e a s e s  t h e  p r o b a b i l i t y  o f  e x i s t a n c e  (o c c u r r e n c e )  o f  AAB and hence  an  
i n c r e a s e  i n  t h e  d i s t r i b u t i o n .
Time in d e p e n d e n t  a n a l y s i s  o f  t e t r a v a c a n c y  c l u s t e r s  i n d i c a t e s  
t h a t  t h e r e  i s  no u n iq u e  e q u i l i b r i u m  d i s t r i b u t i o n .  But two e q u i l ib r iu m  
d i s t r i b u t i o n s  were r e c o r d e d  f o r  odd and even jum ps. The t r a n s i t i o n  
p r o b a b i l i t y  m a t r ix  f o r  t e t r a v a c a n c y  c l u s t e r s  d e m o n s t r a t e s  t h a t  i t  d oes  
n o t  form an a p e r i o d i c  Markov c h a in ,  how ever, i t  i s  d i s c r e t e  and 
s t a t i o n a r y  ( t im e  i n d e p e n d e n t ) .  In  t h i s  c a s e  p ( i , i )  = 0 i f  n = odd and
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p ( i , i )  > 0 f o r  n = ev en .  T h e r e f o r e  th e  c h a in  i s  p e r i o d i c  w i th  p e r io d
2 . I t  i s  known t h a t  t h e  number o f  d i s j o i n t  c l a s s e s  o f  t h e  d i s t r i b u t i o n  
i n  a Markov c h a in  p r o c e s s  i s  e q u a l  to  th e  p e r io d  o f  t h e  c h a in  (S e n ta  
1973). T h e r e f o r e  i n  t h i s  c a s e  t h e r e  w i l l  be two c l a s s e s  one odd and 
one even , su c h  t h a t  from ^ (o d d )  th e  c h a in  w i l l  go , i n  t h e  n e x t  jump, t o  
jd (e v e n ) .  Then from 2 .(even) th e  c h a in  w i l l  r e t u r n  i n  t h e  n e x t  jump to  
_d(odd). The c h a in  a s  a whole  w i l l  n o t  c o n v e rg e ,  however i f  t h e  
a t t e n t i o n  i s  r e s t r i c t e d  to  o n ly  odd jumps o r  even  jupms th e n  th e  
c o r re s p o n d in g  s e q u en c e  w i l l  c o n v e rg e .  T h e re fo re  f i n a l l y  we g e t  
o s c i l l a t i o n s  be tw een  th e  odd and even c l a s s e s .  T h is  i s  what we 
obse rved  f o r  t e t r a v a c a n c y  c l u s t e r s  i n  BCC m e t a l s .
The e q u i l i b r i u m  d i s t r i b u t i o n  f o r  odd c l a s s e s  shows t h a t  th e  
maximum p o p u l a t i o n  ( d i s t r i b u t i o n )  i s  f o r  th e  c l u s t e r  o f  ty p e  4*6 w hich  
i s  i n  good ag reem en t  w i th  o u r  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  T h is
i s  b e c au se  i n  a d d i t i o n  to  one t h i r d  o f  t h e  p o p u l a t i o n s  o f  c l u s t e r s  4 .4  
and 4 .5  w hich  t r a n s f o r m  i n t o  4 . 6 ,  a l l  th e  p o p u l a t io n s  o f  c l u s t e r s  4 . 7 ,  
4 .1 0  and 4.11 m ig r a te  i n t o  t h e  4 .6  c o n f i g u r a t i o n .  These t o t a l l y  
m ig ra te d  p o p u l a t i o n s  make th e  d i s t r i b u t i o n  o f  t h e  c o n f i g u r a t i o n  4 .6  
h ig h e r  th a n  th e  o t h e r  t e t r a v a c a n c y  c l u s t e r s .  The lo w e s t  d i s t r i b u t i o n  
was re c o rd e d  f o r  c l u s t e r s  4 . 2 ,  4 .1 0  and 4.11 w hich  c an  be  v e r y  e a s i l y  
v e r i f i e d  from th e  t r a n i s i t i o n  p r o b a b i l i t y  m a t r ix  . The e q u i l i b r i u m  
d i s t r i b u t i o n  o b ta in e d  f o r  t h e  even  c l a s s  i s  d i f f e r e n t  from th e  
d i s t r i b u t i o n  o b ta in e d  f o r  t h e  odd c l a s s  and t h i s  d i s t r i b u t i o n  c a n n o t  be  
e x p la in e d  from o u r  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix .  T h is  i s  b e c a u se  th e  
t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  i n  t a b l e  8 .4  i s  f o r  o n ly  one a tom ic  jump 
a t  a t im e  i . e  i t  i s  r e p r e s e n t i n g  o n ly  t h e  odd c l a s s .  Sometime i t  i s  
c a l l e d  a one s t e p  t r a n s i t i o n  m a t r ix -  (B hat -  1 972) .  -  The t r a n s i t i o n
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p r o b a b i l i t y  m a t r ix  f o r  an even  c l a s s  can  be o b ta in e d  by a l lo w in g  two 
atom ic jum ps. T h is  s i t u a t i o n  can  be a c h ie v e d  by u s in g  a b a s i c  p r o p e r t y  
o f  Markov c h a in s  w hich  s t a t e  t h a t  th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  
n a tom ic  jumps i s  j u s t  e q u a l  to  th e  n t h  power o f  th e  t r a n s i t i o n  
p r o b a b i l i t y  m a t r i x .  Thus g i v e s  us a m a t r ix  c o r r e s p o n d in g  to  even
c l a s s .  By t a k i n g  th e  s q u a re  o f  t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  sotne 
ze ro  e le m en ts  w i l l  become n o n -z e ro  i . e  t h e r e  a r e  some c l u s t e r s  which 
c a n n o t  t r a n s fo r m  i n  one a tom ic  julnp b u t  t h e y  can  m ig r a te  i n  two jum ps. 
Thus t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  even c l a s s  w i l l  be d i f f e r e n t  
from one s t e p  t r a n i s i t i o n  p r o b a b i l i t y  m a t r ix .  Hence th e  e q u i l i b r i u m  
d i s t r i b u t i o n  a s s o c i a t e d  w i th  t h e  two s t e p  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  
( t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  even c l a s s )  w i l l  be  d i f f e r e n t  and 
t h e s e  can be e x p la in e d  from i t s  p r o b a b i l i t y  m a t r ix  w hich i s  g iv e n  i n  
t a b l e  8 . 5 . In  t h e  even  c l a s s  t h e  t e t r a v a c a n c y  4 .5  i s  t h e  m ost popu lous  
c l u s t e r  w hich i s  n o t  s u r p r i z i n g .  T h is  i s  b e c a u se  i n  d o u b le  ( tw o) jump
e i g h t  c l u s t e r s  o u t  o f  e le v e n  t r a n s fo r m  i n t o  t h i s  c o n f i g u r a t i o n  and
hence  th e  r e s u l t a n t  p o p u l a t i o n  was d om inan t.  For  a s i n g l e  jupm, i t  was 
n o te d  t h a t  t h e  c l u s t e r  4 . 3  was t h e  most im p o r ta n t  c o n f i g u r a t i o n  b u t  
when th e  c l u s t e r s  were a l lo w e d  to  m ig r a te  v i a  two jumps i t  was found 
t h a t  4 . 3  was t h e  second m ost i m p o r ta n t  c o n f i g u r a t i o n .  T h is  d i f f e r e n c e  
can  be e x p la in e d  from th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r i c e s  g iv e n  i n  
t a b l e s  8 . 4  and 8 . 5 . The p r o b a b i l i t y  o f  t r a n s i t i o n s  from o t h e r  ty p e s  o f
c o n f i g u r a t i o n s  i n t o  4 .3  i s  re d u c e d  i n  doub le  jump m echanism s and a s  a
r e s u l t  r e d u c t i o n  i n  t h e  p o p u l a t i o n  o f  4 .3  was o b s e rv e d .  The mimimum 
c o n c e n t r a t i o n  was r e c o r d e d  f o r  t h e  c o n f i g u r a t i o n  4 . 8 . A lthough  t h e  
p o p u l a t i o n  o f  t e t r a v a c a n c y  c l u s t e r s  a r e  e n t i r l y  d i f f e r e n t  f o r  odd and 
even c l a s s e s  y e t  t h e  m ag n i tu d e  o f  o s c i l a t i o n s  a r e  a p p ro x im a te ly  th e  
same.
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I t  was found t h a t  i f  a l l  t h e  e n t r i e s  on th e  main d ia g o n a l  a r e  
ze ro  i n  a t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  th e n  th e  m a t r ix  w i l l  p r e s e n t  a 
p e r i o d i c  Markov c h a in  w i th  p e r io d  2 and hence  two e q u i l ib r iu m  
d i s t r i b u t i o n s  c o r r e s p o n d in g  to  two d i s j o i n t  c l a s s e s .  The m i g r a t i o n  
m a t r ix  f o r  t r i v a c a n c y  c l u s t e r s  d e m o n s t r a te s  t h a t  a c l u s t e r  o f  ty p e  3 . 3  
(AAE) i s  t h e  m ost r i g i d  i n  th e  s e n s e  t h a t  i t  can  n e i t h e r  t r a n s fo r m  i n t o  
any o t h e r  ty p e s  o f  c l u s t e r s  n o r  c an  any o t h e r  ty p e s  o f  c l u s t e r s  m ig r a te  
i n t o  i t .  Thus i t s  e x i s t e n c e  d o e s  n o t  a l t e r  th e  s t a t e  o f  o t h e r
c l u s t e r s .  We c a l l  t h i s  c l u s t e r  a dead c l u s t e r  , and th e  s t a t e
c o r r e s p o n d in g  to  t h i s  c l u s t e r  a dead s t a t e .  Hence i t  was n o t  in c lu d e d  
i n  t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  t r i v a c a n c y  c l u s t e r s .  In  a 
s i m i l a r  way t h e  4 .1 2  c o n f i g u r a t i o n  i n  th e  t e t r a v a c a n c y  c l u s t e r s  
r e p r e s e n t s  a  dead s t a t e  so i t  was n o t  c o n s id e r e d  i n  th e  c o r r e s p o n d in g  
t r a n s i t i o n  p r o b a b i l i t y  m a t r i x .
In  t h e  second p a r t  o f  t h i s  c h a p t e r  we a p p l i e d  th e  t im e  d e p e n d en t  
Markov c h a in s  t h e o r y  t o  s tu d y  th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  vacan cy  
c l u s t e r s .  The t h e o r y  o f  t im e  d e p e n d e n t  c h a in s  i s  v e r y  c o m p l ic a te d  and
t h e r e f o r e ,  t h e  e m phas is  was g iv e n  to  i t s  a p p l i c a t i o n .  The b a s i c  t h e o r y
f o r  t h i s  a n a l y s i s  i s  d i s c u s s e d  i n  Appendix 2 .  The e q u i l ib r i u m  
d i s t r i b u t i o n  f o r  c l u s t e r s  o f  v a c a n c i e s  have  been  examined by u s in g  th e  
r e l a t i o n s h i p  8 . 4 . In  t h i s  a n a l y s i s  c l u s t e r s  3 .3  and 4 .1 2  were n o t  
i n c lu d e d  i n  th e  i n t e n s i t y  m a t r i c e s  f o r  t r i -  and t e t r a v a c a n c y  c l u s t e r s .  
The r e a s o n  f o r  t h i s  h a s  b e e n  d i s c u s s e d  ab o v e .  The e q u i l i b r i u m  
d i s t r i b u t i o n  f o r  t r i v a c a n c y  c l u s t e r s  was found to  be  2  ~ (0 . 5  O .5 ) .  
T h is  was t h e  r e s u l t  o f  t h e  s y m m e tr ic a l  n a t u r e  o f  t h e  i n t e n s i t y  m a t r ix .  
The e q u i l i b r i u m  d i s t r i b u t i o n  o b ta in e d  f o r  t e t r a v a c a n c y  c l u s t e r s  was 
u n iq u e  w h i le  i t  was p e r i o d i c  f o r  t h e  t im e  in d e p e n d e n t  a n a l y s i s .  T h is
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i s  b e c a u s e  o f  t h e  f a c t  t h a t  i n  th e  p r e s e n t  a n a l y s i s  a l l  th e  e n t r i e s  on 
th e  p r i n c i p a l  d i a g o n a l  o f  t h e  i n t e n s i t y  m a t r ix  a r e  non z e ro .  For 
s tu d y in g  th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  t e t r a v a c a n c y  c l u s t e r s  we f i r s t  
assumed t h a t  t h e s e  c l u s t e r s  a r e  u n i fo r m ly  d i s t r i b u t e d .  Then th e  model 
was a llo w ed  to  m ig r a te  by means o f  f i r s t  n e a r e s t  n e ig h b o u r  vacancy  
jumps f o l lo w in g  th e  a s su m p t io n s  d i s c u s s e d  above . A f t e r  a p p ro x im a te ly  
30  jumps i t  was found t h a t  th e  d i s t r i b u t i o n  becomes i n v a r i a n t .  T h is  
was th e  e q u i l i b r i u m  d i s t r i b u t i o n  f o r  th e s e  c l u s t e r s  and i s  g iv e n  below ; 
2 =  (283 283 11 32  566 2264 1 132 1 132 377 1 132 566 1132) x 10"^
The maximum p o p u l a t i o n  was o b s e rv e d  f o r  t e t r a v a c a n c y  c l u s t e r  4*5 . T h is  
can  be e x p la in e d  from th e  i n t e n s i t y  m a t r ix .  The i n t e n s i t y  m a t r ix  Q^   ^
( s e e  t a b l e  8 . 6 )  d e m o n s t r a te s  t h a t  t h e r e  a r e  t h r e e  p o s s i b l e  ways w i th  
t h e  h e lp  o f  w hich a c l u s t e r  4 -5  can m ig r a te  i n t o  o t h e r  ty p e s  o f  
c l u s t e r s  w h i le  t h e r e  a r e  t e n  p o s s i b l e  mechanisms by  means o f  which 
o t h e r  t y p e s  o f  c l u s t e r s  can  t r a n s f o r m  i n t o  4 .5»  As th e  number o f  ways 
by w hich 4*5 l o s e s  i t s  i d e n t i t y  (b y  m ig r a t i n g  i n t o  d i f f e r e n t  ty p e s  o f  
c l u s t e r s )  i s  l e s s  th a n  th o s e  w hich  t r a n s fo r m  i t  from d i f f e r e n t  ty p e s  o f  
c l u s t e r s ,  i t  i s  to  be e x p e c te d  t h a t  th e  e q u i l i b r i u m  d i s t r i b u t i o n  f o r  
t h i s  c l u s t e r  w i l l  be  maximum. The minimum d i s t r i b u t i o n  was found f o r  
two c l u s t e r s  4 . I  and 4 . 2 .  T h is  i s  due to  th e  f a c t  t h a t  th e  i n t e n s i t y  
o f  l o s s  (p a s s a g e )  i s  g r e a t e r  th a n  th e  i n t e n s i t y  o f  g a in  ( t r a n s i t i o n ) .
In  th e  t h i r d  p a r t  o f  t h i s  c h a p t e r  th e  i n f l u e n c e  o f  m i g r a t i o n  
e n e r g i e s  and t e m p e r a tu r e s  on th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  d iv a c a n c y  
c l u s t e r s  i n  a l p h a - i r o n  and molybdenum have been  exam ined . An e q u a l  
number o f  d i v a c a n c i e s  ( 0 .2 5  0 .2 5  0 .2 5  0 .2 5 )  were t a k e n  a s  an i n i t i a l
d i s t r i b u t i o n .  In  th e  f i r s t  s t a g e  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  
c l u s t e r s  was s tu d i e d  w i th o u t  t h e  i n t r o d u c t i o n  o f  m i g r a t i o n  e n e r g i e s  and
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t e m p e r a tu r e s  and found to  be  ( 0 . 2  0 .2  0 .5  0 . 5 ) .  T h is  d i s t r i b u t i o n  i s
d iv id e d  i n t o  two g r o u p s .  In  f i r s t  g roup  2.1 and 2 .2  t y p e s  o f  
d i v a c a n c i e s  have  e q u a l  p o p u l a t i o n .  The second g roup  c o n t a i n s  2 .3  and
2 .4  t y p e s  o f  d iv a c a n c y  c l u s t e r s  h a v in g  th e  same d i s t r i b u t i o n  b u t
d i f f e r e n t  from th e  f i r s t  g r o u p .  The e x i s t e n c e  o f  t h i s  d i s t r i b u t i o n  can  
be e x p la in e d  from th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  g iv e n  i n  t a b l e  8 . 9 .  
The d i s t r i b u t i o n  o f  c l u s t e r s  i s  governed  by t h e  columns o f  t h e  
t r a n s i t i o n  p r o b a b i l i t y  m a t r i x .  In  t h e  p r e s e n t  c a s e  th e  e le m e n ts  o f  t h e  
f i r s t  column a r e  s i m i l a r  to  t h a t  o f  t h e  second column and th e  e le m e n ts  
o f  th e  t h i r d  and f o u r t h  coulm ns a r e  s i m i l a r .  Thus t h e  d i s t r i b u t i o n  
c o r r e s p o n d in g  to  t h e s e  colum ns i s  o f  t h e  same o r d e r .  When th e  
m i g r a t i o n  e n e r g i e s  and t e m p e r a t u r e s  were in t r o d u c e d  i n  th e  a n a l y s i s
th e n  i t  was found t h a t  a t  t e m p e r a tu r e  Tm/5, t h e  d iv a c a n c y  o f  ty p e  2 .3  
was a b s e n t  i . e  i t s  p o p u l a t i o n  was z e ro  and th e  p o p u l a t i o n  o f  o t h e r  ty p e  
o f  c l u s t e r s  i n  b o th  m e t a l s  ( a l p h a - i r o n  and molybdenum) were th e  same. 
The a b s e n c e  o f  d iv a c a n c y  2 .3  was due to  th e  h ig h  m i g r a t i o n  e n e r g i e s
a s s o c i a t e d  w i th  t h o s e  m echanism s w hich form i t .  T h is  can  be v e r i f i e d
2 2yfrom th e  e n e rg y  m a t r ix  whose e le m e n ts  a r e  [ e x p ( - E ^ /k T ) ] ,  where Eg^ ,
k and T a r e  m i g r a t i o n  e n e rg y ,  Boltzmann c o n s t a n t  and te m p e ra tu re  
r e s p e c t i v e l y .  At low t e m p e r a tu r e  th e  c o n t r i b u t i o n  from th e  f a c t o r  
( -1 /k T )  i s  s m a l l  and a l a r g e  v a lu e  o f  m i g r a t i o n  e n e rg y  makes i t  
s m a l l e r .  As t h e  t r a n s f o r m a t i o n s  w hich c o n v e r t  o t h e r  ty p e s  o f  
d i v a c a n c i e s  i n t o  a d iv a c a n c y  o f  ty p e  2 .3  have  h ig h  m i g r a t i o n  e n e r g i e s ,  
t h e  c o n t r i b u t i o n  o f  t h e  above  f a c t o r  i s  v e ry  v e r y  s m a l l .  T h is  makes 
th e  c o r r e s p o n d in g  e n t r i e s  n e a r l y  z e ro  i n  th e  t r a n s i t i o n  p r o b a b i l i t y  
m a t r ix  and h en ce  th e  d i s t r i b u t i o n  o f  t h i s  ty p e  o f  c l u s t e r  i s  o b se rv e d  
to  be z e r o .  As t h e  t e m p e r a t u r e  i n c r e a s e s  t h e  c o n t r i b u t i o n  from th e  
e n e rg y  m a t r ix  i n c r e a s e s  w hich  a l t e r s T t h e  c o r r e s p o n d in g  e n t r i e s  i n  th e
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t r a n s i t i o n  p r o b a b i l i t y  m a t r i x .  Hence a change i n  t h e  d i s t r i b u t i o n  o f  
t h e s e  c l u s t e r s  a t  h i g h e r  t e m p e r a tu r e s  was re c o rd e d  and t h i s  i s  g iv e n  i n  
t a b l e  8 .1 3 .
In  t h e  f o u r t h  p a r t  o f  t h i s  c h a p t e r  th e  t im e  d e p e n d e n t  a n a l y s i s  
was e x te n d e d  to  i n c l u d e  th e  e f f e c t  o f  m i g r a t i o n  e n e r g i e s  and 
t e m p e r a tu r e s .  In  t h e  f i r s t  s t e p  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  
d iv a c a n c y  c l u s t e r s  was c a l c u l a t e d  w i th o u t  c o n s id e r in g  th e  dependence  o f  
m i g r a t i o n  e n e r g i e s  and t e m p e r a t u r e s  and i t  was found to  be  ( 0 .1 6 ,  0 .1 2 ,  
0 .4 8 ,  0 . 2 4 ) .  T h is  d i s t r i b u t i o n  was o b ta in e d  by em ploying  e q u a t io n  8 . 4 .  
The i n t e n s i t y  m a t r ix  f o r  t h i s  c a s e  i s  g iv e n  i n  t a b l e  8.10. When th e  
m i g r a t i o n  e n e r g i e s  and t e m p e r a t u r e s  were i n t r o d u c e d  a change i n  th e  
d i s t r i b u t i o n s  was fo u n d .  T h is  was due to  th e  l e a d i n g  r o l e  o f  th e
en e rg y  m a t r ix  a t  d i f f e r e n t  . t e m p e r a t u r e s  w hich a r e  g iv e n  i n  t a b l e s
8 .1 1 -1 2  f o r  a l p h a - i r o n  and molybdenum r e s p e c t i v e l y .  The e q u i l ib r i u m  
d i s t r i b u t i o n s  o f  v a c an c y  c l u s t e r s  i n  a l p h a - i r o n  and molybdinum a r e  
c o n ta in e d  i n  t a b l e  8 . 1 4 .  As th e  m o d if ie d  m ig r a t i o n  and i n t e n s i t y
m a t r i c e s  a r e  t e m p e ra tu re  d e p e n d e n t  t h e s e  a r e  n o t  g iv e n  h e r e .
However, d u r in g  th e  d e t e r m i n a t i o n  o f  e q u i l i b r i u m  d i s t r i b u t i o n s  
o f  v a c an c y  c l u s t e r s  f o r  b o t h  t im e  in d e p e n d e n t  and t im e  d e p e n d en t  
a n a l y s i s  i t  was assumed i n  t h e  b e g in n in g  t h a t  t h e s e  c l u s t e r s  a r e  
u n i fo rm ly  d i s t r i b u t e d .  T h is  was done i n  o r d e r  to  s a v e  th e  com puter 
t im e .  In  f a c t  o u r  model i s  n o t  l i m i t e d  to  th e  s e l e c t e d  ty p e  o f  i n i t i a l  
d i s t r i b u t i o n .  One c an  g e t  t h e  same v a l u e s  f o r  t h e  e q u i l i b r i u m  
d i s t r i b u t i o n  by g i v in g  any random i n i t i a l  d i s t r i b u t i o n .  T h is  i s  
b e c a u se  t h e  model i n v e s t i g a t e s  t h e  s o l u t i o n  f o r  s e t  o f  e q u a t io n s  8 . 2  
and 8 . 4  f o r  t i m e -  i n d e p e n d e n t  and, d e p e n d en t  p r o c e s s e s .  I n  t h e  t im e
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i n d e p e n d e n t  a n a l y s i s  when a c h a in  i s  p e r i o d i c  t h e r e  i s  no s o l u t i o n  f o r  
e q u a t io n  8 . 2 .  Hence f o r  t h i s  l i m i t i n g  c a se  d i s t r i b u t i o n s  w i l l  be no 
l o n g e r  in d e p e n d e n t  o f  t h e  i n i t i a l  d i s t r i b u t i o n .
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.  1 2 3 ^
1 4 2 0
2 2 0 0
3 0 0 0
TABLE 8 . 1 .  M ig r a t io n  m a t r ix  f o r  
t r i v a c a n c y  c l u s t e r s  i n  BCC 
c r y s t a l s
1 2 3 4 5 6 7 8 9 10 11 12
1 “ 0 0 8 0 0 0 0 0 0 0 0 0
2 0 0 4 0 0 0 0 0 0 0 0 0
3 2 1 0 2 2 0 0 0 2 0 0 0
4 0 0 4 0 0 2 0 0 0 0 0 0
5 0 0 1 0 0 1 0 1 0 0 0 0
6 0 0 0 1 2 0 3 0 0 1 1 07 0 0 0 0 0 3 0 0 0 0 0 08 0 0 0 0 6 0 0 0 0 0 0 0
9 0 0 2 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 2 0 0 0 0 0 0
11 0 0 0 0 0 1 0 0 0 0 0 0
12 0 0 0 0 0 0 0 0 0 0 0 0
TABLE 8 . 2 .  M ig r a t io n  m a t r ix  f o r  t e t r a v a c a n c y  c l u s t e r s  i n  BCC c r y s t a l s .
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TABLE 8 . 3 » T r a n s i t i o n  
p r o b a b i l i t y  m a t r ix  f o r  
t e t r a v a c a n c y  c l u s t e r s  i n  
BCC c r y s t a l s .
_ 1 2 3 4 5 6 7 8 9 10 11 -
1 ~ 0 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0
3 2 /9 1 /9 0 2 /9 2 /9 0 0 0 2 /9 0 0
4 0 0 2 /3 0 0 1/3 0 0 0 0 0
5 0 0 1 /3 0 0 1 /3 0 1/3 0 0 0
6 0 0 0 1 /8 1 /4 0 3 /8 0 0 1 /8 1 / 8
7 0 0 0 0 0 1 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0 0
9 0 0 1 0 0 0 0 0 0 0 010 0 0 0 0 0 1 0 0 0 0 0
11 _ 0 0 0 0 0 1 0 0 0 0 0
TABLE 8 . 4 . One s t e p  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  t e t r a v a c a n c y  
c l u s t e r s  i n  BCC c r y s t a l s .
__ 1 2 3 4 5 6 7 8 9 10 11 _1 2 /9 1 /9 0 2 /9 2 /9 0 0 0 2 /9 0 02 2 /9 1 /9 0 2 /9 2 /9 0 0 0 2 /9 0 0
5 0 0 7 /9 0 0 4/27 ' 0 2 /27 0 0 0
4 4 /2 7 2 /2 7 0 41 /216 25/108 0 1 /8 0 4 /2 7 1 /24 1 / 2 4
=5 2 /2 7 1 /27 0 25/216 53/108 0 1 /8 0 2 /2 7 1 /24 1 / 2 46 0 0 1 /6 0 0 3 /4 0 1 /2 0 0 0
7 0 0 0 1 /8 1 /4 0 3 /8 0 0 1 /8 1 /8
8 0 0 1/3 0 0 1/3 0 1 /3 0 0 0
9 2 /9 1 /9 0 2 /9 2 /9 0 0 0 2 /9 0 0
10 0 0 0 1 /8 1 /4 0 3 /8 0 0 1 /8 1 /811 0 0 0 1 /8 1 /4 0 3 /8 0 0 1 /8 1 /8
TABLE 8 . 5 . Two s t e p  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  
t e t r a v a c a n c y  c l u s t e r s  i n  BCC c r y s t a l s .
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TABLE 8 . 6 .  I n t e n s i t y  m a t r ix  
f o r  t r i v a c a n c y  c l u s t e r s  i n  BCC 
c r y s t a l s .
1 2 3 4 5 6 7 8 9 10 111 -8 0 8 0 0 0 0 0 0 0 0
2 0 -4 0 0 0 0 0 0 0 0 0
3 2 1 -9 2 2 0 0 0 2 0 0
4 0 0 4 -6 0 2 0 0 0 0 0
5 0 0 1 0 -3 1 0 1 0 ' 0 06 0 0 0 1 2 -8 3 0 0 1 17 0 0 0 0 0 3 -3 0 0 0 08 0 0 0 0 6 0 0 -6 0 0 0
9 0 0 2 0 0 0 0 0 -2 0 010 0 0 0 0 0 2 0 0 0 -1 011 0 0 0 0 0 1 0 0 0 0 -1
TABLE 8 . 7 .  I n t e n s i t y  m a t r ix  f o r  t e t r a v a c a n c y  c l u s t e r s  i n  BCC c r y s t a l s
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_ 1 2 3 4_
1 0 6 6 0
2 8 0 0 8
3 4 0 0 8
4 0 2 4 0
TABLE 8.3 M ig r a t io n  m a t r ix  f o r  d iv a c a n c y  
c l u s t e r s  i n  BCC c r y s t a l s .
2
1 2 3 4-,b 1/2 1/2 0
1 / 2 0 0 1 /2
1 /3 0 0 2 /30 1 /3 2 /3 0
TABLE 8 . 9 . T r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  
d iv a c a n c y  c l u s t e r s  i n  BCC c r y s t a l s .
^  1 2 3 41 -12 6 6 0
2 8 -1 6 0 8
3 4 0 -12 8
4 0 2 4 -5
TABLE 8 .1 0 .  I n t e n s i t y  m a t r ix  f o r  d iv a c a n c y  
c l u s t e r s  i n  BCC c r y s t a l s .
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2
" ij [ e x p f - 0 .7 8 /k T ) .  [ e x p ( -0 .7 1  /kT ) 
0
2 3
[ e x p ( - 0 . 7 2 /k T ) ] [ e x p ( - 0 . 8 6 /k T ) ]
0 0 _exp(-0 .66 /kT)_
0 0 [ e x p ( - 0 .6 5 /k T )
[ e x p ( - 0 .5 2 /k T ) ]  [ e x p ( - 0 .7 5 /k T ) ]  0
TABLE 8 .1 1 .  Energy m a t r ix  f o r  d iv a c a n c y  c l u s t e r s  i n  a l p h a - i r o n ,
2 exp(-1 .5 5 /k T ) l  
exp(-1 .4 6 /k T )J
2 3
[exp (-1  .4 3 /k T )]  [exp (-1  .6 9 /k T ) ]
[exp (-1  .0 4 /k T )]  [ex p (-1  .4 5 /k T ) ]
e x p ( - 1 .3 5 /k T )  
e x p ( - 1 ,3 4 /k T )
0 J
TABLE 8 .1 2 .  Energy  m a t r ix  f o r  d iv a c a n c y  c l u s t e r s  i n  molybdenum.
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TYPE OP DISTRIBUTION OF CLUSTERS DISTRIBUTION OF CLUSTERS
DIVACANCY IN ALPHA-IRON MOLYBDENUM
CLUSTERS (Tm = 1555 C) (Tm = 2676 C)
Tm Tm/2 Tm/5 Tm Tm/2 Tm/5
A 0 .137  0.071 0 . 0 0 5 0 . 1 4 0  0 . 0 7 5 0 .006
B 0 .3 5 9  0 .4 5 9 0 . 5 0 0 0 . 3 7 5  0 . 4 7 0 0 . 5 0 0C 0.141 0.041 0 .0 0 0 0 . 1 2 5  0 . 0 3 0 0 .0 0 0
D 0.3 6 3  0 .429 0 . 4 9 5 0 .3 6 0  0 . 4 2 5 0 . 4 9 4
TABLE 8 .1 3 . E q u i l ib r iu m  d i s t r i b u t i o n o f  d iv a c a n c y c l u s t e r s  i n
a l p h a - i r o n  and molybdenum o b ta in e d  by u s in g  t im e  in d e p e n d e n t  Markov
c h a in s .
'
TYPE o f DISTRIBUTION OF CLUSTERS DISTRIBUTION OF CLUSTERS
DIVACANCY IN ALPHA-IRON IN MOLYBDENUM
CLUSTERS (Tm = 1535 C) (Tm = 2676 C)
Tm Tm/2 Tm/5 Tm Tm/2 Tm/5
A 0.231 0 .255 0 .1 2 0 0 .2 3 8  0 . 2 5 4 0 .122
B 0 .276  0 .4 7 9 0 .8 6 7 0 . 3 1 6  0 .5 6 0 0 .874C 0 .1 0 7  0 .0 3 5 0 .0 0 0 0 . 1 1 0  0 . 0 3 3 0 .0 0 0
D 0 .386  0 . 3 2 3 0 .0 1 8 0 . 3 3 6  0 . 1 5 3 0 . 0 0 4
TABLE 8 .14»  E q u i l ib r iu m  d i s t r i b u t i o n  o f  d iv a c a n c y  c l u s t e r s  i n  
a l p h a - i r o n  and molybdenum o b ta in e d  by u s in g  t im e  d e p e n d e n t  Markov 
c h a in s .
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CHAPTER 9
GENERAL DISCUSSION, CONCLUSIONS AND SUGGESTIONS
9.1 DISCUSSION
The m o t i v a t i o n  b eh in d  t h i s  s tu d y  was to  a p p ly  com puter 
s im u l a t io n  m ethods to  d e te rm in e  th e  i n t e r a c t i o n  o f  p o i n t  d e f e c t s  w ith  
sm a l l  c l u s t e r s  o f  v a c a n c i e s ,  and to  i n v e s t i g a t e  th e  e f f e c t  o f  th e s e  
i n t e r a c t i o n s  on th e  i n i t i a l  g row th  o f  such  c l u s t e r s .  In  t h i s  r e g a r d ,  
th e  p r i n c i p a l  p r o p e r t i e s  o f  i n t e r e s t  were: (1 )  th e  geom etry  o f  th e
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c lo s e - p a c k e d  c l u s t e r s  o f  p o i n t  d e f e c t s  
and t h e i r  b in d in g  e n e r g i e s ;  (2 )  t h e  p o s s i b l e  m ig r a t i o n  mechanisms and 
t h e i r  a s s o c i a t e d  m i g r a t i o n  e n e r g i e s  f o r  a t r a n s i t i o n  from one c l u s t e r  
c o n f i g u r a t i o n  to  a n o th e r ;  ( 3 ) th e  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  grow th 
and c o n t r a c t i o n  m echanism s and t h e i r  e n e r g i e s ,  i n  p a r t i c u l a r  t h e  u n i t  
s t e p  (jump) i n  t h e  movement p r o c e s s  o f  a g iv e n  type  o f  c l u s t e r  o f  p o i n t  
d e f e c t s ;  ( 4 ) th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  t h e s e  c l u s t e r s .
The geo m etry  o f  c l u s t e r s  o f  v a c a n c i e s  and o f  v a c a n c i e s  and 
s o lu t e  a tom s i n  BCC m e t a l s  h a s  b een  examined i n  c h a p t e r s  2 and 5 
r e s p e c t i v e l y .  A summary o f  r e s u l t s  i n  g iv e n  i n  t a b l e  9 . 1 .  There  i s  a 
common f e a t u r e  i n  t h e s e  r e s u l t s  t h a t  t h e  number o f  c r y s t a l l o g r a p h i c a l l y  
e q u i v a l e n t  v a r i a n t s  a r e  i n t e r - r e l a t e d . For example c l u s t e r s  o f  V-S 
have tw ic e  th e  v a r i a n t s  o f  d i v a c a n c i e s .  T h is  i s  b e c a u s e  th e  
r e p la c e m e n t  o f  v a c a n c i e s  w i th  s o l u t e s  r e d u c e s  t h e  symmetry o f  th e  
c l u s t e r .  The number o f  c l u s t e r s  o f  v a c a n c i e s  and S s o l u t e  atom s t h a t
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can be formed from a c l u s t e r  o f  . N v a c a n c i e s  i s  g iv e n  by th e
c o m b in a t io n .
N
'N - 8 = N ! / (N -S ) !S !    9.1
The p u rp o se  o f  t h i s  s tu d y  was to  p ro v id e  i n f o r m a t io n  on which to  
ba se  com pute r  s i m u l a t i o n  i n v e s t i g a t i o n s  o f  t h e  s t a t i c  and k i n e t i c  
p r o p e r t i e s  o f  p o i n t  d e f e c t s .  I n te r a to m ic  i n t e r a c t i o n s  c o n t r o l  a l l  
a t o m i s t i c  s i m u l a t i o n  m e th o d s .  The s i g n i f i c a n c e  and th e  r e l i a b i l i t y  o f  
r e s u l t s  depend upon th e  a p p r o p r i a t e n e s s  o f  t h e  p o t e n t i a l  used f o r  th e  
c a l c u l a t i o n s .  The i n t e r a t o m i c  p o t e n t i a l s  d e s c r ib e d  i n  c h a p t e r s  1 and 5 
were employed f o r  t h e  p r e s e n t  i n v e s t i g a t i o n s .  Due to  th e  
n o n - a v a i l a b i l i t y  o f  a p o t e n t i a l  f o r  a s u b s t i t u t i o n a l  im p u r i ty  t h e  
p a r e n t - p a r e n t  p o t e n t i a l  was s c a l e d  by a l t e r i n g  i t s  d e p th  i . e  th e  
e l a s t i c  c o n s t a n t s  were changed  b u t  t h e  l a t t i c e  p a ra m e te r  was f i x e d .  
T h is  p r o c e d u re  makes \ t h e  h o s t - i m p u r i t y  p o t e n t i a l  e i t h e r  s o f t e r  o r  
h a r d e r  t h a n  i t s  c o r r e s p o n d in g  p a r e n t - p a r e n t  p o t e n t i a l  depend ing  upon 
th e  s c a l i n g  f a c t o r  u s e d .  T h is  f a c t o r  cou ld  have  b een  in t r o d u c e d  in  
such  a way t h a t  b o th  l a t t i c e  p a ra m e te r  and e l a s t i c  c o n s t a n t s  can  be 
changed t o g e t h e r .  In  t h i s  c a s e  th e  h o s t - i m p u r i t y  p o t e n t i a l  would 
r e p r e s e n t  t h e  s i z e  o f  th e  s o l u t e  atom as  w e l l  a s  i t s  e l a s t i c  
c h a r a c t e r i s t i c s .  An a l t e r n a t i v e  p ro c e d u re  o f  d e r i v i n g  th e  im p u r i ty  
p o t e n t i a l ,  i s  to  t a k e  t h e  a v e ra g e  o f  two p o t e n t i a l s  r e p r e s e n t i n g  th e  
d i f f e r e n t  c r y s t a l s .  T h is  method was adop ted  by Anderman and Gehman 
( 1 9 6 8 ) and D r e t j e  and E k s t e r  (1 9 7 4 ) .  In  t h e  p r e s e n t  s t u d i e s  i t  would 
have  b een  p o s s i b l e  to  i n v e s t i g a t e  molybdenum i m p u r i t i e s  i n  a l p h a - i r o n  
o r  a l p h a - i r o n  i m p u r i t i e s  i n  molybdenum by a v e ra g in g  th e  Johnson and 
M i l l e r  p o t e n t i a l s .  In  p r a c t i c e  t h i s  was n o t  done b u t  c o n s i d e r a t i o n  o f  
th e  form s o f  t h e  two p o t e n t i a l s  r e v e a l s  t h a t  a p p ro x im a te ly  a l p h a - i r o n
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i m p u r i t i e s  i n  molybdenum co u ld  be s im u la te  by l e t t i n g  f = 1 l / l 4  and 
molybdenum i m p u r i t i e s  i n  a l p h a - i r o n  by f = 1 l / 8 .
In  t h i s  t h e s i s  p r e l i m i n a r y  com puter s i m u l a t e d  r e s u l t s  on 
c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a tom s a r e  p r e s e n t e d .  B ind ing  e n e r g i e s  
o f  v a c an c y  c l u s t e r s  and mixed c l u s t e r s  have  been  o b ta in e d  and th e  
r e s u l t s  a r e  summarized i n  c h a p t e r s  2 and 5 r e s p e c t i v e l y .  The 
r e l a x a t i o n  a round  some s e l e c t e d  s t r u c t u r e s  h a s  a l s o  been  s t u d i e d .  
These r e s u l t s  d e m o n s t r a te  t h a t  t h e  second n e a r e s t  n e ig h b o u r s  <1 0 0> to  
a v a c an c y  move o u tw a rd s  i . e  away from th e  v a c a n t  s i t e  and th e  f i r s t  
n e a r e s t  n e ig h b o u r  atom s r e l a x  in w a rd s  a s  one would e x p e c t  from the  
s im p le  e l a s t i c  model o f  a  v a c a n c y  a s  a c e n t r e  o f  n e g a t i v e  d i l a t i o n .  
The o u tw ard s  d i s p la c e m e n t  o f  t h e  <1 0 0> atoms a p p e a r s  to  be c h a n n e l le d  
by th e  l a t t i c e  a lo n g  <1 0 0> d i r e c t i o n s  s in c e  atom s a t  <2 0 0> and <3 0 
0> a re  a l s o  d i s p l a c e d  o u tw a rd s .  T h is  b e h a v io u r  can  be e x p la in e d  by th e  
d i s c r e t e  model o f  t h e  d e f e c t ,  s i n c e  th e  i n t e r a t o m i c  p o t e n t i a l s  used  
h e re  have  n e g a t i v e  s lo p e  a t  t h e  f i r s t  n e a r e s t  n e ig h b o u r  d i s t a n c e  
(0 .8 6 6 a )  and hence  th e  f o r c e s  a r e  r e p u l s i v e .  C o n se q u e n tly  t h e  f i r s t  
n e a r e s t  n e ig h b o u r s  o f  a v a c a n c y  would be ex p ec ted  to  r e l a x  in w a rd s ,  
s i n c e  i n  fo rm ing  th e  v a c a n t  s i t e  we have removed th e  r e p u l s i v e  f o r c e s  
which were a c t i n g  on them . Once th e  n e a r e s t  atom s have  r e l a x e d  
r a d i a l l y  in w a rd s  (b e c a u s e  o f  symmetry) by U (r)  t h e y  a r e  c l o s e r  to  th e  
second n e a r e s t  n e ig h b o u r  a to m s .  The s e p a r a t i o n  be tw een  th e  r e l a x e d  
f i r s t  and th e  u n r e la x e d  second  n e a r e s t  n e ig h b o u r s  i s  t h e n  a p p ro x im a te ly  
( 0 .8 6 6 a  -  0 .3 3 3 U ( r ) ) .  At i n t e r a t o m i c  s p a c in g s  c l o s e r  th an  th e  f i r s t
n e a r e s t  n e ig h b o u r  e q u i l i b r i u m  s e p a r a t i o n  th e  p o t e n t i a l  h a s  an  even 
s t e e p e r  n e g a t i v e  g r a d i e n t .  Thus t h e  o u tw ards  r e p u l s i v e  f o r c e s  on th e  
second n e a r e s t  n e ig h b o u r s  a r e  g r e a t e r  th a n  th o s e  a c t i n g  i n  th e  p e r f e c t
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l a t t i c e  c o n f i g u r a t i o n ,  and t h e r e f o r e  atoms o f  th e  ty p e  <1 0 0> move 
r a d i a l l y  o u tw a rd s .
A s i m i l a r  k in d  o f  b e h a v io u r  o f  th e  n e ig h b o u r in g  atoms was 
obse rved  f o r  a s o l u t e  a tom . In  p a r t i c u l a r  when th e  d e p th  o f  t h e  
h o s t - h o s t  i n t e r a t o m i c  p o t e n t i a l  was reduced  by u s in g  a f a c t o r  f = l / 2  t h e  
d i s p la c e m e n ts  were a p p ro x im a te ly  h a l f  t h a t  o f  a v a c a n t  s i t e .  I f  t h e  
v a lu e  o f  f  i s  i n c r e a s e d  th e n  th e  d i s p la c e m e n ts  a ro u n d  a s o l u t e  atom 
w i l l  red u ce  and f o r  f=1 th e  s o l u t e  w i l l  r e p r e s e n t  a h o s t  a tom . For  
t h i s  s p e c i a l  c a s e  th e  r e l a x a t i o n  a round th e  s o l u t e  atom w i l l  c l e a r l y  
v a n is h .  I f  f  i s  f u r t h e r  i n c r e a s e d  th e n  th e  s o l u t e  atom w i l l  r e p r e s e n t  
a m a t e r i a l  which i s  h a r d e r  th a n  th e  h o s t  i . e  a l p h a - i r o n  o r  molybdenum 
in  th e  p r e s e n t  i n v e s t i g a t i o n s ,  and th e  r e l a x a t i o n  e f f e c t s  w i l l  be  
o p p o s i t e  to  th o s e  f o r  f  < 1.
The r e s u l t s  on th e  m i g r a t i o n  mechanisms o f  c l u s t e r s  o f  v a c a n c i e s  
a s  w e l l  a s  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  atom s ( s e e  c h a p t e r  3 and 6) 
have b een  p r e s e n t e d  i n  t h e  form o f  m i g r a t i o n  m a t r i c e s .  The m ig r a t i o n  
o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  atoms may t a k e  p l a c e  i n  p r i n c i p l e  
by t h r e e  d i f f e r e n t  m i g r a t i o n  m echanism s and t h e s e  have  b e e n  d i s c u s s e d  
i n  c h a p te r  6 .  The o n ly  one w hich  was c o n s id e re d  to  be i m p o r ta n t  i s  
t h a t  i n  w hich  th e  s o l u t e  atom do es  n o t  move, and th e  m i g r a t i o n  o f  t h e  
c l u s t e r  i s  a c h ie v e d  by t h e  movement o f  a h o s t  atom i n t o  a v a c a n t  s i t e .  
The geom etry  o f  mixed c l u s t e r s  o f  v a c a n c i e s  and s o l u t e s  can  be o b ta in e d  
from t h e i r  p a r e n t  v a c an c y  c l u s t e r s  ( s e e  c h a p te r  5) b u t  i t  i s  n o t  
p o s s i b l e  to  d e r i v e  a m i g r a t i o n  m a t r ix  from th e  c o r r e s p o n d in g  m i g r a t i o n  
m a t r ix  o f  t h e  v a c an c y  c l u s t e r s .  T h is  can  be e a s i l y  v e r i f i e d  f o r  th e  
m ig r a t i o n  m a t r i c e s  o f  3V and 2V-S c l u s t e r s .  C l e a r l y  t h e  p r e s e n c e  o f  a
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s o l u t e  atom in  a c l u s t e r  r e d u c e s  t h e  t o t a l  number o f  p o s s i b l e  m ig r a t i o n  
m echanism s, a s  i n t e r c h a n g e s  be tw een  th e  s o l u t e  and a h o s t  atom a r e  
e n e r g e t i c a l l y  u n f a v o u r a b le .  However a s  t h e r e  a r e  more th a n  one way i n  
which v a c a n t  s i t e s  c an  be  r e p l a c e d  by a s o l u t e  atom in  a l l  c l u s t e r s  o f  
v a c a n c i e s  ( e x c e p t  d i v a c a n c i e s )  th e  t o t a l  number o f  m i g r a t i o n  mechanisms 
i s  i n c r e a s e d .
The m i g r a t i o n  o f  a v a c an c y  i n v o lv e s  t h e  movement o f  a f i r s t  
n e a r e s t  n e ig h b o u r  to  th e  v a c a n t  s i t e ,  t h u s  f i l l i n g  th e  vacan cy  and 
l e a v in g  a new vacan cy  b e h in d .  In  t h e  com puter e x p e r im e n ts  t h e  movement 
o f  t h e  n e ig h b o u r in g  atom i n  t h e  c o m p u ta t io n a l  c e l l  was c a r r i e d  o u t  by 
means o f  s m a l l  s t e p s  to w a rd s  t h e  v a c a n t  s i t e .  F o l lo w in g  each  o f  t h e s e  
s t e p s  t h e  c r y s t a l  was a l lo w e d  to  r e l a x .  The c o m p u ta t io n  f o r  each  s t e p  
was s t a r t e d  from th e  r e l a x e d  p o s i t i o n  o f  th e  p r e v io u s  s t e p .  T h e re fo re  
i n  t h i s  p r o c e d u re  th e  atom i s  f r e e  to  d e te rm in e  i t s  p a th  and i s  n o t  
s u b je c t e d  to  p re c o n c e iv e d  g e o m e t r i c a l  r e s t r i c t i o n s .  T h is  model was
used  i n  t h e  p r e s e n t  s tu d y  f o r  e s t i m a t i n g  m ig r a t i o n  e n e r g i e s .  A kh te r  
( 1 9 8 2 ) and F a r i d i  (1978) examined th e  m ig r a t i o n  e n e rg y  o f  v a c a n c i e s  
n e a r  th e  ( i l l )  tw in  bou n d a ry  i n  FCG m e t a l s  and gave  two d i f f e r e n t  ty p e s  
o f  p o t e n t i a l  e n e rg y  b a r r i e r  f o r  t h e  same m echanism. T h is  d i f f e r e n c e  
was due to  t h e i r  d i f f e r e n t  a p p ro a c h  to  c a l c u l a t i n g  th e  m i g r a t i o n
e n e rg y .  A k h te r  (1982) used  th e  same method a s  was ad o p te d  i n  t h e  
p r e s e n t  c a l c u l a t i o n s  and d e m o n s t ra te d  th e  e x i s t e n c e  o f  a f l e x i b l e
s a d d le  p o i n t .  On th e  o t h e r  hand F a r i d i  (1978) used  a method i n  w hich 
th e  c o m p u ta t io n  f o r  t h e  n e x t  s t e p  was s t a r t e d  from th e  o r i g i n a l  
u n re la x e d  c o n f i g u r a t i o n  and he found t h a t  t h e r e  was a r i g i d  s a d d le  
p o i n t .  The m i g r a t i o n  o f  a  monovacancy i n  FCC c r y s t a l s  i n v o lv e s  t h e  
jumping atom s q u e e z in g  th ro u g h  a r e c t a n g l e  o f  f o u r  s u p e r  n e a r e s t
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n e ig h b o u r s .  "By symmetry t h e  moving atom moves i n  a  s t r a i g h t  l i n e  and 
i s  c l o s e s t  t o  i t s  n e ig h b o u r s  a t  t h e  m id - p o in t  o f  i t s  p a th  (C ro ck e r  
1980) .  When th e  atom i s  p la c e d  a t  th e  e x a c t  c e n t r e  o f  t h e  m ig r a t i n g  
p a t h ,  i t  i s  a t  t h e  p o s i t i o n  where a l l  th e  f o u r  s u p e r  n e a r e s t  n e ig h b o u r s  
l i e  a t  an  e q u a l  d i s t a n c e  w hich i s  0 .6 1 a ,  w here a i s  t h e  l a t t i c e  
p a ra m e te r .  At t h i s  d i s t a n c e  th e  p o t e n t i a l  g i v e s  t h e  maximum en e rg y  and 
c o n s e q u e n t ly  a s a d d le  p o i n t  and we c a l l  i t  r i g i d .  T h is  i s  what F a r i d i  
o b s e rv e d .  But u s in g  th e  more s o p h i s t i c a t e d  method adop ted  by A kh te r  
d u r in g  th e  m ig r a t i o n  th e  moving atom pu sh es  t h e  s u r ro u n d in g  atoms i n  
i t s  d i r e c t i o n  o f  m o tio n  u n t i l  i t  r e a c h e s  beyond th e  m id p o in t  o f  t h e  
p a th  where t h e  s u r ro u n d in g  atom s jump b ack  w i th  a sudden d ro p  i n  
e n e rg y .  As i n  t h i s  method th e  s a d d le  p o i n t  s h i f t e d  from th e  c e n t r e  o f  
th e  p a th  to w a rd s  t h e  d i r e c t i o n  o f  m o tio n  i t  i s  c a l l e d  f l e x i b l e .  No 
d i f f e r e n c e  be tw een  t h e s e  two m ethods  was o b se rv e d  i n  th e  p r e s e n t  
c a l c u l a t i o n s .  T h is  i s  b e c a u s e  i n  BCC c r y s t a l s  t h e  s a d d le  p o i n t  d o e s  
n o t  l i e  a t  t h e  m id - p o in t  o f  t h e  p a th  b u t  i n  f a c t  t h e r e  a r e  two s a d d le  
p o i n t s  l y i n g  a t  th e  p o s i t i o n s  0 .8 6 6 a /3  and 1 . 7 3 2 a / 3  r e s p e c t i v e l y  and 
none o f  them i s  t h e  c e n t r e  o f  t h e  symmetry f o r  whole th e  p r o c e s s .
The g row th  and c o n t r a c t i o n  o f  c l u s t e r s  o f  v a c a n c i e s  and 
v a c a n c i e s  and s o l u t e  a tom s i n  a l p h a - i r o n  have  b een  examined and th e  
r e s u l t s  a r e  p r e s e n te d  i n  c h a p t e r s  4 and 7 r e s p e c t i v e l y .  The 
c o r r e s p o n d in g  v a lu e s  f o r  molybdenum can be o b ta in e d  from th e s e  r e s u l t s  
a s  th e y  w i l l  be  a p p ro x im a te ly  tw ic e  a s  l a r g e .  The r e s u l t s  i n d i c a t e  
t h a t  t h e  g row th  p r o c e s s e s  a r e  f a v o u r e d .  T h is  i s  due to  th e  f a c t  t h a t  
g row th  e n e r g i e s  c o r r e s p o n d in g  to  t h e s e  m echanisms a r e  l e s s  t h a n  o r  
eq u a l  to  t h e  m i g r a t i o n  en e rg y  o f  a vacan cy  i n  a l p h a - i r o n  w hich i s  
0 .68eV . The m ost commom f e a t u r e  o f  t h i s  a n a l y s i s  i s  t h a t  th e
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c o n t r a c t i o n  e n e r g i e s  a r e  l a r g e r  th a n  th e  c o r r e s p o n d in g  grow th  e n e r g i e s .  
Th is  i s  b e c a u s e  o f  t h e  f o l lo w in g  two f a c t s .  F i r s t l y ,  t h e  l e s s  t i g h t l y  
bound c l u s t e r s  h av e  low f o r m a t io n  e n e r g i e s  and se c o n d ly  i n  t h e  
c o n t r a c t i o n  m echanism s t h e  moving atom h a s  to  push th e  s u r ro u n d in g  
atoms b ack  t o  t h e i r  o r i g i n a l  p o s i t i o n s  which were r e l a x e d  d u r in g  th e  
grow th p r o c e s s e s .  The g row th  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  atoms 
d e m o n s t ra te s  t h a t  t h e  p r e s e n c e  o f  im p u r i ty  a tom s a f f e c t s  t h e s e  
mechanisms and t h i s  d ep en d s  upon th e  s c a l i n g  f a c t o r  f  which iras used  
f o r  th e  c o n s t r u c t i o n  o f  t h e  h o s t - i m p u r i t y  p o t e n t i a l  ( s e e  c h a p te r  5)*
In  c h a p t e r  8 th e  d i s t r i b u t i o n  o f  vacan cy  c l u s t e r s  u s in g  th e  
th e o r y  o f  Markov c h a in s  h a s  been  s t u d i e d .  In  a d d i t i o n ,  th e  model h as  
been  e x tended  to  i n c l u d e  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a to m s .  T h is  
was done by c o n s t r u c t i n g  two m i g r a t i o n  m a t r i c e s  (one  f o r  e ach  c a s e )  
c o r re s p o n d in g  to  th e  two m echanism s by means o f  w hich th e  m ig r a t i o n  o f  
c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a tom s can  o c c u r .  These m echanisms 
were d i s c u s s e d  i n  c h a p t e r  6 .  The m a t r i c e s  were added to  g e t  a f i n a l  
m ig r a t i o n  m a t r ix  f o r  t h e  whole  p r o c e s s .  The t r a n s i t i o n  p r o b a b i l i t y  and 
i n t e n s i t y  m a t r i c e s  were d e r iv e d  from t h i s  m ig r a t i o n  m a t r ix  i n  o r d e r  to  
s tu d y  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  
a tom s f o r  t im e  in d e p e n d e n t  and t im e  d e p e n d en t  a n a l y s e s .  M ig r a t io n  
e n e r g i e s  and t e m p e r a tu r e  dependence  were a l s o  i n t r o d u c e d  i n  t h i s  model
u s in g  th e  f o l lo w in g  m ethod;
W , s  NV.S _ V S  n NV,SM i j  = ( M i j )a  exp[ (Ej/[-Ejj) / kT] + ^ ^ i j ^ b ----------------- 9 .2
NN,S ,  N V ,SHere and (Mij)% a r e  th e  m ig r a t i o n  m a t r i c e s  d e r iv e d  by u s in g
mechanisms ( a )  and (b )  r e s p e c t i v e l y  ( s e e  c h a p te r  6 ) ,  (0 .680eV ) and
s (0 .354eV ) a re  t h e  m i g r a t i o n  e n e r g i e s  f o r  a  v a can cy  and a s o l u t e  atom 
N V .Si n  a l p h a - i r o n  and M*^j i s  th e  f i n a l  m ig r a t i o n  m a t r ix  f o r  c l u s t e r s  o f
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v a c a n c i e s  and s o l u t e  a to m s .  In  t h e  p r e s e n t  s tu d y  o n ly  t h e  c l u s t e r s  o f  
2V-S i n  a l p h a - i r o n  were examined and the  m i g r a t i o n  m a t r i c e s  f o r  th e s e  
c l u s t e r s  a r e  t a b u l a t e d  i n  t a b l e s  9 .2 -3 *  The r e s u l t s  a r e  summarized in  
t a b l e s  9 . 4  and 9 .5*  The t im e  in d e p e n d e n t  a n a l y s i s  o f  c l u s t e r s  o f  2V-S 
in  a l p h a - i r o n  d o e s  n o t  g i v e  a un ique  d i s t r i b u t i o n .  The r e a s o n  f o r  t h i s  
b e h a v io u r  i s  e x p la in e d  i n  c h a p t e r  8 .  However, t h e  two d i s t r i b u t i o n s  
c o r r e s p o n d in g  to  odd and even c l a s s e s  were c a l c u l a t e d  by u s in g  e q u a t io n
8 .1  u n d e r  t h e  a s su m p t io n  t h a t  t h e  t h i r t e e n  c l u s t e r s  were i n i t i a l l y  
u n i fo r m ly  d i s t r i b u t e d  i . e  t h e  i n i t i a l  d i s t r i b u t i o n  was t a k e n  to  be 
( 0 . 0 7 7 , . . . ,  0 . 0 7 7 ) .  These two d i s t r i b u t i o n s  a r i s e  b e c a u se  th e
t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  t h e s e  c l u s t e r s  r e p r e s e n t s  a p e r i o d i c  
Markov c h a in  w i th  p e r i o d  2 .  The mean o f  t h e s e  two d i s t r i b u t i o n s  i s  
in d e p e n d e n t  o f  t h e  i n i t i a l  d i s t r i b u t i o n .  T h is  i s  c a l l e d  th e  PSEUDO 
EQUILIBRIUM DISTRIBUTION. The r e s u l t s  on t im e  d e p e n d e n t  a n a l y s i s  a r e  
c o n ta in e d  i n  t a b l e  9*5* These r e s u l t s  g iv e  th e  r e l a t i o n s h i p  be tw een  
th e  c o n c e n t r a t i o n  o f  c l u s t e r s  o f  2V-S. For example t h e  p o p u l a t i o n s  o f  
c l u s t e r s  Aab, Aac and Aae a r e  a p p ro x im a te ly  a s  l a r g e  a s  th o s e  o f  aaB, 
aaC and aaE and th e  c o n c e n t r a t i o n  o f  aBd and abD i s  n e a r l y  t h e  same.
2 1T his  dependence  can  be e x p la in e d  from th e  m ig r a t i o n  m a t r ix  M * \  where
c l u s t e r s  o f  th e  f i r s t  g ro u p  (Aab, Aac and Aae) can m ig r a te  i n t o  th e
second g roup  (aaB , aaC and aaE) i n  one way w h i le  t h e r e  a r e  two p o s s i b l e
m echanism s by  means o f  w hich  a r e v e r s e  t r a n s f o r m a t io n  may o c c u r .  At
low t e m p e ra tu re  Tm/5 th e  p o p u l a t i o n s  o f  t h e s e  c l u s t e r s  o f  2V-S a r e
2,1governed  by t h e  m i g r a t i o n  m a t r ix  (M ^ j)^ .  C l u s t e r s  bbC, Bbc and Bbf 
c a n n o t  m ig r a te  b e c a u s e  t h e  v a c a n c y - s o lu t e  p a i r  i s  s e p a r a t e d  by a second 
n e a r e s t  n e ig h b o u r  bond b and i n  t h i s  a n a l y s i s  t h e  i n t e r c h a n g e  o f  a 
v a c a n t  s i t e  w i th  a s o l u t e  atom a t  second n e a r e s t  n e ig h b o u r  s e p a r a t i o n  
i s  n o t  a l lo w e d .  Hence d u r in g  th e  whole p r o c e s s  t h e i r  i n i t i a l
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d i s t r i b u t i o n s  rem ain  th e  same. The p o p u l a t io n  o f  c l u s t e r s  aBd and abD
a re  a l s o  unchanged . T h is  i s  due to  th e  f a c t  t h a t  i n  t h i s  c a se
i n te r c h a n g e  be tw een  t h e s e  two c l u s t e r s  i s  p o s s i b l e  and th e y  have  an
e q u a l  number o f  ways by means o f  which i t  can  o c c u r .  As te m p e ra tu re
i n c r e a s e s  t h e  i n f l u e n c e  o f  i n c r e a s e s  and th e  p r o c e s s  i s
2,1c o n t r o l l e d  by t h e  f i n a l  m i g r a t i o n  m a t r ix  a s  can  be  se en  from t a b l e
9 . 5 .
The Markov c h a in s  model were a l s o  a p p l i e d  to  FCC c r y s t a l s  f o r  
which t h e r e  a r e  f o u r  and tw e n ty  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  
c lo s e - p a c k e d  t r i -  and t e t r a v a c a n c y  c l u s t e r s  ( F a r i d i  and C rocker  1978 ) .  
The m ig r a t i o n  m a t r i c e s  f o r  t h e s e  c l u s t e r s  a r e  g iv e n  i n  t a b l e s  9 -6  and 
9 . 7 . The e q u i l i b r i u m  d i s t r i b u t i o n s  f o r  t h e s e  c l u s t e r s  were o b t a i n e d .  
The t im e  in d e p e n d e n t  a n a l y s i s  g i v e s  a un ique  e q u i l i b r i u m  d i s t r i b u t i o n  
f o r  th e  two c a s e s .  These a r e  g iv e n  be low :
d = ( 2 2 7 , 273, 4 0 9 , 9 1 ) X 10-3
i  = (6 ,  2 9 , 3 2 , 8 ,  1 0 8 , 47, 91 , 24, 2 2 , 43, 76 , 78  
34, 1 2 , 3 0 , 3 1 , 2 9 , 31, 54, 6) X 10-3
I n  t h i s  a n a l y s i s  t h e  maximum p o p u l a t i o n  f o r  t r i v a c a n c y  c l u s t e r s  was 
found f o r  th e  c o n f i g u r a t i o n  3«3* T h is  i s  b e c a u s e  a l l  t r i v a c a n c y  
c l u s t e r s  can  t r a n s fo r m  i n t o  t h i s  c o n f i g u r a t i o n  a s  shown by th e  
t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  i n  t a b l e  9 - 8 .  As t h e r e  was o n ly  one 
c l u s t e r  c a p a b le  o f  m i g r a t i n g  i n t o  3*4 th e  lo w e s t  c o n c e n t r a t i o n  was f o r  
t h i s  c o n f i g u r a t i o n .  The m ost pop u lo u s  t e t r a v a c a n c y  c l u s t e r  was 4»5. 
T h is  i s  due to  t h e  f a c t  t h a t  tw e lv e  c l u s t e r s  o u t  o f  tw e n ty  can  m ig r a te  
i n t o  t h i s  ty p e  and a s  a r e s u l t  t h e  maximum c o n c e n t r a t i o n  was o b t a i n e d .  
The minimum c o n c e n t r a t i o n  was o b s e rv e d  f o r  c l u s t e r s  4»1 and 4»20. T h is  
can  be  u n d e rs to o d  from th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  g iv e n  i n  t a b l e
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9 .9 .  I t  a r i s e s  b e c a u s e  t h e r e  i s  o n ly  one way i n  which t h e s e  c l u s t e r s  
can  be t ra n s fo rm e d  from o t h e r  t y p e s  o f  c o n f i g u r a t i o n s .  The above 
un ique  d i s t r i b u t i o n s  i n d i c a t e  t h a t  t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r i c e s  
f o r  t r i -  and t e t r a v a c a n c y  c l u s t e r s  r e p r e s e n t  an a p e r i o d i c  o r  
homogeneous Markov c h a in .  The d i s t i b u t i o n s  u s in g  t im e  d e p e n d en t  
a n a l y s i s  were c a l c u l a t e d  u s in g  e q u a t i o n  8 .4  and th e  r e s u l t s  a r e  a s  
f o l lo w s  ;
_d = (160 , 240, 480, 120) x 10"'3
_d = (42 , 241, 247, 58, 1010, 490, 1016, 256,
266, 511, 914, 1098, 514, 170, 498, 522,
492, 513, 1017, 127) X 10"^
The p o p u l a t i o n s  f o r  t r i v a c a n c y  c l u s t e r s  a r e  i n  t h e  r a t i o s  ( 4 :  6: 12:
3 ) .  T h is  o r d e r  can  be v e ry  e a s i l y  v e r i f i e d  from th e  i n t e n s i t y  m a t r ix  
g iv e n  i n  t a b l e  9 .1 0 .  For example t h e  f o u r t h  column o f  t h i s  m a t r ix  
g i v e s  t h e  r a t i o  o f  8 :  2 be tw een  th e  p o p u la t io n s  o f  c l u s t e r s  3*3 and 
3 . 4 . The o t h e r  r a t i o s  can  be  o b t a i n e d  by c o n s id e r in g  th e  o t h e r  columns 
o f  t h i s  m a t r ix .  I n  a  s i m i l a r  way t h e  e q u i l ib r i u m  d i s t r i b u t i o n  f o r  
t e t r a v a c a n c y  c l u s t e r s  c a n  be  e x p la in e d  from th e  i n t e n s i t y  m a t r ix  g iv e n  
i n  t a b l e  9 .1 1 .
The u s u a l  method f o r  d e te rm im in g  th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  
d e f e c t s  i n  c r y s t a l s  i s  by  u s in g  Boltzm ann s t a t i s t i c s .  T h is  method i s  
t h e r e f o r e  used  i n  t h e  p r e s e n t  s tu d y  t o  i n v e s t i g a t e  a s  an example th e  
c o n c e n t r a t i o n  o f  d iv a c a n c y  c l u s t e r s  i n  a l p h a - i r o n  and molybdenum. I t
s t a t e s  t h a t  t h e  c o n c e n t r a t i o n  C i s  g iv e n  by;
2VG = C ^ V e x p ( -E j , /k T ) -------------------------- ---------------- 9*3
Here i s  a  c o n s t a n t ,  V i s  t h e  number o f  v a r i a n t s ,  4 , 3, 6 and 12 f o r
2Vd i v a c a n c i e s  A, B, C and D r e s p e c t i v e l y ,  and i s  t h e  fo rm a t io n  e n e rg y
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( se e  t a b l e  9 . 1 2 ) .  The r e s u l t s  a r e  summarized i n  t a b l e s  9 .1 3 - 1 4 .  At 
t e m p e ra tu re  Tm/5 a lm o s t  a l l  t h e  c l u s t e r s  i n  b o th  m e t a l s  a r e  o f  ty p e  B. 
T h is  i s  b e c a u s e  d iv a c a n c y  B h a s  th e  lo w e s t  fo rm a t io n  e n e rg y .  As th e  
te m p e ra tu re  i n c r e a s e s  t h e  p o p u l a t i o n  o f  B type  d i v a c a n c i e s  d e c r e a s e s .  
However t h e r e  a r e  s m a l l  i n c r e a s e s  i n  th e  p o p u l a t i o n  o f  C and D
d i v a c a n c i e s  and a l a r g e  g a in  i n  ty p e  A s i n c e  t h i s  h a s  t h e  lo w e s t
fo rm a t io n  e n e rg y .  At t h e  m e l t i n g  t e m p e ra tu re  th e  maximum c o n c e n t r a t i o n  
was s t i l l  o b se rv e d  f o r  th e  B d i v a c a n c i e s .  The second and t h i r d  most 
popu lous  were th e  A and D d i v a c a n c i e s  r e p e c t i v e l y .  C d i v a c a n c i e s  made 
up o n ly  9^ o f  t h e  t o t a l  p o p u l a t i o n  f o r  each  m e t a l .  I t  i s  n o ted  
th ro u g h o u t  t h e  a n a l y s i s  how ever, t h a t  an i n c r e a s e  i n  t h e  te m p e ra tu re
r a i s e s  t h e  r e l a t i v e  p o p u l a t i o n s  o f  d iv a c a n c y  c l u s t e r s  A, C and D b u t  
th e  o r d e r  i n  w hich t h e s e  a r e  d i s t r i b u t e d  rem ains  t h e  same. T h is  i s
b e c a u se  th e  o r d e r  d e pends  on th e  f o rm a t io n  e n e r g i e s  r a t h e r  th a n
t e m p e r a t u r e s .  The d i f f e r e n c e  i n  th e  n u m e r ic a l  v a l u e s  f o r  th e
p o p u l a t i o n s  o f  d i v a c a n c i e s  i n  a l p h a - i r o n  and molybdenum was o f  t h e  same 
o r d e r  a s  o b se rv e d  i n  t h e i r  fo rm a t io n  e n e r g i e s .
As s t a t e d  above th e  Boltzm ann s t a t i s t i c a l  model i s  t h e  s t a n d a r d  
t o o l  f o r  th e  i n v e s t i g a t i o n  o f  t h e  e q u i l ib r iu m  c o n c e n t r a t i o n s  o f  d e f e c t s  
i n  c r y s t a l s .  I t  i s  t h e r e f o r e  n e c e s s a r y  t o  compare th e  r e s u l t s  o f  
c h a p te r  8 (b a se d  on Markov c h a in s )  w i th  t h e  d i s t r i b u t i o n  o f  vacan cy  
c l u s t e r s  o b t a i n e d  by t h i s  t r a d i t i o n a l  m ethod. T h is  i s  a l s o  done i n  
t a b l e s  9 . 1 3  and 9 .1 4 .  Here t h e  t im e  d e p e n d en t  Markov c h a in  r e s u l t s  a r e  
rep ro d u ced  from t a b l e s  8 .1 3 - 1 4 .  In  b o th  Markov c h a in s  and Boltzmann 
s t a t i s t i c a l  m odels  a t  Tm/5 C d i v a c a n c i e s  were v i r t u a l l y  a b s e n t ,  and th e  
c o n c e n t r a t i o n  o f  B d i v a c a n c i e s  was dom inan t.  As t h e  t e m p e ra tu re
i n c r e a s e s  i n  b o th  m o d e ls ,  t h e  c o n c e n t r a t i o n  o f  d iv a c a n c y  c l u s t e r s  o f
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ty p e  B l e s s e n .  But t h e  c o r r e s p o n d in g  i n c r e a s e  i n  t h e  p o p u l a t io n  o f  th e  
o t h e r  d i v a c a n c i e s  i s  l a r g e r  i n  Markov c h a in s  model th a n  i n  th e  
Boltzmann s t a t i s t i c a l  model e x c e p t  f o r  d i v a c a n c i e s  o f  ty p e  A. When th e  
t e m p e ra tu re  i n c r e a s e s  from Tm/2 to  Tm a d e c r e a s e  i n  th e  c o n c e n t r a t i o n  
o f  t h e s e  c l u s t e r s  i s  o b se rv e d  which i s  due to  th e  se c o n d a ry  m ig r a t i o n .  
R e s u l t s  o b ta in e d  f o r  t h e  s t a t i s t i c a l  model s u g g e s t  t h a t  a t  th e  m e l t in g  
t e m p e ra tu re  t h e  maximum p o p u la t io n  was o f  t h e  o r d e r  o f  48^ f o r  B type  
d i v a c a n c i e s  b o th  i n  a l p h a - i r o n  and molybdenum. At t h i s  t e m p e ra tu re  th e  
Markov c h a in s  a n a l y s i s  d e m o n s t r a te s  t h a t  th e  d iv a c a n c y  D i s  t h e  most 
im p o r ta n t  c o n f i g u r a t i o n .  T h is  i s  b e c a u s e  th e  m i g r a t i o n  from B t o  D h a s  
a low m ig r a t i o n  e n e rg y  a s  i s  d i s c u s s e d  i n  c h a p t e r  8 .  The d i f f e r e n c e s  
i n  t h e  e q u i l i b r i u m  d i s t r i b u t i o n s  a t  d i f f e r e n t  t e m p e r a tu r e s  a r e  n o t  
s u r p r i s i n g  b e c a u s e  t h e  two m odels  used  f o r  t h e s e  c a l c u l a t i o n s  a r e  q u i t e  
i n d e p e n d e n t  o f  e a c h  o t h e r .  The Markov c h a in s  model depends  upon 
m i g r a t i o n  m echanism s and m ig r a t i o n  e n e r g i e s  a s  w e l l  a s  on fo rm a t io n  
e n e r g i e s .  I t  c a n  b e  v e r y  e a s i l y  j u s t i f i e d  t h a t  by  knowing th e  
m i g r a t i o n  e n e r g i e s  one  may e s t i m a t e  t h e  r e l a t i v e  v a l u e s  o f  f o rm a t io n  
e n e r g i e s .  On th e  o t h e r  hand th e  f o u n d a t io n  o f  t h e  Boltzmann 
s t a t i s t i c a l  m ethod i s  t h e  fo rm a t io n  e n e r g i e s  o n l y .  Thus o u r  newly 
d e ve loped  Markov c h a in s  model i s  b a se d  on more p h y s i c a l  p a ra m e te r s  th a n  
th e  t r a d i t i o n a l  m ode l .  However, some r e s t r i c t i o n s  a r e  imposed i n  th e  
p r e s e n t  m odel,  nam ely  t h a t  t h e r e  a r e  no i n t e r a c t i o n s  b e tw een  c l u s t e r s .  
Even w i th  t h i s  r e s t r i c t i o n  th e  r e s u l t s  may be more r e l i a b l e  th a n  th e  
Boltzmann s t a t i s t i c a l  m ethod.
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9 .2  CONCLUSIONS
The p r i n c i p a l  c o n c lu s i o n s  t h a t  can  be drawn from th e  r e s u l t s  o f
th e  fo re g o in g  s e c t i o n s  a r e  a s  f o l l o w s ;
( 1 ) , The number o f  c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c lo s e - p a c k e d
c l u s t e r s  o f  3 and 4 p o i n t  d e f e c t s  i n c r e a s e s  by a f a c t o r  l y i n g  
betw een  2 and 3 when th e  second n e a r e s t  n e ig h b o u r  bond B i s  
i n c lu d e d  i n  t h e  c l a s s i f i c a t i o n .
( 2 ) A d d i t io n a l  c l u s t e r  c o n f i g u r a t i o n s  a r i s e  when s o l u t e  atom s a r e  
i n t r o d u c e d .  The number depends  upon th e  symmetry o f  th e  
c l u s t e r s .
( 3 ) The t o t a l  number o f  v a r i a n t s  o f  c l u s t e r s  o f  N p o i n t  d e f e c t s  
i n c l u d i n g  S s o l u t e s  i s  N !/(N -S )!S !  as  l a r g e  a s  t h e  
c o r r e s p o n d in g  number f o r  c l u s t e r s  o f  N v a c a n c i e s .
( 4 ) A l l  c l u s t e r s  o f  v a c a n c i e s  examined a r e  l o c a l l y  s t a b l e ,  t h e  m ost 
s t a b l e  b e in g  th e  c l o s e s t  packed one . The b in d in g  en e rg y  o f  
t h e s e  c l u s t e r s  i n c r e a s e s  w i th  t h e  s i z e  o f  t h e  c l u s t e r s .
( 5 ) C l u s t e r s  o f  up t o  s i x  v a c a n c i e s ,  and v a c a n c i e s  and s o l u t e  atom s 
do n o t  e x h i b i t  c o l l a p s e d  fo rm s i n  BCC m e t a l s .  T h is  i s  i n  
c o n t r a s t  to  e a r l i e r  r e s u l t s  on FCC m e t a l s .
(6 )  I t  h a s  b e e n  found t h a t  i n  BCC m e ta l s  second n e a r e s t  n e ig h b o u r  
d iv a c a n c y  and v a c a n c y - s o l u t e  p a i r s  a r e  more s t a b l e  th a n  f i r s t
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n e a r e s t  n e ig h b o u r  d e f e c t s .
( 7 ) A l l  t h e  c l u s t e r s  o f  2V-S h a v in g  a B bond (be tw een  th e  two 
v a c a n c i e s )  a r e  more s t a b l e  th a n  c l u s t e r s  w i th  t h e  same geom etry  
b u t  h a v in g  th e  s o l u t e  atom a t  a d i f f e r e n t  s i t e .
(8 )  The m onovacancy, t h e  m ost s t a b l e  d iv a c a n c y  B, and th e  m ost 
compact t r i v a c a n c y  AAB m ig r a t e  w i th  a p p ro x im a te ly  t h e  same 
m ig r a t i o n  e n e rg y  i n  a l p h a - i r o n  ( -0 .6 7 eV )  and molybdenum 
( -1 .3 7 e V ) .
( 9 ) The most s t a b l e  d iv a c a n c y  B h a s  a h ig h  m o b i l i t y .  T h is  makes i t  
an  u n l i k e l y  c a n d id a t e  f o r  th e  n u c le u s  o f  an im m obile and s t a b l e  
vacancy  c l u s t e r .
( 1 0 ) Sm all v a c an c y  c l u s t e r s  miay a c t  a s  a n u c le u s  f o r  t h e  fo rm a t io n  
o f  l a r g e  v a c an c y  c l u s t e r s  b e c a u se  th e y  can  behave  a s  s in k s  f o r  
b o th  m onovacanc ies  and d i v a c a n c i e s .
( 1 1 ) The p r e s e n c e  o f  an  i m p u r i t y  atom makes t h e  g row th  p r o c e s s e s  
d i f f i c u l t .
( 1 2 ) Markov c h a in s  p r o v id e  a p ow erfu l  means o f  a n a ly s i n g  th e  
m ig r a t i o n  m echanism s o f  c l u s t e r s  o f  v a c a n c i e s  and o f  v a c a n c i e s  
and s o l u t e  a to m s .  When t im e  in d e p e n d e n t  Markov c h a in s  a r e  used  
th e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  f i r s t  n e a r e s t  n e ig h b o u r  
c lo s e - p a c k e d  c l u s t e r s  i s  u n iq u e  f o r  y j  i n  BCC and 2V-S, 3V and 
4V i n  FCC b u t  p e r i o d i c  f o r  4V and 2V-S i n  BCC.
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(13) I t  i s  found t h a t  th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  fo u r  
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  d iv a c a n c y  c l u s t e r s  i n  BCC m e ta ls  
r e p r e s e n t s  a Markov c h a in  w i th  p e r io d  2 .
(14 )  When t im e  d e p e n d en t  Markov c h a in s  a r e  employed th e  e q u i l ib r iu m  
d i s t r i b u t i o n s  f o r  a l l  t h e  c a s e s  m entioned  i n  (1 4 )  and (15 )  a re  
u n iq u e .
(15 )  The r e s u l t s  found u s in g  th e  M i l l e r  molybdenum p o t e n t i a l  (1980) 
a r e  c l o s e l y  r e l a t e d  to  th o s e  o b ta in e d  u s in g  th e  Johnson 
a l p h a - i r o n  p o t e n t i a l  ( 1 9 6 4 a ) .  To th e  f i r s t  a p p ro x im a t io n ,  
f o r m a t io n  e n e r g i e s ,  b in d in g  e n e r g i e s  and m i g r a t i o n  e n e r g i e s  
r e f l e c t  th e  d e p th  o f  t h e s e  p o t e n t i a l s .
9 . 3  SUGGESTIONS
The work r e p o r t e d  i n  t h i s  t h e s i s  can  be e x te n d e d  i n  d i f f e r e n t
ways. Some s u g g e s t i o n s  a r e  g iv e n  be low :
(1 ) T here  i s  a f l a w  i n  t h e  p r e s e n t  method o f  c l a s s i f y i n g  c l u s t e r s
b a s e d  on bond l e n g t h s .  At t h e  moment we do n o t  d i f f e r e n t i a t e  
b e tw een  d i f f e r e n t  t y p e s  o f  some l a r g e r  c l u s t e r s  e . g ,  
t e t r a v a c a n c y  c l u s t e r s  4 .2 3  and 4 .2 4  h av e  th e  same bond 
c l a s s i f i c a t i o n ,  b u t  t h e y  a r e  s t r u c t u r a l l y  d i f f e r e n t .  
T h e r e f o r e ,  i t  i s  d e s i r a b l e  to  m od ify  t h i s  method o f  
c l a s s i f i c a t i o n .
( 2 ) Computer p rogram s sh o u ld  be d ev e lo p ed  f o r  t h e  e n u m e ra t io n  o f
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c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c lo s e - p a c k e d  c l u s t e r s  o f  p o i n t
i
d e f e c t s  i n  o r d e r  to  f i n d  th e  e x a c t  number o f  p o s s i b l e  i
c o n f i g u r a t i o n s  i n  a p a r t i c u l a r  c r y s t a l  s t r u c t u r e  o f  i n t e r e s t .
( 3 ) Due to  t h e  im p o r ta n c e  o f  i m p u r i t i e s  i n  r e d u c in g  s w e l l i n g  a s
w e l l  a s  im prov ing  o t h e r  n u c l e a r  p r o p e r t i e s  such  a s  c o r r o s io n  
r e s i s t a n c e  and d im e n s io n a l  s t a b i l i t y ,  i t  i s  d e s i r a b l e  to  
d e v e lo p  and im prove i m p u r i t y - i m p u r i t y  and im p u r i t y - h o s t  
i n t e r a t o m i c  p o t e n t i a l s .
( 4 ) In  n u c l e a r  f u e l s ,  a s  a r e s u l t  o f  f i s s i o n ,  h i g h  th e rm a l
g r a d i e n t s  a r e  produced  w hich c a u se  th e rm a l  s t r e s s e s .  These may 
l e a d  to  th e  f a i l u r e  o f  c l a d d i n g ,  and t h e r e f o r e  i t  i s  w o r th w h ile  
to  c o n s id e r  e f f e c t s  o f  s t r e s s e s  on th e  s t r u c t u r e  o f  p o i n t  
d e f e c t s  and t h e i r  r e l a t e d  p r o p e r t i e s .
( 5 ) Growth i s  v e r y  s e n s i t i v e  to  h y d r o s t a t i c  s t r e s s e s .  A l a r g e
u n r e l i e v e d  t e n s i l e  s t r e s s  c a n  l e a d  to  c a t a s t r o p i c  v o id  g row th . 
I f  t h i s  happens  i n  f u e l  p in  c l a d d in g ,  t h e  c o o l a n t  c h a n n e l  w i l l  
b l o c k  and th e  f u e l  become o v e r h e a te d .  Thus, i t  would be 
i n t e r e s t i n g  i f  t h e  e f f e c t s  o f  t h e s e  s t r e s s e s  on g row th  
m echanism s a r e  a l s o  i n v e s t i g a t e d .
(6 )  I n  t h e  p r e s e n t  work o n ly  t h e  c l u s t e r i n g  o f  v a c a n c i e s ,  and^
v a c a n c i e s  and s u b s t i t u t i o n a l  i m p u r i t i e s  have  b een  exam ined, b u t  
i n t e r s t i t i a l s  a r e  a l s o  i m p o r t a n t .  Helium , xenon  and k ry p to n  
w hich  a r e  a t  i n t e r s t i t i a l  s i t e s  c a u se  f o rm a t io n  o f  b u b b le s .  
These b u b b le s  p roduce  s w e l l i n g  i n  th e  m a t e r i a l s .  T h e r e f o r e  i t
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would be  w o r th w h i le  to  c o n s id e r  th e  c l u s t e r i n g ,  m i g r a t i o n  and 
o t h e r  p r o p e r t i e s  o f  t h e s e  i n t e r s t i t i a l s  i n  m e t a l s .
( 7 ) S e l f - i n t e r s t i t i a l s ,  w hich  a r e  produced  i n  n u c l e a r  r e a c t o r s  a s  a 
r e s u l t  o f  f i s s i o n  a r e  a l s o  im p o r ta n t .  Thus i t  i s  v a l u a b l e  to  
c o n s id e r  t h e i r  p o s s i b l e  c o n f i g u r a t i o n s  and t h e i r  r e l a t e d  
p r o p e r t i e s .
(8 )  In  t h e  Markov c h a in  m odel ,  c l u s t e r s  a r e  o n ly  a llo w e d  to  
t r a n s fo r m  from one c o n f i g u r a t i o n  to  a n o th e r  d u r in g  th e  p r o c e s s  
o f  m i g r a t i o n  w i th o u t  s h r i n k i n g  o r  g row ing . T h is  i s  an  i d e a l  
model w hich c an  be im proved by a l lo w in g  th e  c l u s t e r s  to  change 
s i z e .
( 9 ) The Markov c h a in s  a n a l y s i s  i s  a v e ry  e x c i t i n g  f i e l d .  I t  sh o u ld  
i n  f u t u r e  be  i n c o r p o r a t e d  i n  dynamic com puter  s i m u l a t i o n  
s t u d i e s  o f  p o i n t  d e f e c t  c l u s t e r s .
( 1 0 ) I t  would be w o r th w h i le  to  r e p l a c e  th e  p r e s e n t  s t a t i c  com puter  
s u i t e  o f  p rog ram s by  a more s o p h i s t i c a t e d  dynam ica l  one .  T h is  
would p r o v id e  d i r e c t  i n f o r m a t io n  on s te a d y  s t a t e  d i s t r i b u t i o n s  
o f  c l u s t e r s .
( 1 1 ) The p r e s e n t  work i s  c o n f in e d  to  a l p h a - i r o n  and molybdenum w hich 
a r e  BCC m e t a l s .  I t  c o u ld  be ex tended  to  o t h e r  r e f r a c t o r y  
m e t a l s  a s  w e l l  a s  FCC and HCP m e t a l s .
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(12) F i n a l l y  i t  would be  v a l u a b l e  to  pe rfo rm  t h e o r e t i c a l  and
e x p e r im e n ta l  work s i d e  by s i d e .  T h is  co u ld  h e lp  i n  ch eck in g
th e  v a l i d i t y  o f  r e s u l t s .
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NUMBER OF POSSIBLE NUMBER OF
POINT DEFECTS CONFIGURATIONS VARIANTS
N S
1 0 1 1
2 0 2 7
1 1 2 14 '
5 0 6 67
2 1 13 201
4 0 35 615
3 1 99 2460
2 2 153 3690
TABLE 9« 1 « The number o f  p o s s i b l e  c o n f i g u r a t i o n s  and th e  
t o t a l  number o f  v a r i a n t s  f o r  c l u s t e r s  o f  N v a c a n c i e s  and S 
s o l u t e  a tom s a t  f i r s t  and second n e a r e s t  n e ig h b o u r  
l o c a t i o n s  i n  BCC c r y s t a l s .
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1 2 3 4 5 6 7 8 9 10 1 1 12 13_1 " o 2 0 0 0 0 0 0 0 0 0 0 0
2 2 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0 0
4 0 0 2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
6 0 0 0 0 2 0 0 0 0 0 0 0 0
% ) =  7 0 0 0 0 0 0 0 1 0 0 0 0 08 0 0 0 0 0 0 1 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
12 0 0 0 0 0 0 0 0 0 0 0 0 0
13 0 0 0 0 0 0 0 0 0 0 0 0 0
TABLE 9. 2. M ig r a t io n m a t r ix f o r c l u s t e r s o f 2V-S o b ta in e d
u s in g  mechanism ( a ) .
1 2 3 4 5 6 7 8 9 10 11 12 131 "o 2 0 1 0 0 1 0 0 2 2 0 0
2 4 0 2 0 0 0 0 2 0 0 0 0 0
3 0 1 0 0 0 0 2 0 0 0 2 0 0
4 2 0 0 0 0 0 0 4 0 0 0 0 0
a i  5 0 0 0 0 0 0 1 0 0 0 0 0 00 0 0 0 0 0 0 6 0 0 0 0 0(Mjj)=7 1 0 2 0 1 0 0 0 1 0 0 0 0
V 'b 8 0 1 0 2 0 1 0 0 0 2 0 0 1
9 0 0 0 0 0 0 1 0 0 0 2 1 0
10 4 0 0 0 ' 0 0 0 4 0 0 0 0 011 2 0 2 0 0 0 0 0 4 0 0 0 012 0 0 0 0 0 0 0 0 4 0 0 0 0
13 0 0 0 0 0 0 0 8 0 0 0 0 0
TABLE 9. 3 . M ig r a t io n m a t r ix f o r c l u s t e r s o f 2V-S o b ta in e d t yu s in g  mechanism ( h ) .
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TYPE OF 
2V-S
EQUILIBRIUM DISTRIBUTION OF CLUSTERS IN ALPHA-IRON
Tm Tm/2 Tm/5
CLUSTERS d(odd) d (ev e n ) ^ (  odd) d( even) jd( odd) even)
Aab 0 .1 7 8 0 .1 1 2 0 .1 7 8 0.111 0 .1 6 4 0 .096
aaB 0 .084 0 .1 5 5 0 .1 0 5 0 .1 6 8 0 .0 9 6 0 .1 6 4
Aac 0 .1 4 6 0.091 0 .172 0 .107 0 .1 2 6 0 .0 9 6
aaC 0 .0 7 8 0 .1 2 5 0 .1 0 4 0 .167 0 .0 9 6 0 .1 2 6
Aae 0 .0 4 4 0 .0 2 8 0.061 0 .0 5 9 0 .0 7 7 0 .0 7 7
aaE 0 .0 2 8 0 .0 4 4 0 .0 5 9 0.061 0 .0 7 7 0 .077
aBd 0 .0 9 9 0 .1 5 8 0 .116 0.185 0 .1 1 6 0 .2 4 8
abD 0 .1 7 8 0.111 0 .189 0 .1 1 9 0 .2 4 8 0 .1 1 6
Abd 0 .0 6 9 0 .0 4 5 0 .015 0 .0 0 9 0 .0 0 0 0 .0 0 0
bbC 0 .029 0 .0 4 6 0 .0 0 6 0 .0 1 0 0 .0 0 0 0 .0 0 0
Bbc 0 .0 4 9 0 .0 7 9 0.011 0 .0 1 7 0 .0 0 0 0 .0 0 0
Bbf 0.011 0 .0 0 7 0 .0 0 2 0 .004 0 .0 0 0 0 .0 0 0
bbF 0 .0 0 7 0 .0 1 2 0 .002 0 .0 0 5 0 .0 0 0 0 .0 0 0
TABLE 9 .4 . The e q u i l i b r i u m  d i s t r i b u t i o n f o r  c l u s t e r s o f  2V-S i n
a l p h a - i r o n u s in g  t im e in d e p e n d e n t  Markov c h a in s w i th t h e  i n i t i a l
d i s t r i b u t i o n  ( 0 .0 7 7 ,  . . ,  0 .0 7 7 )
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TYPE OF 
CLUSTERS
EQUILIBRIUM
Tm
DISTRIBUTION OF CLUSTERS 
Tm/2
IN ALPHA-IRON 
Tm/5
Aab 0 . 1 0 5 0 . 1 0 5 0 . 1 0 5
aaB 0 .055 0 . 0 5 1 0 . 0 5 1
Aac 0 . 1 0 4 0 .1 0 0 0 . 1 0 5
aaC 0.055 0 . 0 5 0 0 . 0 5 1
Aae 0.061 0 . 0 9 5 0 . 1 0 5
aaE 0 . 0 5 0 0 . 0 4 6 0 . 0 5 1
aBd 0 . 1 2 7 0 . 0 9 5 0 . 0 7 7
abD 0 . 1 2 9 0 . 0 9 7 0 .0 7 7
Abd 0 . 1 5 2 0 .0 8 9 0 .0 7 7
bbC 0 . 0 5 9 0 .0 7 0 0 . 0 7 7
Bbc 0 .0 8 0 0 .0 7 6 0 . 0 7 7
Bbf 0 .045 0 .0 7 0 0 .0 7 7
bbF 0 . 0 2 5 0.061 0 .077
TABLE 9 . 5 . The e q u i l i b r i u m  d i s t r i b u t i o n  f o r  c l u s t e r s  o f  2V-S in  
a l p h a - i r o n  u s in g  t im e  d e p e n d e n t  Markov c h a in s .
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_ 1 2 3 4_,1 3 6 6 0
2 4 4 4 0
3 2 2 3 24 0 0 8 0
TABLE 9 . 6 . M ig r a t io n  m a t r ix  f o r  t r i v a c a n c y  
c l u s t e r s  i n  FCC c r y s t a l s .
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201 ' 0 0 0 0 24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 "
2 0 4 2 2 4 4 0 0 0 0 4 0 ,0 0 0 0 0 0 0 0
3 0 2 0 0 8 0 4 0 0 0 4 0 0 0 4 0 0 0 0 0
4 0 8 0 0 0 0 0 0 0 0 16 0 0 0 0 0 0 0 0 0
5 1 1 2 0 3 1 1 1 1 2 2 2 0 0 0 1 0 0 0 06 0 2 0 0 2 0 4 0 0 2 4 0 0 0 0 0 2 0 0 0
7 0 0 1 0 1 2 3 1 0 1 0 1 1 1 1 0 0 1 1 0
4 G 0 0 0 0 4 0 4 0 2 4 0 ' 0 2 0 0 0 0 0 0 09 0 0 0 0 4 0 0 2 0 0 0 8 0 0 0 0 0 0 0 010 0 0 0 0 4 2 2 2 0 0 0 2 0 2 0 0 0 0 0 011 0 1 1 1 2 2 0 0 0 0 2 2 1 0 1 0 1 0 0 012 0 0 0 0 2 0 1 0 2 1 1 0 2 0 0 2 0 1 0 0
13 0 0 0 0 0 0 2 1 0 0 2 4 0 0 0 0 0 0 2 0
14 0 0 0 0 0 0 6 0 0 6 0 0 0 0 0 0 0 0 0 0
15 0 0 2 0 0 0 2 0 0 0 2 0 0 0 0 2 0 0 2 016 0 0 0 0 2 0 0 0 0 0 0 4 0 0 2 0 0 0 2 0
17 0 0 0 0 0 2 0 0 0 0 2 0 0 0 0 0 2 2 2 018 0 0 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2 0 4 0
19 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 1 1 2 1 1.20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 0
TABLE 9 . 7 . M ig r a t io n m a t r ix f o r  t e t r a v a c a n c y c l u s t e r s i n FCC c r y s t a l s
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1 2 3 4_|
1 ’ 1 / 5 2 /5 2 /5 0
2 1/3 1 /3 1 /3 0
3 2 /9 2 /9 1 /3 2 /9
4 0 0 1 0
TABLE 9 «8 . T r a n s i t i o n  p r o b a b i l i t y  m a t r ix  
f o r  t r i v a c a n c y  c l u s t e r s  i n  ECO c r y s t a l s .
TABLE 9 . 9 . T r a n s i t i o n  p r o b a b i l i t y  m a t r ix  f o r  t e t r a v a c a n c y  c l u s t e r s  
in  FCC c r y s t a l s .
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20t "0 0 0 0 1 0 0 0 0 0 0 0 0. 0 0 0 0 0 0 0 n2 0 1/5 1/10 1/10 1/5 1/5 0 0 0 0 1/5 0 0 0 0 0 0 0 0 0 13 0 1/11 0 0 4/11 0 2/11 0 0 0 2/11 0 0 0 2/11 0 0 0 0 0 14 0 1/3 0 0 0 0 0 0 0 0 2/3 0 0 0 0 0 0 0 0 05 1/18 1/18 1/9 0 1/6 1/18 1/18 1/16 1/18 1/9 1/9 1/18 0 0 0 1/18 0 0 0 06 0 1/8 0 0 1/8 0 1/4 0 0 1/8 1/4 0 0 0 0 0 1/8 0 0 07 0 0 1/15 0 1/15 2/15 1/5 1/15 0 1/15 0 1/15 1/15 1/15 1/15 0 0 1/15 1/15 0a 0 0 0 0 1/4 0 1/4 0 1/8 1/4 0 0 1/8 0 0 0 0 0 0 09 0 0 0 0 2/7 0 0 1/7 0 0 0 4/7 0 • 0 0 0 0 0 0 010' 0 0 0 0 2/7 1/7 1/7 1/7 0 0 0 1/7 0 1/7 0 0 0 0 0 011 0 1/14 1/14 1/14 1/7 1/7 0 0 0 0 1/14 1/14 1/14 0 1/14 0 1/14 0 0 012 0 0 0 0 1/6 0 1/12 0 1/6 1/12 1/12 0 1/6 0 0 1/6 0 1/12 0 013 0 0 0 0 0 0 2/11 1/11 0 0 2/11 4/11 0 0 0 0 0 0 2/11 014 0 0 0 0 0 0 1/2 0 0 1/2 0 0 0 0 0 0 0 0 0 015 0 0 1/5 0 0 0 1/5 0 0 0 1/5 0 0 0 0 1/5 0 0 1/5 016 0 0 0 0 1/5 0 0 0 0 0 0 2/5 0 0 1/5 0 0 0 1/5 017 0 0 0 0 0 1/5 0 0 0 0 1/5 0 0 0 0 0 1/5 1/5 1/5 018 0 0 0 0 0 0 1/5 0 0 0 0 1/5 0 0 0 0 1/5 0 2/5 019 0 0 0 0 0 0 1/9 0 0 0 0 0 1/9 0 1/9 1/9 1/9 2/9 1/91 1/s20 0 0 0 . 0 0 0 0 0 . .0 0 0 0 0 0 0 0 0 0 0
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_ 1 2 3 41 -12 6 6 0
2 4 -8 4 0
3 2 2 -6 2
4 0 0 8 -8
TABLE 9 .1 0 .  I n t e n s i t y  m a t r ix  f o r  t r i v a c a n c y  
c l u s t e r s  i n  FCC c r y s t a l s .
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201 -24 0 0 0 24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o'"
2 0 -16 2 2 4 4 0 0 0 0 4 0 0 0 0 0 0 0 , 0 0
3 0 2 -22 0 8 0 4 0 0 0 4 0 0 0 4 0 0 0 0 0
4 0 8 0 -24 0 0 0 0 0 0 16 0 0 0 0 0 0 0 0 0
5 1 1 2 0 -15 1 1 1 1 2 2 2 0 0 0 1 0 0 0 06 0 2 0 0 2 -16 4 0 0 2 4 0 0 0 0 0 2 0 0 0
7 0 0 1 0 1 2 -12 1 0 1 0 1 1 1 1 0 0 1 1 0
8 0 0 0 0 4 0 4 -16 2 4 0 0 2 0 0 0 d 0 0 0
4 9 0 0 0 0 4 0 0 2 -14 0 0 8 0 0 0 0 0 0 0 0
V - 0 0 0 0 4 2 2 2 0 -14 0 2 0 2 0 0 0 0 0 00 1 1 1 2 2 0 0 0 0 ""12 2 1 0 1 0 1 0 0 012 0 0 0 0 2 0 1 0 2 1 1 -12 2 0 0 2 0 1 0 0
13 0 0 0 0 0 0 2 1 0 0 2 4 -13 0 0 0 0 0 2 0
14 0 0 0 0 0 0 6 0 0 6 0 0 0 -1 2 0 0 0 0 d 0
15 0 0 2 0 0 0 2 0 0 0 2 0 0 0 -16 2 0 0 2 0
16 0 0 0 0 2 0 0 0 0 0 0 4 0 0 2 -1 0 0 0 2 0
17 0 0 0 0 0 2 0 0 0 0 2 0 0 0 0 0 -8 2 2 018 0 0 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2 -1 0 4 0
19 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 1 1 2 -8 1
20 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 -8
TABLE 9 .1 1 .  I n t e n s i t y  m a t r ix  f o r  t e t r a v a c a n c y  c l u s t e r s  i n  FCC c r y s t a l s .
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TYPE OF 
CLUSTERS
FORMATION ENERGY 
IN ALPHA-IRON
FORMATION ENERGY 
IN MOLYBDEMUN
A 2.607 4 .616
B 2 . 5 4 3 4 . 4 8 0
C 2 . 7 6 6 4 .862
D 2.687 4 .7 5 1
TABLE 9 . 1 2 . F o rm a tio n  e n e r g i e s  i n  eV o f  d i v a c a n c i e s  i n  
a l p h a - i r o n  and molyhdemun.
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TYPE OF EQUILIBRIUM DISTRIBUTION OF CLUSTERS IN ALPHA--IRON
DIVACANCY BOLTZMANN MODEL MARKOV CHAIN MODEL
CLUSTERS Tm Tra/2 Tm/5 Tm Tm/2 Tm/5
A 0 .288 0 .2 4 9 0.081 0.231 0 .255 0 .122
• B 0 .468 0 .6 5 5 0 .9 1 4 0.276 0 .4 7 9 0 .876
C 0.087 0 .0 2 2 0 .0 0 0 0 .1 0 7 0 .0 5 5 0 .0 0 0
D 0.157 0 .0 7 4 0 .0 0 4 0 .586 0.251 0.013
TABLE 9 .1 3 . Comparison o f  t h e norm a lized e q u i l ib r iu m  d i s t r i b u t i o n s  o f
d iv a c a n c y  c l u s t e r s  i n a lp h a - i r o n  o b ta in e d  by u s in g  th e Boltzmann
s t a t i s t i c a l model and tim e  d e p e n d e n t  Markov c h a in s •
TYPE OF EQUILIBRIUM DISTRIBUTION OF CLUSTERS IN MOLYBENUM
DIVACANCY BOLTZMANN MODEL MARKOV CHAIN MODEL
CLUSTERS Tm Tra/2 Tm/5 Tm Tm/2 Tm/5
A 0.270 0 .2 1 4 0 .0 5 0 0 .2 5 8 0 .2 5 4 0 .1 2 2
B 0.486 0 .6 9 5 0 .9 4 7 0 .5 1 6 0 .5 6 0 0 .874
C 0.094 0 .0 2 6 0 .0 0 0 0 .1 1 0 0 .053 0 .0 0 0
D 0.150 0 .0 6 6 0 .0 0 5 0 .3 3 6 0 .1 5 3 0 .004
TABLE 9» 14■ Comparison o f  t h e  n o rm a l iz e d  e q u i l ib r iu m  d i s t r i b u t i o n s  o f  
d iv a c a n c y  c l u s t e r s  i n  molybdenum o b ta in e d  by u s in g  th e  Boltzmann 
s t a t i s t i c a l  model and t im e  d e p e n d e n t  Markov c h a in s .
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APPENDIX 1
TIME INDEPENDENT MARKOV CHAIN
1.1 PROBABILITY
P r o b a b i l i t y  i s  a s tu d y  o f  random e x p e r im e n ts .  I f  a c o in  i s
to s s e d  in  t h e  a i r ,  t h e n  i t  i s  c e r t a i n  t h a t  i t  w i l l  come down, b u t  i t  i s
n o t  c e r t a i n  t h a t ,  s a y  a t a i l  w i l l  a p p e a r .  However, suppose  we r e p e a t
t h i s  e x p e r im e n t  o f  t o s s i n g  a c o in .  L e t  Z be th e  number o f  t im e s  a t a i l
a p p e a r s ,  and U be th e  number o f  t o s s e s .  Then th e  r a t i o
F = Z ................................................................... 1.1
U
i s  c a l l e d  th e  RELATIVE FREEQUENCY. I t  h a s  been  e x p e r im e n t ly  o b se rv e d  
t h a t  t h i s  r a t i o  becomes s t a b l e  i n  t h e  lo n g  run  i . e  a p p ro a c h e s  a l i m i t .  
T h is  s t a b i l i t y  i s  t h e  b a s i s  o f  p r o b a b i l i t y  th e o r y .
P r o b a b i l i t y  t h e o r y  i s  p r i m a r i l y  concerned  w i th  b u i l d i n g
m a th e m a t ic a l  m odels  i n  w hich  e v e n t s  i n  th e  r e a l  world a r e  r e p r e s e n t e d
and t h e i r  p r o b a b i l i t i e s  d e te r m in e d .  R e p r e s e n t a t i o n s  o f  e v e n ts  
a s s o c i a t e d  w i th  random phenomena ( o r  e x p e r im e n ts )  such  a s  c o in  t o s s i n g ,  
d i e  th row ing  and th e  m o tio n  o f  s m a l l  p a r t i c l e s  r e q u i r e  f i r s t  o f  a l l  
p o s s i b l e  outcom es a s s o c i a t e d  w i th  a p a r t i c u l a r  random phenomenon.
The p r o b a b i l i t y  P o f  an  e v e n t  e ,  i f  e can  o c c u r  i n  Z ways o u t  o f  
t o t a l  U e q u a l l y  l i k e l y  ways, i s
P (e )  = ^  --------------------------------------- 1 .2
U
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1 . 1 . 2  SAMPLE SPACE, DISCRETE, PROBABILITY SPACE
The sample s p a c e  W i s  a s e t  o f  a l l  p o s s i b l e  outcomes .  An 
a r b i t r a r y  e l e m e n t  o f  W i s  r e p r e s e n t e d  by w. The sample sp a ce  hav ing  
e i t h e r  f i n i t e  o r  c o u n t a b l y  i n f i n i t e  number o f  e l e m e n t s  i s  c a l l e d  
d i s c r e t e .
I f  ¥  i s  a f i n i t e  o r  c o u n t a b l y  i n f i n i t e  sample sp a c e  and i f  P i s  
t h e  p r o b a b i l i t y  m easu re  on ¥,  t h e n  t h e  p a i r  ( ¥ , P )  i s  c a l l e d  p r o b a b i l i t y  
sp a ce .
I f  ( ¥ , P )  i s  t h e  p r o b a b i l i t y  s p a c e ,  t h e n  an e v e n t  A i s  a s e t  o f  
outcomes o r  i n  o t h e r  words A ( ¥ , P ) ,  t h e n  t h e  p r o b a b i l i t y  o f  A i s  
d e f i n e d  a s ;
k
P(A) = P(wi )
i = 1
when A = |w1, w2, . . .  , wkj
The empty s e t  i s  d e f i n e d  to  have ze ro  p r o b a b i l i t y .
1 . 1 . 5  RANDOM VARIABLE
A random v a r i a b l e  i s  a r e a l - v a l u e d  f u n c t i o n  X t h a t  maps a sample 
space  ¥  i n t o  t h e  s e t  R of__real numbers . .  By u s i n g  th e .  random v a r i a b l e  
X, one c a n  c o n s t r u c t  a new s p a c e  S from ¥  where S i s  t h e  r a n g e  o f  X and 
hence  i s  a s u b s e t  o f  r e a l  numbers .  I f  P* r e p r e s e n t s  t h e  measure  o f  
p r o b a b i l i t y  on S, where
S = |S 1 ,  S 2 .................... 8n|
P * ( S i )  = P | ¥  : X(w) = Si}
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T h i s  measure  on t h e  sample s p a c e  S, i s  o f t e n  c a l l e d  t h e  d i s t r i b u t i o n  o f  
X.
1 . 1 . 5  CONDITIONAL PROBABILITY
I f  A i s  an e v e n t  i n  sample sp a c e  S such  t h a t  P(A) > 0 th e n  t h e
p r o b a b i l i t y  o f  B g i v e n  t h a t  A h a s  o c c u r r e d  i s  d e f i n e d  a s
P(B/A) = P(B and A) = P(BnA) ................................   1 .5
P(A) P(A)
1 .2  STOCHASTIC PROCESS
I n  g e n e r a l  a s t o c h a s t i c  p r o c e s s  i s  any  p r o b a b i l i t y  p r o c e s s ,
which  i s  governed  by t h e  p r o b a b i l i s i t i c  l aws  and a l s o  by t i m e .  A
s t o c h a s t i c  p r o c e s s  i s  a s t u d y  o f  f a m i l i e s  o f  random v a r i a b l e s  X.^ _, where 
t  i s  a p a r a m e t e r  r u n n in g  o v e r  a s u i t a b l e  index  T d e f i n e d  on some sample 
sp a ce  ¥.  There  a r e  two k i n d s  o f  s t o c h a s t i c  p r o c e s s e s ;
1) D i s c r e t e
2) Con t inuous
A s t o c h a s t i c  p r o c e s s  i s  c a l l e d  a f i n i t e  s t o c h a s t i c  p r o c e s s  i f  t h e
number o f  f a m i l i e s  i . e  T(0 ,  1, . . .  ) i s  f i n i t e .  O therw ise  i t  i s
c a l l e d  c o n t i n u o u s .  The s e t  o f  d i s t i n c t  v a l u e s  assumed by t h e
s t o c h a s t i c  p r o c e s s  i s  known a s  t h e  s t a t e  s p a c e .  I f  t h e  s t a t e  spa ce  o f  
a s t o c h a s t i c  p r o c e s s  i s  c o u n t a b l e  o r  f i n i t e ,  t h e  p r o c e s s  w i l l  be c a l l e d  
a CHAIN. A s q u a r e  m a t r i x  which  r e p r e s e n t s  a s t o c h a s t i c  p r o c e s s  i s  
c a l l e d  a s t o c h a s t i c  m a t r i x  w i t h  t h e  p r o p e r t y  t h a t  t h e  sum o f  t h e  
e l e m e n t s  o f  e a ch  row i s  u n i t y .
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1 .5  MARKOV CHAINS
A Markov c h a i n  i s  a t h e o r e t i c a l  model f o r  d e s c r i b i n g  a ' s y s t e m '  
which can  be  i n  v a r i o u s  ' s t a t e s ' .  The f i x e d  s e t  o f  p o s s i b l e  s t a t e s  
b e i n g  c o u n t a b l e .  The sys tem ' j u m p s '  a t  u n i t  t im e  i n t e r v a l s  from one 
s t a t e  t o  a n o t h e r  s t a t e ,  jumps a r e  governed  by t h e  p r o b a b i l i s t i c  law,  
which s t a t e s  t h a t  ' i f  a sys tem i s  i n  t h e  i t h  s t a t e  a t  t im e  k - 1 , t h e  
n e x t  jump w i l l  t a k e  i t  t o  t h e  j t h  s t a t e  w i th  t h e  p r o b a b i l i t y  p i j ( k ) ' .
The s e t  o f  t r a n s i t i o n  p r o b a b i l i t i e s  p i j ( k )  i s  p r e s c r i b e d  f o r  a l l  
i , j , k  and d e t e r m i n e s  t h e  p r o b a b i l i s t i c  b e h a v i o u r  o f  t h e  sys tem ,  once i t  
known how i t  s t a r t s  o f f  ' a t  t im e  z e r o ' .
I n  f a c t  a Markov c h a i n  i s  a  s t o c h a s t i c  p r o c e s s .  A s t o c h a s t i c  
p r o c e s s  w i t h  f i n i t e  o r  c o u n t a b l e  sp a ce  i s  c a l l e d  a DISCRETE MARKOV 
CHAIN.
The p r o b a b i l i t y  o f  b e in g  i n  s t a t e  j  g iv e n  t h a t  X.  ^ i s  i n  s t a t e  i  i s
r e p r e s e n t e d  by :
= P lXt+ ,  = j  I = i  ] ....................................................  1 -4
t , t + 1Pjj i s  c a l l e d  t h e  t r a n s i t i o n  p r o b a b i l i t y  f o r  one jump.  I f  t h e
t r a n s i t i o n  p r o b a b i l i t y  i s  i n d e p e n d e n t  o f  t im e  ( i . e  o f  t h e  v a l u e  o f  t )  
the  Markov c h a i n  i s  c a l l e d  STATIONARY o r  HOMOGENEOUS. In  t h i s  c a s e ;
-  P i j  .....................................................................................' 1 .5
where p i j  i s  t h e  p r o b a b i l i t y  t h a t  t h e  s t a t e  v a l u e  und e rgoes  a 
t r a n s i t i o n  from i  t o  j  i n  one jump.  These p r o b a b i l i t i e s  can  be
a r r a n g e d  i n  a m a t r i x :
1
2
3
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1 2 j 1
p ( l , 1 )  P ( 1 , 2 )  . P ( l , j )  ' * p C M ) "
p ( 2 , 1 )  p ( 2 , 2 )  . P ( 2 . j )  . * P ( 2 , l )
p ( j , 1 )  P ( j , 2 )  . P ( j , j )  ' P ( j , l )
p ( l , 1 )  p ( l , 2 )  . p ( l , j )  • * P ( l , l )
1 .6
c a l l e d  t h e  TRANSITION PROBABILITY MATRIX. Each s t a t e  i  c o r r e s p o n d s  to  
the  i t h  row ( p ( i , l ) ,  p ( i , 2 ) ,  . . . ,  p ( i , j ) ,  . . . ,  p ( i , l ) ) .  I f  t h e  number 
o f  s t a t e s  i s  f i n i t e  t h e n  P^^ i s  c a l l e d  a f i n i t e  s q u a r e  m a t r i x  whose 
o r d e r  i s  e q u a l  to  t h e  number o f  s t a t e s .  F u r t h e r ,  P^^ s a t i s f i e s  t h e  
f o l l o w i n g  c o n d i t i o n s :
( i )  p ( i , j )  > 0 f o r  e v e r y  i  and j  = 1, 2 ,  5 ,  ...............................  1*7
oo( i i ) Y ] p ( i , j )  = 1 f o r  e v e r y  i  and j  =1, 2 ,  3, ..........................  1*8j=i
There i s  a  theorem which i s  d i s c u s s e d  i n  e v e r y  book on Markov c h a i n s  
e . g  Cox and M i l l e r  1965, I s s a a c s o n  ansd Madsen 1976, S e n e ta  1973 t h a t  
i f  j  i s  t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  o f  a Markov c h a i n  t h e n  th e  
t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  f o r  N, t h e  number o f  j u m p s , i s  s im p ly  
eq u a l  to  t h e  Nth power o f  P^^ i . e
pM = ...................................................................................  1 .9
1 . 4  PROPERTIES OF MARKOV CHAINS
1.4 .1  CLOSED SET, ABSORBING STATE
A s e t  C* i s  c a l l e d  c l o s e d  i f  i t  s a t i s f i e s  t h e  f o l l o w i n g  
c o n d i t i o n s .
( i )  C* C  S
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( i i )  p ( i , k )  = 0 i f  i  b e l o n g s  t o  S and k does  n o t  b e lo n g  to  C* 
F u r t h e r  i f  t h e  c l o s e d  s e t  C* h a s  o n l y  p ( i , i )  = 1 and a l l  o t h e r  e l e m e n t s  
a r e  e q u a l  to  ze ro  t h e n  t h i s  s t a t e  i s  c a l l e d  an a b s o r b i n g  s t a t e .  Now i f  
a sys tem e n t e r s  i n  an a b s o r b i n g  s t a t e  t h e n  i t  r em a ins  i n  t h i s  s t a t e  f o r  
e v e r .  T h i s  i s  t h e  p r o p e r t y  o f  t h e  a b s o r b i n g  s t a t e .  An a b s o r b i n g  s t a t e  
i t s e l f  i s  a c l o s e d  s e t .  I t  i s  n e c e s s a r y  t h a t  o n ly  t h e  a b s o r b i n g  s t a t e  
i s  t h e  c l o s e d  s e t  i n  a c h a i n ,  more t h a n  one c lo s e d  s e t  can  e x i s t  i n  a
Markov c h a i n .  U s u a l l y  g r a p h i c  t e c h n i q u e s  ( I s s a a c s o n  and Madsen 1976)
a re  v e r y  u s e f u l  i n  o r d e r  to  f i n d  ou t  t h e  c lo s e d  s e t .  Sometimes i t  i s  
more c o n v e n i e n t  to  r e a r r a n g e  t h e  s t o a c h a s t i c  m a t r i x  ( i , e  t h e  t r a n s i t i o n  
p r o b a b i l i t y  m a t r i x )  i n  t e rm s  o f  c l o s e d  s e t s  and t h i s  new t r a n s fo r m e d  
m a t r i x  i s  c a l l e d  a s t o a c h a s t i c  m a t r i x  i n  a c a n o n i c a l  form (Doob 1955,  
Cox and M i l l e r  1965 ) .  T h i s  t r a n s f o r m a t i o n  i s  formed i n  such  a way t h a t  
i t  obeys t h e  f o l l o w i n g  c o n d i t i o n s .
( i )  I t s  powers  a r e  s im p l y  t r a n s f o r m e d .
( i i )  The s e t  o f  e i g e n  v a l u e s  i s  unchanged.
1 . 4 . 2  IRREDUCIBLE MARKOV CHAINS
A Markov c h a i n  i s  c a l l e d  i r r e d u c i b l e  i f  t h e r e  e x i s t  no non-empty  
c lo s e d  s e t  o f  o t h e r  t h a n  S i t s e l f .  I f  t h e  c h a in  i s  i r r e d u c i b l e ,  any
s t a t e  c a n  be  used  to  c l a s s i f y  a l l  t h e  s t a t e s .  A l l  s t a t e s  i n  a
i r r e d u c i b l e  c l o s e d  s e t  a r e  p e r s i s t a n t  and t h e y  ha ve  t h e  same p e r i o d  
( C i n l a r  1975) .  The i r r e d u c i b l e  Markov c h a i n  i s  s u b d iv i d e d  i n t o  two 
c l a s s e s ,  PRIMITIVE o r  APERIODIC and CYCLIC o r  PERIODIC a c c o r d i n g  to  
w he the r  i t s  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  P^^ i s  o f  t h i s  s o r t .  F u r t h e r  
t h e  s t a t e s  o f  a s e t  S = |1 , 2, 3 ,  • • •  I w i l l  be  s a i d  to  be a p e r i o d i c  
( e s s e n t i a l  o r  i n e s s e n t i a l )  o r  p e r i o d i c .
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A s q u a r e  m a t r i x  U.  ^ i s  c a l l e d  a p e r i o d i c  i f  t h e r e  e x i s t  a 
p o s i t i v e  i n t e g e r  k s u c h  t h a t :
u ^ ( i , j )  > 0 .......................................................  1 .10
F u r t h e r  i f  i  j  h u t  j  i  f o r  some j , t h e n  t h e  s t a t e  i  i s  c a l l e d  an 
i n e s s e n t i a l  s t a t e  o t h e r w i s e  e s s e n t i a l .
An i r r e d u c i b l e  Markov c h a i n  i s  s a i d  to  be p e r i o d  w i th  p e r i o d  d*
i f  t h e  pe r iod ;  o f  any  one (and so o f  e ach  one)  o f  i t s  s t a t e s  s a t i s f i e s
d^> 1 , and i s  c a l l e d  a p e r i o d i c  o r  a c y c l i c  i f  d^1 . The p e r i o d  o f  s t a t e
i  i s  w r i t t e n  as  d^^ and i s  t h e  g r e a t e s t  common d i v i s o r  o f  a l l
i n t e g e r s  k > 1 f o r  which ( p i , i ) ^  > 0.
1.5 THEOREMS ON MARKOV CHAINS
THEOREM NO I  : Le t  P . . be  t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  o f  aJ
Markov c h a i n  p r o c e s s .  I f  d^ i s  t h e  i n i t i a l  d i s t r i b u t i o n  o f  t h e  sys tem
then  d^ 2  " i s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  sys tem a f t e r  one 
jump a:
1968) .
nd d^ i s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  a f t e r  N jumps ( L i p s c h u t z
There i s  a theorem which" s t a t e s  t h a t  t h e  e f f e c t  o f  t h e  i n i t i a l  
d i s t r i b u t i o n  o f  t h e  p r o c e s s  w ea rs  o f f  a s  t h e  number o f  jumps o f  t h e  
p r o c e s s  i n c r e a s e .  F u r t h e r m o r e ,  e v e r y  s e quenc e  o f  p r o b a b i l i t y  
d i s t r i b u t i o n s  a p p ro a c h e s  t h e  f i x e d  d i s t r i b u t i o n  v e c t o r ,  c a l l e d  t h e  
EQUILIBRIUM DISTRIBUTION o f  t h e  Markov c h a i n .  In  t h e  l i t e r a t u r e  i t  i s  
a l s o  known a s  s t a b l e ,  i n v a r i a n t ,  s t a t i o n a r y  and lo n g  run  d i s t r i b u t i o n .  
T h is  theorem has  been  d i s c u s s e d  by many a u t h o r s  e . g  P ra bhu  1965, Cox 
and M i l l e r  1965 and I s a a c s o n  and Madsen 1976.
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REMARKS
T h i s  theo rem i s  used f o r  f i n d i n g  the  e q u i l i b r i u m  d i s t r i b u t i o n  o f  
c l u s t e r s  o f  v a c a n c i e s  and ,  o f  c l u s t e r s  o f  v a c a n c i e s  and s o l u t e  a toms i n  
c r y s t a l s .  The e q u i l i b r i u m  d i s t r i b u t i o n  o f  t h e s e  c l u s t e r s  can  be 
de te rm ine d  d i r e c t l y  from th e  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  by u s i n g  the  
r e l a t i o n s h i p  g i v e n  be low:
i e  -  i e  P ..................................................  I - I I
THEOREM I I  : The s t a t e  s p a c e  o f  a p e r i o d i c  i r r e d u c i b l e  Markov c h a in  o f
p e r i o d  d*  can be p a r t i t i o n e d  i n t o  d d i s j o i n t  c l a s s e s   ^ ^2 d^, . . . ,  d^ 
such t h a t  from d^ th e  c h a i n  g o e s ,  i n  i t s  n e x t  jump t o  dj+^ f o r  j  = 1,  
2, . . . ,  d-1 . From d^ t h e  c h a i n  r e t u r n s  i n  t h e  n e x t  jump to  d.j 
( I s a a c s o n  and Madsen 1976) .
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APPENDIX 2 
TIME DEPENDENT MARKOV CHAIN
2.1 THE MARKOV PROPERTY
A s t o c h a s t i c  p r o c e s s ,  |X ^ j ,  i s  s a i d  to  s a t i s f y  t h e  Markov 
p r o p e r t y  i f  f o r  a l l  t im es  t ^  < t.| < t 2 < . • • < t ^  < t  and f o r  a l l  n i t  
i s  t r u e  t h a t
P [X o = j |X to = io .  X t 1 = i l '  • • •  » %tn=in]  = P [ X t = j |X tn = i n ]  -------- ^.1
As i n  t h e  c a s e  o f  d i s c r e t e  t i m e ,  t h i s  s a ys  t h a t  t h e  p r e s e n t  v a l u e  o f  
t h e  p r o c e s s  i s  a l l  t h a t  c o u n t s  i n  p r e d i c t i n g  t h e  f u t u r e .  N o t i c e ,  
however ,  t h a t  f o r  a d i s c r e t e  t im e  p r o c e s s ,  t h e  l e f t  hand s i d e  o f  
e q u a t i o n  2.1 c o n t a i n s  a l l  t h e  p a s t  h i s t o r y .  Th is  i s  i m p o s s i b l e  f o r  a 
c o n t i n u o u s  t im e  p r o c e s s  s i n c e  t h e r e  a r e  u n c o u n ta b l y  many t i m e  v a l u e s  i n  
t h e  p a s t .  T h i s  i s  t h e  r e a s o n  f o r  r e q u i r i n g  2.1 t o  be t r u e  f o r  a l l  tO < 
t^ < . . .  < t ^  < t  f o r  a l l  n .
2 .2  THE CONTINUOUS TIME MARKOV CHAINS AND ITS PROPERTIES
I n  o r d e r  to  d e s c r i b e  a c o n t i n u o u s  t im e  Markov c h a i n  u s i n g  
t r a n s i t i o n  p r o b a b i l i t y  m a t r i c e s ,  i t  i s  n e c e s s a r y  t o  s p e c i f y  t h e  e n t i r e  
f a m i ly  o f  s t o c h a s t i c  m a t r i c e s  [ P \ j ( t ) j t > o  == L P ( t ) j t> Q .  A f a m i l y  o f  
s t o c h a s t i c  m a t r i c e s  w i t h  t h e  f o l l o w i n g  p r o p e r t i e s  c o n s t i t u t e s  a 
c o n t i n u o u s  t im e  Markov c h a i n .
a :  P i j ( t )  0 , t  > 0...............    2 . 2
i ( t )  = 1 , t > 0  ....................    2 . 3
i Esc:  P ^ j ( t + s )  = zZ t , s  > 0 ................   2 . 4
kCS
d:  P ^ j ( t )  c o n t i n u o u s ,  t  > 0 ................................................  2 .5
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e;  l i m i t  P . . ( t )  =(1 i f  i  = j  
t  0 <
(o  i f  i  f  j  .............................................  , 2 .6
In  t h e  d i s c r e t e  t im e  c a s e  t h e  Markov c h a in  was a n a ly z e d  hy s im p ly
l o o k in g  a t  t h e  one s t e p  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x .  T h i s  m a t r i x
c o n ta i n e d  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  o f  t h e  n e x t  move. In  t h e  c a se
o f  a c o n t in u o u s  t im e  Markov c h a i n  t h e  c o n c ep t  o f  " n e x t  move" i s  n o t
e a s i l y  d e f i n e d .  S i n c e  t h e  p r o c e s s  i s  f r e e  to  move c o n t i n u o u s l y  w i t h
t i m e ,  t h e r e  i s  no b a s i c  t im e  u n i t  t *  > 0 such  t h a t  p i j ( t * )  y i e l d s  t h e
t r a n s i t i o n  p r o b a b i l i t i e s  o f  t h e  n e x t  move. S ince  no p o s i t i v e  t im e  u n i t
can be used i n  c o n s i d e r i n g  where t h e  p r o c e s s  w i l l  go n e x t ,  we must
r e s t r i c t  ou r  a t t e n t i o n  to  i n s t a n t a n e o u s  c h a n g es .  T h i s  l e a d s  d i r e c t l y
to  a c o n s i d e r a t i o n  o f  t h e  d e r i v a t i v e  o f  t h e  P ^ ^ ( t ) ,  where i , j  b e lo n g s
t o  t h e  s t a t e  s p a c e  S.
These p r o p e r t i e s  a l s o  imply  t h a t  P ^ j ( t )  have r i g h t - h a n d
d e r i v a t i v e s  f o r  e v e r y  t  > 0 .  I n  p a r t i c u l a r ,  i t  can  be shown t h a t :
l i m i t  1 -  Pjj ( t )  = P ’ —( o ) ,  f o r  a l l  i  ......................................    2 .7
t  0 t
e x i s t s  b u t  may be i n f i n i t e ;  and
l i m i t  Pjj  ( t )  = P ' j ^ t O ) ,  f o r  a l l  i  and j , i  # j  .................  2 .8
t  0 t
e x i s t s  and i s  f i n i t e .  L e t
P ’i i ( O )  = -  and P ’i j ( O )  = q ^ j ......................................  2 .9
We a r e  assuming t h a t  f o r  a s u f f i c i e n t l y  s m a l l  A t ,  t h e r e  i s  a c o n s t a n t
q such  t h a t  t h e  p r o b a b i l i t i e s  o f  o c c u r r e n c e  o f  t h e  e v e n t  i n  t h e
i n t e r v a l  ( t ,  t+ A t J  a r e  g i v e n  by :
a :  P ^ ^ ( t ,  t+A t)  = 1 -  q t  + 0 ( A t ) .... ........................................... 2 . 1 0
L: Pj  ^ ( t  , t+ A t )  = q t  + 0 ( A t ) ....................................................... 2.11
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where 0 (At) c o n t a i n s  a l l  t e rm s  t h a t  t end  to  z e ro  much f a s t e r  t h a n  t
i . e  0 ( A t ) /  t  0 a s  t  0 .  W r i t i n g  P ^ j ( t ,  t+At)  = P ^ ^ ( A t ) ,  t h e s e
r e l a t i o n s  g i v e ;
l i m i t  1 -  Pj |  (At)  = - q . .  ....................................................................  2 .12
At ->-0 At
l i m i t  P j  1+1 (At)  = q. . .   2 .13At>-0 At 1 1 1
P r o o f  o f  t h e s e  i s  g i v e n  i n  many s t a n d r a d  books e . g ,  Cox and M i l l e r  
( 1 9 6 5 ) ,  Kemeny e t  a l .  ( 1 9 6 6 ) ,  Narayan  Bhat (1972)  and I s a a c s o n  and 
Madsen ( 1 9 7 6 ) .
The q u a n t i t y  q^^ i s  n o n - n e g a t i v e  b u t  n o t  n e c e s s a r i l y  be tween  
z e ro  and one;  h e n c e  we shou ld  n o t  t r y  t o  i n t e r p r e t  i t  a s  a 
p r o b a b i l i t y .  However we w i l l  see  t h a t  q^^ i s  r e l a t e d  to  t r a n s i t i o n s  
from s t a t e  i  t o  s t a t e  j  and hence  c a l l e d  t h e  INTENSITY OF TRANSITION or  
INTENSITY OF GAIN from i  t o  j . ‘ S i m i l a r l y  t h e  q u a n t i t y  -q^^  i s  
n o n - n e g a t i v e  and i s  r e l a t e d  to  t h e  p a s s a g e  from s t a t e  i  t o  some o t h e r  
s t a t e .  For  t h i s  r e a s o n  -q^^  i s  c a l l e d  INTENSITY OF PASSAGE o r  
INTENSITY OF LOSS.
When t h e  s t a t e  s p a c e  S i s  f i n i t e ,  t h e  m a t r i c e s  | P ( t ) ) ^ ^ Q  can be  
d e te r m in e d  from t h e  i n t e n s i t y  m a t r i x  Q, d e f i n e d  below.
P r o o f
By t h e  Chapmann-Kolmogorov e q u a t i o n ,  s u b t r a c t i n g  P ^ ^ ( t )  f rom b o th  s i d e s  
o f  e q u a t i o n  2 . 4 ,
P i j ( t + s )  = % } P ik (  t )  P k j ( s )  ...........................................................  2 . 4
and d i v i d i n g  by s=At ,  we o b t a i n ;
Pii ( t + A t ) - P i i  ( t )  = ug.P;k ( t )  P k i ( A t )  + P;j ( t )  P : ; (A t ) -1  . . .  2 .1 4
At At At
Now l e t  At 4» 0 i n  e q u a t i o n  2 .1 4 ;  s u b s t i t u t i n g  from 2 . 7  to  2 . 9  we g e t :
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P ’ i j ( t )  -  q j j  + ^ P i k ( t )  qfc, ......................................  2 .15
These a r e  t h e  d i f f e r e n t i a l  e q u a t i o n s  f o r  a f i x e d  i ,  and a r e  known a s  
forward Kolmogorov e q u a t i o n s .
S i m i l a r l y  f o r  t  = A s  i n  e q u a t i o n  2 . 4
P i j (A8+s)  = ^ ^ P ik (A s) P k j ( s )
s u b t r a c t i n g  d i v i d i n g  b o th  s i d e  by A s , and l e t t i n g  As 0 we
w i l l  g e t ;
^ i j ( t )  Hi i  P i j ( t )  + ^ j ^ ik 2.16
These a r e  d i f f e r e n t  d i f f e r e n t i a l  e q u a t i o n s  f o r  a f i x e d  j  and a r e  known 
a s  backward Kolmogorov e q u a t i o n s . The forward  and backward Kolmogorov 
e q u a t i o n s  have  been  d i s c u s s e d  by many a u t h o r s  e . g ,  Chung I960 ,  Sysk i  
1979, K a r l i n  1966.
Let
- q ( 1>1) q ( i . 2 ) q ( 1 , 3 ) -
q ( 2 , l ) - q ( 2 , 2 ) q( 2 , 3 )  .
Q = q( 3 , 3 ) -qC3, 3)  .
- . .
2.17
M atr ix  Q i s  c a l l e d  TRANSITION RATE MATRIX o r  INTENSITY MATRIX (Doob
1955, Cox and M i l l e r  1965, I s a a c s o n  and Madsen 1976) .  In  m a t r i x  
n o t a t i o n ,  t h e  fo rw ard  and backward Kolmogorov e q u a t i o n s  can  be
r e p r e s e n t e d  a s :
P ' ( t )  = P ( t )  Q...........................................................................................  2 .19
P ' ( t )  = Q P ( t )   ...............................................................   2 .20
r e s p e c t i v e l y .  The i n i t i a l  c o n d i t i o n s  f o r  b o t h  s e t s  o f  e q u a t i o n s  a r e
P ( 0 )  = I  ...................................... . ' .............................................................  2.21
The s o l u t i o n  o f  t h e  s e t  o f  e q u a t i o n s  2 .1 9  & 2 . 2 0  can be  g i v e n  a s :
P ( t )  = exp(Qt)  = 1 + S  q" ^     2 .22n=n
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Where Q i s  a f i n i t e  m a t r i x ,  t h e  s e r i e s  i n  2 .2 2  i s  c o n v e r g e n t ,  and i t  i s  
a un ique  s o l u t i o n  f o r  b o t h  fo rw ard  and backward e q u a t i o n s .  When Q i s  
o f  i n f i n i t e  d i m e n s io n s  t h e  s e r i e s  may n o t  c onve rge  a t  a l l .
S inc e  Q * ( q ^ j )  i s  r e l a t e d  to  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  
t h e  " n e x t  move" Q o f t e n  p r o v i d e s  i n f o r m a t i o n  t h a t  P p r o v id e d  i n  t h e  
d i s c r e t e  t im e  c a s e .
In  t h e  d i s c r e t e  t im e  c a s e  t h e  m a t r i x  P was used to  d e t e r m i n e  t h e  long  
run d i s t r i b u t i o n  o f  t h e  c h a i n .  For  t h e  c o n t i n u o u s  t i m e  c h a i n s  i t  i s  
a l s o  t r u e  t h a t  i f  t h e  l o n g  run  d i s t r i b u t i o n  e x i s t s ,  i t  s a t i s f i e s  t h e  
system o f  e q u a t i o n s :
i j  " S g i i  l i j ( t )  ........................................................................ 2 .23
w i th  t h e  c o n d i t i o n  t h a t  2  d.  = 1i C S - i
I f  we d i f f e r e n t i a t e  t h e  e q u a t i o n  2 .2 3  w i t h  r e s p e c t  to  t ,  we w i l l  
g e t  a sys tem o f  e q u a t i o n s  whose s o l u t i o n  i s  t h e  l o n g  run  d i s t r i b u t i o n .
Now u s i n g  e q u a t i o n  2 .1 5  i . e
Plj(t) = Pij(t) qjj +k&,Pik(t) Skj ................... 2.15
we o b t a i n
°  ° - j S j j
" - j l j j    2 .2 4
a n d y i  d . = 1 f o r  a l l  j  C  S 
iCs
Hence t h e  m a t r i x  can  be  used to  f i n d  t h e  l o n g  run
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d i s t r i b u t i o n  o f  a c o n t i n u o u s  t im e  Markov c h a i n s  and i n  t h i s  way
p r o v i d e s  t h e  same i n f o r m a t i o n  t h a t  j  p rov ided  i n  t h e  d i s c r e t e  s t a t e .
E q u a t io n  2 .2 4  can be  w r i t t e n  i n  t h e  m a t r i x  form a s ;
^ 5  = 0
where i s  a u n i t  v e c t o r  and i s  c a l l e d  t h e  e q u l i b r i u m
d i s t r i b u t i o n  v e c t o r .
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F i g .  1.1 The Johnson a l p h a - i r o n  p o t e n t i a l  0 used in  the  
s i m u l a t i o n s .  The f i r s t  and second n e a r e s t  
neighbour d i s t a n c e s  are i n d i c a t e d  by 1 and 2 
on the  r / a  a x i s ;  a i s  the  l a t t i c e  parameter.
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F ig .  1 . 2  The M i l l e r  molybdenum p o t e n t i a l  0 used in  the  
computer exper im ents .  The f i r s t  and second  
n e a r e s t  neighbour d i s t a n c e s  are i n d i c a t e d  by 
1 and 2 on the r /a  a x i s  where a i s  the l a t t i c e  
parameter.
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F ig .  2.1 The geometr ica l  r e p r e s e n t a t i o n  o f  c r y s t a l l o g r a p h i c a l l y
d i s t i n c t  c lo s e - p a c k e d  c l u s t e r s  o f  2,  3 ,  5 and 6 vacanc ie s  
( t h i s  page) and 4 v a c a n c ie s  (next  page) in BCC m eta l s .
The c l u s t e r s  are p r o j e c t e d  on to  the (110) plane .  The 
s u p e r s c r i p t  i s  used with the c o n f ig u r a t io n  number o f  
hexavacancy c l u s t e r s  to  i n d i c a t e  t h a t  t h e s e  are not in  
the normal s y s t e m a t i c  order .  Three non-c lose -packed  
d i v a c a n c ie s  2 . 3 ,  2 . 4  and 6 .3*  a r e - a l s o  inc lud ed .
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F ig .  2 .2  THe geometry o f  the  four  c r y s t a l l o g r a p h i c a l l y★ ★ ★d i s t i n c t  p o s s i b l e  c o l l a p s e d  3 . 1 ,  4 . 1 ,  4 . 2  and *4 . 3  vacancy c l u s t e r s  in BCC m e t a l s .
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Fig.  2 .3  The d isp la cem ent  f i e l d s  ( x  10) o f  (a)  t r iv a c a n c y  3 . 1 ,
(b) t r iv a c a n c y  3 . 3 ,  ( c )  t e travacancy  4.1 and (d) hexa­
vacancy 6.1 in  a l p h a - i r o n .  The s t r u c t u r e s  and the  
d i s p la c e m en ts ,  which are represented  by arrows,  are  
p r o jec te d  on to  the (110)  plane .  C lu s t e r s  are i n d ic a t e d  
by bold l i n e s  and vacant  s i t e s  by open c i r c l e s .  The 
numbers g iv e  the  n e ar e s t -n e igh b ou r  sequence r e l a t i v e  to  
the c e n tr e  o f  the  re laxed  d e f e c t .  The d isp lacemen t  
components f o r  t h e s e  atoms are g iven  in t a b l e s  2 . 6 - 9 .
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F i g .  2 .4  The d isp la cem ent  f i e l d s  ( x  10 ) o f  (a)  t r iv a c a n c y  3.1  
and (b) t e t r a v a c a n c y  4.1 r e s p e c t i v e l y  in  molybdenum.
The s t r u c t u r e s  and the  d i s p la c e m en ts ,  which are i n d ic a t e d  
by arrows,  are p r o jec te d  on to the (110)  plane f o r  
c l u s t e r s  3.1 and 4 . 4 .  The vacant s i t e s  are represented  
by the  symbol 'O' and c l u s t e r s  are i n d i c a t e d  by bold  
l i n e s .  The numbers g i v e  the neares t -ne ighb our  sequence  
r e l a t i v e  to  the c e n tr e  o f  the re la xed  d e f e c t .  The 
disp la cem ent  component f o r  t h e se  atoms are g iven  in t a b l e s  
2 .1 0  and 2 .1 1 .
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Fig .  2 .5  The d isp lacem en t  f i e l d s  ( x  10) o f  (a)  c o l l a p s e d  vacancy  
c l u s t e r  3.1 and (b)  th r ee  p o s s i b l e  c o l l a p s e d  vacancy  
c l u s t e r s  4 . 1 ,  4 . 2  and 4 . 3  in  a lp h a - i r o n .  The symbol 
r e p r e s e n t s  an i n t e r s t i t i a l  and bold l i n e s  d e f i n e  the shape  
o f  the  c l u s t e r .  The numbers shownthe n e a r e s t  neighbour  
sequence r e l a t i v e  to  the c e n t r e  o f  the re laxed  d e f e c t .  The 
disp lacem en t  components f o r  th e se  atoms are g iven  in  t a b l e s  
2 .1 2 - 1 5 .
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Fig .  3 . 1 .  (a)  The e i g h t  p o s s i b l e  m ig rat io n  mechanisms f o r  a mono-vacancy
in  BCC meta ls  a s s o c i a t e d  wi th  the f i r s t  n e a r e s t  neighbour 1 /2  <111> jump.
(b) In order to  migrate  v i a  the f i r s t  n e a r e s t  neighbour mechanism, an atom 
in the  (111)  plane marked A must pass through two t r i a n g l e s  o f  atoms in plane  
B and C before  reaching the  vacancy in the next  A p lane ,  ( c )  The shape and 
the  h e ig h t  o f  the p o t e n t i a l  e n e r g y /b a r r i e r s  obta in ed  us ing  the Johnson a lpha-  
iron and M i l l e r  molybdenum p o t e n t i a l s .
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F ig .  3 .2  The second n e a r e s t  neighbour <100> mechanism f o r  
the  m igra t ion  o f  a divacancy o f  type C i n to  a 
divacancy o f  type B in molybdenum. In t h i s  process  
the  m ig rat in g  atom has to  pass  through .a s i n g l e  (100)  
p lan e ,  marked B. C onfiguration  numbers ( 2 . 3 ,  2 . 2 )  are  
used f o r  r e p r e s e n t in g  th e se  c l u s t e r s .  The l . h . s .  o f  
the p o t e n t i a l  b a r r i e r  i n d i c a t e s  the  i n i t i a l  c o n f ig u r a t io n  
before  the m igrat ion  process  proceeds and r . h . s .  g i v e s  
the f i n a l  c o n f i g u r a t i o n  a f t e r  m ig r a t io n .
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F ig .  3 .3  The c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  m igrat ion  mechanisms f o r  
the  c l u s t e r s  o f  2 ,  3 ,  4 ,  5 and 6 v a c a n c ie s  in  BCC meta ls  
which have been c on s id e r e d .  The c l u s t e r s  are p r o jec te d  on 
to  the (110)  p lane .
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F ig .  3 .4  The energy barriers ,  ob ta in ed  f o r  the migrat ion  o f  d iv a c a n c ie s
( a ) - ( d )  by means o f  f i r s t  n e a r e s t  neighbour 1 / 2  <111> jumps.  
The c o n f i g u r a t i o n s  b e fore  and a f t e r  the m igrat ion  mechanisms 
are rep r ese n te d  by the  c o n f ig u r a t io n  numbers on the  l e f t  and 
r i g h t  hand s i d e s  o f  the p o t e n t i a l  energy b a r r i e r s .  These  
b a r r ie r s  are  obta in ed  by us ing  M i l l e r  molybdenum p o t e n t i a l .
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F ig .  3 .5  The energy b a r r i e r s  obta ined  f o r  the m igrat ion
o f  c l u s t e r s  o f  va c a n c ie s  ( a ) - ( z )  us ing the Johnson 
a l p h a - i r o n  p o t e n t i a l .  At the l e f t  and r i g h t  hand 
s i d e s  o f  the  p o t e n t i a l  energy b a r r ie r s  c o n f i g u r a t ­
ion numbers are g iven  Which i n d i c a t e  the i n i t i a l  
and the  f i n a l  s t r u c t u r e s  o f  the vacancy c l u s t e r s .
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F ig .  4 .1 Summary o f  the  growth and c o n t r a c t io n  mechanisms o f  c l u s t e r s  
o f  vacanc ie s  which have been cons id er e d .  The number on each arrow shows 
the number o f  d i s t i n c t  mechanisms which are p o s s i b l e .  Vacancies  are  
represented  by open c i r c l e s  and in c l u s t e r  6.1 the  c e n tr a l  symbol i n d i c a t e s  
two superimposed v a c a n c i e s .  The s t r u c t u r e s  are p r o j e c t e d  on to. (1 1 0 ) .
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Fig .  4 . 2  Sy s tem at ic  r e p r e s e n t a t i o n  o f  growth and c o n t r a c t io n  
mechanisms from a mono t o  a hexavacancy c l u s t e r .
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F i g .  4 .3  P o t e n t i a l - e n e r g y  b ar r ie r s  
f o r  growth mechanisms ( a ) - (O )  shown 
in Fig .  4 . 2 .  Here growth energy E 
in eV i s  p l o t t e d  a g a i n s t  the move­
ment o f  an i s o l a t e d  vacancy.  The 
i n i t i a l  and f i n a l  c l u s t e r  numbers 
are shown a t  the l e f t  and r i g h t  
r e s p e c t i v e l y .  Numerical va lue s  o f  
the e n e r g ie s  f o r  both growth and 
c o n t r a c t io n  mechanisms are g iven  in  
Table 4 . 1 .
. .0.6
5.1 6.1
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F i g .  5.1 The p o s s i b l e  c o l l a p s e d  c l u s t e r  o f  2V-S o f  type 3 . 1 ,
1.1 which can be generated  from i t s  parent c l u s t e r
3.1 g iven  in  F ig .  2 . 2 .
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F ig .  5 .2  The d isp lacem ent  f i e l d s  in alpha iron  o f  (a)  a s o l u t e , ,  (x 5 0 ) ,
(b) a V-S c l u s t e r  a t  f i r s t  n e a r e s t  neighbour ( x  1 0 )  and ( c )  a V-S c l u s t e r  
a t  second n e a r e s t  neighbour ( x  1 0 ) .  The s t r u c t u r e s  and di sp lacements  
( i n d i c a t e d  by arrows) are p r o jec te d  on to  the (110 )  p lane .  Vacant s i t e s  
and s o l u t e s  are represented  by open and s o l i d  c i r c l e s  r e s p e c t i v e l y .  The 
V-S c l u s t e r s  are in d i c a t e d  by bold l i n e s .  The numbers g i v e  the n e a r e s t -  
neighbour sequence r e l a t i v e  to  the c e n tr e  o f  the re laxed  d e f e c t .  The 
disp la cem ent  components f o r  th e s e  atoms are g iven  in Tables  5 . 6 - 8 .
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F ig .  5 .3  The d isp la cem ent  f i e l d s  (x 10) o f  two c l u s t e r s  o f  2 V-S in alpha  
i r o n ,  (a)  3 . 1 ,  1.1 and (b) 3 . 6 ,  1 . 1 .  The s t r u c t u r e s  and d isp lacem ents  which 
are i n d i c a t e d  by arrows,  are p r o j e c t e d  on to  the (110 )  p lane .  The vacant  
s i t e s  and the  s o l u t e  are r epresented  by the symbols "o" and r e s p e c t i v e l y .
The c l u s t e r s  are i n d i c a t e d  by bold l i n e s .  The numbers g i v e  the ne ar e s t  
neighbour sequence r e l a t i v e  to  the c e n tr e  o f  the re laxe d  d e f e c t .  The d i s p l a c e ­
ment components f o r  t h e s e  atoms are  g iven  in  Tables  5 .9  and 5 .1 0 .
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Fig.  5 .4  The d i sp lacem en t  f i e l d s  (x 10) in a lp h a - ir o n  o f  (a)  a c l u s t e r  o f  
3 V-S o f  type 4 . 1 ,  1.1 and (b) the  p o s s i b l e  c o l l a p s e d  s t r u c t u r e  o f  2 V-S o f  
type 2 . 1 ,  1 . 1 .  Vacanc ie s  and s o l u t e s  are represented  by open and c lo s e d  
c i r c l e s  and the i n t e r s t i t i a l  in  (b)  by the  symbol Bold l i n e s  d e f i n e
the shape o f  the  c l u s t e r .  The numbers show the n e a r e s t  neighbour sequence  
r e l a t i v e  to  the c e n t r e  o f  the  re laxe d  d e f e c t .  The d isp lacem ents  f o r  th e se  
atoms are g iven  in  Tables  5.11 and 5 .1 2 .
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F i g .  6.1 Migration o f  a s o l u t e  atom through in terchange  with  
a f i r s t  n e a r e s t  neighbour vacancy in BCC c r y s t a l s  and the  
p o t e n t i a l  energy b a r r i e r  a s s o c i a t e d  with t h i s  mechanism in a -  
i ron .  The energy E o f  the c o n f ig u r a t io n  in eV i s  shown as a 
f u n c t io n  o f  p o s i t i o n  o f  the  jumping s o l u t e  atom towards the  
vacant  s i t e .
É (a)
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S (b) S (c)
3 . 4 , 1 . 3 - ^ 3 . 1 , 1 . 2  4 . 3 , 1 . 3 ^ 4 . 2 , 1 . 1  4 . 1 3 , 1 . 4 + 4 . 2 , 1 . 1
(d) ■(e)<
1.1* 6 . 2 , i Ti * ^ . 1  , 1 .1 *
Fig .  6 . 2  The c r y s t a l l o g r a p h i c a l l y  d i s t i n c t . m i g r a t i o n  
mechanisms f o r  the  c l u s t e r s  o f  2V-S, 3V-S,  
4V-S and 5V-S in BCC metals  which have been 
c o n s id e r e d .  The c l u s t e r s  are p r o j e c t e d  on 
to  the  (110)  p lane .  The arrows r e p r es e n t  
vacancy jumps from s i t e s  in  the same (110)  
plane  as  the s o l u t e ,  excep t  in diagram ( c ) .
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F1g. 6 .3  The p o t e n t i a l  energy b a r r ie r s  
obtained f o r  t h e  m igrat ion  o f  5 
c r y s t a l l o g r a p h i c a l l y  d i s t i n c t  c l u s t e r s  
o f  va c a n c ie s -a n d  one s o l u t e  atom (a)~
(e)  in  a l p h a - i r o n  by means o f  f i r s t  
n e a r e s t  neighbour <111> jumps. The 
energy E o f  the  c o n f i g u r a t i o n s  in  eV 
i s  p l o t t e d  a g a i n s t  d i f f e r e n t  p o s i t i o n s  
o f  the jumping atom towards the  vacant  
s i t e .  The c o n f i g u r a t i o n  be fore  and 
a f t e r  the m igrat ion  mechanisms are  
represented  by the c o n f ig u r a t io n  
numbers o n . t h e  l e f t  and r i g h t  hand 
s i d e s  o f  the n o t e n t i a l  b a r r i e r s .
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1 . 1 , 1 . 1 k- > 2 .1 ,1 .1 1 . 1 , 1 . W 2 . 1 ,1 .1
(S  ^ V-S) (S V-S)
o
( c )
2 . 1 , 1 . 1 ^ ^ 3 . 1 , 1 . 2  
(V-S ^  2V-S)
( d)
2 . 1 , 1 . W 3 . 1 , 1 . 2  
(V-S ^  2V-S)
( e )
3 . 1 , 1 . 2-'C—>4,1 ,1 .1  
(2V-S 3V-S)
(f)-.
(SV^S 4V-S)
a (3 )
5 . 1 , 1 . 1 * ^ . 1 , 1 . 1 *  
(4V-S -M- 5V-S)
F ig .  7.1 Sy s tem at ic  r e p r e s e n t a t i o n  o f  growth and c o n tra c t io n  
mechanisms f o r  c l u s t e r s  o f  va c a n c ie s  and one s o l u t e  
atom which have been c on s id er e d .
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Fir). 7 .2  P o t e n t i a l  energy b a r r ie r s  f o r  
growth mechanisms ( a ) - ( g )  shown in  
Fig .  7 . 1 .  Here growth energy E in  eV 
i s  p l o t t e d  a g a i n s t  the movemeht o f  an 
i s o l a t e d  vacancy.  The i n i t i a l  and f i n a l  
c o n f ig u r a t io n  numbers are shown a t  l e f t  
and r ig h t  r e s p e c t i v e l y .  Numerical va lues  
o f  the e n e r ig e s  f o r  both growth and 
c o n t r a c t io n  mechanisms are g iven  in 
Table 7 . 1 .
2 2 6
3)3
3.13.2
F i g .  8 .1  Graphical  r e p r e s e n t a t i o n  o f  t r a n s i t i o n
p r o b a b i l i t y  matrix g iven  in Table 8.1  f o r  
t r i v a c a n c y  c l u s t e r s  3 . 1 ,  3 . 2  and 3 . 3  in 
BCC m e t a l s .
